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PREFACE 


This book has been written according to the new syllabus for 
second paper of Mathematics for Higher Secondary Courses. The 
change of syllabus necessitated thorough revision of our former 
publication. The Portions of “Differential Calculus” and “Аррїїса- 
tion of Calculus” have been completely rewritten. I have endeavoured 
to preserve all the speacial features of the books written by my 
most revered teacher Late Keshab Chandra Nag. The worked out 
examples, which are luxuriously many, have been taken amongst 
others from the question papers of H. S., West Bengal Joint Entrance 
Examinations and Joint Entrance Examinations for admission to the 
LI T'. Atthe end of the Book a set of sample objective and short 
answer type questions have been added. 


I must gratefully acknowledge the sincere efforts and co-operation 
of the publishers, their staff and others concerned for the publication 
of this Book. ` 

We trust, this edition will receive the same appreciation of the 
esteemed teachers and the beloved students as the F irst Paper of this 
Book. Finally, the late publication of this edition in regreted. 


Golf Green 


5 Keshab Basu 
The 15th September, 1989 
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SYLLABUS FOR MATHEMATICS 
SECOND PAPER 
Marks—100 


l. Differential Calculus: 


141. Function of a single variable including trigonom etrical 
functions : Sets of real numbers, intervals, variable, constant, 
function, Geometrical representations of functions х, ах+е, |x|, 
X*, x3, examples of rational functions, trigonometrical functions, 
у =e* (the concept of the number e may by used to define e” instead 
ofthe series (27) function of a function, idea of a function bounded 
in an interval, Increasing and decreasing functions. 


1'2. Limit and continuity (Geometrical and intuitive approach 
only, no formal (€— $) definition), Algebra of limits (statements only, 
no proof), Proof of lim x^ (п positive or negative integer) as x—a, 

lim x"—a^ Ld. : ü 
zoa eca. (n positive integer). Simple applications of above limits 


and the following limits which may be assumed : 
lim sinx lim 2—1 Ша log (14x) lim х"— g^ 


О ен коти хэ0 a Жа sd (n rational) 
limit of a function of a function (statement only) Geometrical idea of 
continuity of a function at a point, 

L3. Inverse functions, functions of functions, Continuous and 


strictly increasing or decreasing functions in an interval; sin-!z, 
00871, tan-1x, logarithmic function. 


l4. Derivatives of functions; Differential co-efficient, 
Differential co-efficients of C (a constant), x" (n rational), sin x, cos 5, 
г", log х from first principle. Rules of differentiation of sum, 
product and quotient of two functions, Rule of differentiation of 
function ofa function (statement only), Differential co-efücients of 
tan X, СОЇ x, sec х, совес x, g*, sin-!x, cos-ix, etc. (not from 
first principle), Differentiation of implicit functions, functions in 
parametric form. Derivation by taking logarithm of the functions. 


15, Second order derivative of a function. 


ГУ 
2. Integral Calculus 2 


2:1. Indefinite integrals: Integration as the inverse! of 
differentiation. 


Primitive, indefinite integral, integrals of x", sin mx, cos mz, 
| sec тх, созес тх, sec x tan x, cosec x cot x, 5 е" etc, Integral of 
x 
the sum of two functions, 


22. Integration by simple substitution : Integration of functions 
of the form Z 83 5) 


ог, | АНИ J’ (X), standard integrals of the form | йу 


х®+а%? 


ји I and direct applications to integrals 
х="жаз аз—х 


dependent on them. 


2:3. Integration by parts: Rule of integration by parts. 
Application in simple cases. Standard integrals of the form КҮЗЕТТІ 


ах, /a?— xâ dx, (е9 sin bx, fe?" cos bx, 
ax+b 
(х— х)(х— В) 


24. Definite integral as the limit of a sum. Definite integrals 
of x, x? and of a constant from above definition 
theorem con necting primitive with Чеш inte 
no proof). 


Integration of (а may be zero or b may be zero) 


Fundamental 
eral битген only, 
Elementary Properties of definite integrals (statement Only) such as 
v оре b b а 

[| ла) а |2 ла) ак+| „Тед 4, | ло) 4х=— |" дә) а, 
(Сода 1 а ла) ас+ |? да) as, |7 да) deo. 


Evaluation of definite integrals, 


3, Differential equations : 
eee of first order and first degree differential equations of 


dy _ax+by 
the forms Pfi) 80), 265 сү ТЕТІ 


[visi 
Solutions of linear second order differential equations with constant 
Я d?y dy 
coefficients of the form d яра 
(i) auxiliary equations involving complex roots to be avoided. 
(ii) Cases of solutions involving sin x, сов, e^* sin bx, | 
е%% cos bx are to be verified indirectly. 
(iii) Use of initial conditions in all cases. 


+p,y=0 


4. Application of Calculus : 
4:1. Interpretation of differential coefficient as rate measurer. 


4.2. Geometrical Interpretation of Differential coefficient. Slope 
of a tangent, Equations of tangent and normals to curves of the form 
y=f(x) at the point (Хү, y,). Application to circle, parabola, ellipse 
and hyperbola, Condition that the straight line у--тх--с may be 
tangent to a circle or to а сопіс. Number of tangents and normals. 
Length of tangent to a circle from a given point. 


43. Idea of Maxima and Minima of y=f(x) at a point, where 
дар 40 (Statement only) Application to algebraic functions, sin x 


COB х. 

4:4. Determination of areas in simple cases: Interpretation of 
a definite integral as an area, calculation or areas bounded by known 
curves (on one side of any axis), that axis and two ordinates or two 
abscissa as the case may be. 


4:5. Expressions for velocity and acceleration of a particle in 
terms of derivatives : 
dy d?s dy 
dp а’ "а 
where s represents the displacement. 


Velocity => ; Acceleration = 


With the above expressions for velocity and acceleration to 
establish the formule 5--у/ (у constant velocity), v=u+/fi, s=ut+ 
$ fP, уз uà 2fs. 

Simple applications. 

Vertical motion under gravity, greatest height and time to reach 
the greatest height and total time of flight (use of initial conditions to 
the differential equations). 
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СОМТЕМТ5 


Differential Calculus 
Chapter 
One : Real Numbers 
Two : Functions 
Three : Limit 
Four : Continuity 
Five : Derivatives 
Six : Second Order Derivatives 


Answers : 
Integral Calculus 

One : Indefinite Integral s 
Two : Integration by Substitution of Variables .. 
Three : Integration by Parts pec 
Four : Integration of Algebraic Rational Functions -*- 
Five : Definite Integral .. 
Answers : 


Differential Equations 


One : Differential Equations their origin and 
Solutions +. 
Two : Differential Equations of the First Order 
and of First Degree 
Three: Linear Second Order Differential Equations 
with Constant co-efficients ++ 
Answers : 3 
Applications of Calculus 
‘One : Significance of Derivative 
Two : Tangent and Normal 
"Three : Maxima and Minima 
Four : Determination of Area 
Five : Application of Calculus in Dynamics 
Answers : 5 1 
Objective and Short answer Type Questions 
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п. 


ПІ. 


IV. 


VI. 


Important Formulas and Results 


Trigonometry 


sin (A+B)=sin A cos B+cos A sin B. 
cos (A+B)=cos А cos B-rsin A sin B. 
tan A+tan B 
1-31 A ten B 
cot (A+B) = B cot AFI 
сої B+cot А 
tan (A+B+C) j 


., làn A+tan B+tan C—tan A tan B tan C 


tan(A В) = 


1—tan B tan C—tan C tan A—tan А tan B^ 
2 sin А cos B=sin (А+ B)--sin (A—B). 
2 cos А sin B=sin(A+B)—sin (A—B). > 
2 cos A cos B —cos (А + B)--cos (A— B). 
2 sin A sin В = cos (A — B)—cos (А-В). 
sin C+sin D—2 sin 25 cos £z P. 


sin C—sin D=2 cos с+р sin = 
cos C+cos D=2 cos с+р cos ше 


C+D... D—C 
2 510 CET. 


cos C—cos D=2 sin 


sin (A+B) sin (A — B) = ѕіл? A —sin?B = cos?B— cos?A, 
cos (A+B) cos (A — B) «cos?A —sin? B = cos? B— sin? A. 


sin 2A —2 sin A cos A 


cos 2A cos? A—sin?A—2 €05?A—1—1— 2 sin?A 


2tan A ee 2A Cot? А-1 
1—tan? А ] 2 cot А 
1+cos 2A —2 cos? А) 
1—cos 24 =2 sin? A 


tan 2А = 


; tan? А _ 1—05 2A 


14-cos 2А' 
2tan A 1—tan? A 
Sinid2Ae . — 227 COS АТ Y 
-I+tan? A l--tan? A 


sin 3A —3 sin A—4 sin? A. 
cos ЗА —4 с053 A—3 cos А. 
ün ЗА—3 tan A—tan? А 
1—3 tan? A 
cot? A—3 cot A 
3cot? АТ ' 


cot ЗА= 


УП. sin 0-2 sin 2 cos 9, 


COS 0— cos? g-— sin? 020 сов= 9-1-1-2 Sin? 


2 3 bf 
2 tan 5 cot? 8-1 
tan д= КЕРТҮ, cot хез SUN 
—tan2 0 
1-4ап 5 2 cot 5 
2 tan 0 1—tan? 2 
біп 6= 2 cos 0— > 
1+tan2-9 1+tan? 5 


6 
1--сов 6=2 cos? 5 tan? 2. 1—cos 0 


ње 1+cos 0 
1—cos 0-2 біп? 5 

VIII. І А+В+С=л, then 
(а) sin A+sin B+sin С=4 cos ЗА cos 3 8со84 C. 
(0) sin 2A+sin 2B+sin 2С-4 sin A sin B sin C. 
(c) cos 2A 4-соѕ 2B 4-cos 2C = —4 cos A cos B cos C—1 
(d) cos A+cos В--сов С=1+4 sin 3 A sin} B sin С. 
(e) tan 2A+tan 2B+tan 2C=tan 2A tan 2B tan 2C. 
(f) tan A+tan B+tan Сап А tan B tan C. 
(g) sin? А 4-sin? B+sin2 C 24-2 cos A cos B cos С. 
(h) cos? A+cos? В--соз? C— 1—2 cos A cos B cos C, 
(i) cot B cot C+cot C cot A+cot A cot B— 1. 


o sin? зік "sint = 14 sin +C sin офа sin Ate 
A B с B+C C+A A+B 
— ans — = 4 

(k) соз DL +cos 2 cos а cos "d. cos 
В, С С, А А-В 

() tan zen, +1805 ‘any Мал әп. =], 


A B СЕЛ В с 
(т) чо eot Ро 5 = 0! 250% > cot E: 


2 


—— 


[xiu] 
1X. when sin g=sin «, РЕ И КЕТ ROT Mu 
then белуга, [в=0, +1, £3] 
when cos 0--с08 <, then 0--2лл--х, [ 
» tangetan«, , ө=пл-+х, L 
when sin 0=0 ог, tan о=0, then 0— nz L 


” 


„ cosd=0 ог, cote=0, , д=(21+1)5 [ 


when sin 0=1, then 0-(4т--1)5 [Value of m „ 


» Sinó-—1 , 0-(4т-1% [ 


» 05 0=1 » 0—2mm, [ 
„ €080— —l, , 62(2m--1)7 [ 


Б, м 
Ж. sin"! х-Есов71 x-$3 
-1 ЭЛДЭХ 5477 
їап”Їх--сог х=>5 
зес“ 1 х + созес“1 х-7 
{ап-1 х--(ап7! y—tan-! сад 
1—ху 


їап71 x—tan-! y—tan-! cR 
2 1- ху 

с0171 x+cot~! у=сої-1 КУ 
у+х 


Cot"! х —сої-1 у=соі-1 5251 
y—x 


2 31-1 x &sin*! (2x J1— x2). 


2 cos~! х= 60871 (2x2 — 1) 


2x " E 
2 їап”! x=tan7! =sin-1_2* =cos-1!=* 


1—х2 1--х? 1--х: 
sin-! xsin“! y=sin-1{x J1—y2-xy Mic 
50871 x-ccos"! у=соз- хут V 1—x? Лу} 
ХІ. loga(mxn)=logam+logan. 


loga m= logam—logan 3 loga(m)"=n logam 


logam=log,m X 10869 ; log, 1-0; Іор,4--1. 


1-4 re 


а b с 
M к= как 26с ОБ. 
хп sin A sin B sinC ~ 
_ 62+ 52 —а> P c2+q2— p? 
cos Аре 1008 Bu o re 
2.259 
cos С = чаг ын 


a=b cos C+c cos B, b=c cos A-ra cos С, 
с=а cos B+5 cos A. 
In any оше if 2s=a+b+c 


= ([(5—2)(5— А — [s(s—a) 
sin 2 1/85:58:23) | e; у cos 5 АХ 


bc 
tan ^ >= мон А s(s—a) 
„= _ 8--а) | $ соға уха; 
зіп Ast Als(s—a)(s — 6)(s—c) = == 
sin В= 22 ; sin с=2А, 
са ab' 


=} bc sin А= ca sin B=} ab sin С. 
= 006—0) 40 


а Вы: г abe 


г= 


=4R sin $ Asin 2 В sin і С 
=(5—а) tan $ А=(5—5) tan } В= (s- c) tan 4 C. 


A тү sin} A cos } B соз C—5 tan} A, 


га = A =4R cos } A sin $ B cos } C=s tan 1 В. 
LEE cos $ A cos } B sin 4 C=s tan $ C, 
Some Important Results 
7 /2=1-4142135...... п=3'14159265 

МЗ=1:7320508...... 
V 5—2:2360679...... > 12031830989 
7 
„/6=2:4494897...... . ов 2=+30103 
412256451513». log 3=:47712 
$—=2-8284271...... log 5—'69897 
.10=3°1622776.-.... log 7.—-84510. 


DIFFERENTIAL CALCULUS 


I. If/(x) and g(x), be two functions ofx and lim /(х)=/, 
1 xa 
and Иш а(х) = т (l and m are finite quantities), then 
х—а 
(i) lim (k/(x)-—k lim f(x), where К is a constant d 
xa х—а л 
Gi) lim {f(x)+g(x)}=lim [()) ши g(x); 
х—а х—а xa 
Gii) lim (f(x) g(x%}=lim / (x). lim 8(х) 
x—a х-»а х->а 
1 Је) EN lim -g(x)0 
: ım х) х>а 2. Ша -g(x)0, 
09 хэа Un] “йш ga) " хэв 
х—а 
«lim x^—a" . ,. 5 А 
П, (i) леті "zs ЛӨ ! where п is any constant ; 
(8) lim sinz 1, where x is in radians ; 


х--0 T 
ET i х-1 А 1 
(iii) Да. 6 === (iv) ERA ов ;` 
а NS 
(v) im x ва (=) =0; 


Ш. A function / (x) is continuous at a point x=a in its domain 
of definition if and only # lim I (x)=f(a) ; 
xa 
ог, lim /(а+һу=Да). 
> ї-»0 
IV. (a) A function f(x) is differentiable at х=а } 
e li ла Д 
if rag Eth Л) exists and this limit is denoted ав f'(a) ; 
(b) (i) If f(x) ==", then f' (х)==пх“-ї where n is a constant. 


(i) If ye, then Pae i 


(Ш) If p—a-, then аав; 


If yzlog x, va} 3 у==п x, Pacos x; 


[| xiv- 1] 


ду dy 8 
= —==—sin x: yatan x, -2-:86021: 
у=<05 х, zo Oy Ўт 
ду 9 
pzzcot x, — = — созес-х; 
у с 2 dx 


d 
у=вес х, = =sec rtanx; 


у=<овес x, © = — cosec x. cot x ; 
yzsin !х, = A ; 
У=с08-1х, T= = 
y=tan~ іх, reer : 

lo A A E | 
у=вес“ x, а к= : 
у=<0вес“ 15, не 


У. Ifuand v be two differentiable functions of x, then. 


(1) qmi where k is a constant ; 


(11) СОР + у= 007 


dx! 

(iii) 4 m= 14123 

sd a dr 

(i ) САД ie d ах, 
М ах у y? 


VI. (i) Ify=f {e(x)}, then 
Уа "Ед, ви), от, 2-4 02 where z= Да) 


ах dz: dx 
(ii) Ifzzf(t), у=Ф(/), where t is a parameter, 
dy 
dy dt (ін) Z=- 


then dx Jz; dx 
dt dy 


INTEGRAL CALCULUS 


1. @ ("хэ (пяе 1). di) {dx=x. 


... м "+1 | 2 x+b ntl 
(ш) Қа-ауах- ЖАЛ, (iv) (ах--5) д. 


2. [4х =1ю8 х. 


3. \Kudx=K{udx, K constant and и is a function of x, 
4 Mui и) tere. +и „|ахт= (иа + (и„ах 2... + [и ах 
Uu, TETUR constants ог functions of х, 


S. (1 тх ШЕ у» 94 PIE 111 х дна : , 
5. (1) | dx v (ii) је dxze ‚ (и) (а ake age 


6. (а) | sin тхах = а (g) (іп хах= — cos х. 
(b) (сов mzdx= IB тх, (А) {соз xdx=sin x. 
(с) јвес2тхат= 80715, (i) (ес хах = іар х. 


(d) \созес?тхах= —_ . (J fcosec?xdx- — cot х. 
` (е) sec mx tan mxdx 28-95, (К) (вес x tan xdx=sec x. 


(Г) fcosec тх cot mxdx = — 89898 Pm 


| (  fcosec x cot хах= — совес х. 
7. (a Vf GQ)dx— f (s(z)]g(z)dz, where х=2(2). 
O блед dx se, ли —1, 
(c) LO dx =log f(x). 
8. (а) Stan хах=1ор sec x., (Б) (сой Xdx=log sin х, 
(c) fcosec хах=1ор tan 5 = log (cosec x—cot x). 
(4) {sec xdx=log tan (д +52) =log(sec z-rtan x). 
9. (а) | dx =: tan- 12 
х а' 


"а 
dx 
0) ХҮС 8.2: (ера), 
d 5 
(à lame “үд Өв аса). [ера 
ша (> АС omia ЕТІ) 


H. S; Vol-II 4 Мн, 


dX RENE x dx. — ал 
(b) == = (с) |= m. 
11. For dertermination of 
dx 
(ax rb) Jex+d 
Ч ах 1 
1, у = 
(i) | duxi boron Pt 


, put ex Фа =27. 


12, Integral of the product of two functions— First function x 
integral of the second functioa— integral of (the derivative of the 
first function x integral of the second function,} 


i.e, [иудугијуд — | (8. | 22 dx. 


13. Se*[ f(x) +f (х)јах =] (х). AA 
А 4 ..€^*(a cos bx+b sin bx 
14. (i) ђе 5 cos тиры 


= сов (ь- tan-1 By 


Е 2+ 


Ч: Ь £??(a sin a cos bx) 
(1) Је sin бхах= Жил Ч Лили 


64% 
^ Va: bà 


1 xq 2 а 
18.0 [указ dam tra о log (х+ /Х5 аз), 


И Ge ; 
sin (bx—tan 14) 


ti) | та ах= dx! —а* -5 log(x4- а"), 
(iii) | Ja? —xi =* TE віп-1 а 
b 
16. (i) | Једах=Рф)— F(a) ТАЙ F(x)—fx.. 


Gi) [eine Кл Ла) fas- 1) fia-E28) +. 
+Ла +1—10) where. = =ђ—а: 


b v 
(4) [faxo] fias. 


b a а 
Gv) |у | f (х)ак, 


[ xvi ] 


b 


vi) 


a 


2 
Чуй) | f(x\dx=2 | Јодах if f(a— x) f(x) 
: =0° if f(a—x)— (х) 


a 


(itt) | Дау4х-2 | Лужки /(—х)=Дх) 
х =@} if f(- x) 9 —ft9. 


DIFFERENTIAL EQUATION 


Т. The order of a differential equation is the order of the highest 
‘order derivative present in the equation. | 

The degree of а differential equation is the degree of the highest 
order derivative present in the equation. 1 

IL Rules of substitution of variables for separation of variables 
of a differential equation. 


(a) In equations of the form B= flax+by +e), put ax-+by+c=z. 
(b) In Homogeneous differential equations in x and у put y—vx. 
(c) То solve equations of the form 

dy _аух+Ьуу-Ес\ (а =) 

FFT. , 

dx ах+Ьу+сә Nas be 

put x=x'+h; у=у +К to make the equation homogeneous 
where Л and k satisfy a4 1+ b, К- с: =0, aght+b.k+c.=0. 


ау ayxbiyt e (аа) 
e» for dx agx-cbsy-cg Мао бор 


put a4 x--biyoz. { . 
Ш. The auxiliary equation of the differential equation 
d? 
(d) тар +рзу=0.(р1, ро constants) is m? +рут+рг=0. 
If the roots of the auxiliary equation be (i) real and unequal « P 
(say), then the general solution of the differential equation 15 
уде 
(i) real and сама! «, « (say) then the general solution of the 


i 


differen tial equation is уг-(сү +c,x)e™. 


[ xvii ] 
(iii) Imaginary «+18 (say), then the general solution of the 


differential equation is y—e** (A cos Ёх--В sin Вх) 


Application of Calculus 


I. (a) 2 is the instantaneous rate of change of y with respect 
to x. 


(b) Geometrical meaning of 2 Н 


2 (when it exists) is the gradient of the tangent to the curve 
y —f(x) at the point (x, y). 


(c) ІҒ/“а)>0, then the function f(x) is increasing at х=а. If 
f' (a) «^0, then the function у--/(х) is decreasing at х=а. 


(d) =, dx or if y=f(x), then dy -f'(x)dx 
(у +2)=ау +4: 
Ф(ху)=>удх + хау ; 
ху. у4х--хау 
a(2) ES 
(e) If | | be very small, then /(х--0):5(5)-ЕА/ (x) 
IL (а) The equation of the tangent to the curve y=/(x) at the 
point (Хү, yı) of itis у-уу = [2 | (x—x) 
b3 (хі, у), 
The equation of the tangent to the 


() circle х? -- y? —a? at the point (хү, уу) of itis xx, +yy, =a’. 
(8) parabola y? —4ax at the point (ху, уз) of it is 


Уут =2a(x+x1) 
Vid cupa қ Же 
(iii). ellipse = 4+5=1 at the point (ху, уу) of it is 


XXi 7 
? 2 
(iv) hyperbola 88-38 at the point (хі, Y) of it is 
ХХ Vi 1. 
52 


(v) rectangular hyperbola xy=a? is xy, +x, y—2a? | 
(b) Equation of the normal to the curve y=/(x) at the point 


TA 1 
(ху, у) of it is шаар (хх) 
dx (хі, 31) 


[xix | 


The equation of the normal to the 


o 2 5 гә. ЖЕУ 
(i) circle х? +y?=a? at the point (хі, уу) of it is ET) 
(1) parabola у? =4ах at the point (хү, уу) of it is 


у-у = ще -ж) 


(ii) ellipse Art =1 at the point (хү, уу) of it is x 23 
1 


Ji 
a? 53 
2 2 9 
(iv) hyperbola A B at the point (ху, уу) of it is 
x—Xi- n emp 
а? 2 


(V) rectangular hyperbola ху=а? 

at the point (хү, уу) of it is хх, — yy, =х2 ур, 

(c) The condition that the straight line y=mx-+c will touch. 
(i) the circle x? +) =а? is c? =a?(1+m?). 


(1) the parabola y? —4ax is «==. 
(іі) the ellipse it is c? —a2m? +2. 


2 2 
(iv) the hyperbola Spal is c? —a?m? —b?, 


(4) The equation of the chord ofcontact ofthe tangents from 
the external point (хі, уз). 

(i) ofthe circle x? +y? =a? is ххі уу! —a?. 

(ii) of the parabola y? —4ax is yy, =2a(x + x4). 
|2 y2 
22202021 А — УУ 1, 


(iii) ofthe ellipse 75 b m rg 


2 2 
(iv) of the hyperbola on mg! is TU 


(у) ofthe rectangular hyperbola ху=а? is xy, -x,y—2a?. 
(е) G) length of the tangent at the point (х,у) of the curve 


ау\? 
m ГАГ 42 
Ор ви на а e 
ду 
ах А 
(ii) length of the normal at the point (x, y) of ;he curve y=f(x) is 


ТА 1 -(2). 


[ xx 1 
(iii) length ofthe sub-tangent at the point (х, у) of the curve 


> м АУ 
y=f(x) is ду. 
ах 
(iv) length of the sub-normal at the point (x, y). 
of the curve y=f(x) is €, 
dx 
ш. Anccessary condition for the existence of maxima or minima 
of a function f(x) at a point x—a in the domain of definition of a 
function y=f(x) is [4 =f'(a)= 
= is [8] -re-o. 


If f"(a)>0, then f(x) is minimum at х=а. — 
f" (a)--0, then f(x) is maximum at х=а. 


IV. Area of the region bounded by the curve y=f(x), qm x-axis 
b b 


and the ordinates х=а and х==ђ is ју dx=| f(x) dx sq. units, 
a а 
У. (а) Ifs bethe distance at time ¢ after start of a particle 
moving along а straight line from a fixed point ofthe straight line 


then velocity at time t is „=. 


acceleration at time ¢ is f=—~= 


4 (b) Equations of motion ofa particle moving along a straight 
line with uniform acceleration are 


() v-u-cft: (1) s=ut+} ft? ; 
(іі) v2 =u2+2fs; (iv) S, —u--3 f(2n—1). 


Where, u initial velocity, v—velocity at time г after start 
f=uniform acceleration. 


$ = displacement in time t. 
Sn = displacement in the nth second of motion. 


(c) Ifa particle is projected vertically upwards with velocity и 
under gravity, then 


(i) The greatest height attained. 
7 230 8237 
(ii) Total time of Aight 


(iii) Time of ascent=time of descent =. 
5 


= 


HISTORICAL, NOTES 


Calculus is an important branch of Mathematics. In different 
branches of science such as Geometry, Mechanics, Physics, Economics, 
Psychology etc. we find immense application of calculus. 

In the works of Zeno (495—435 B.C. ), Eudoxus ( 408—355 
B.C. ) and Archemedes ( 287—212 B.C. ) in.ancient greece and those 
of Arya Bhatta and Manjula we find use of Mathematical concepts 
and methods, used in modern Calculus. à 


In the early seventeenth century the famous Philosopher and 
Mathematician Rene Descartes introduced use of variable co-ordinates 
of à point in Geometry. The introduction of the concepts of 
variable co-ordinates is epoch making in the History of Human 


, Knowledge. It may be said that this new concept opened magic 


casements before the western mathematicians and inspired them to 
use this new concept in different areas of Mathematics and other 
disciplines. : 

In 1612 A.D. the Astronomer Kepler (1571—1630) was successful 
in measuring (ће volume ofa wine cask by dividing the cask into 
infinitely many thin discs each of infinitely small thickness, This 
process was already used by kepler in measuring the area of an 
ellipse. These methods of Kepler are actually methods used in 
modern Integral Calculus for measurment of areas and volumes. 
Fermate (1608—1665) generalised these methods. 


Though Newton and Leibnitz are regarded as the discoverer of 
Calculus in the present form, it was Fermate who in 1629 first. used 
the methods of Differential Calculus by showing the processes of 
drawing tangents to a curve. ` 

Fermate also discovered the concepts of Maxima and Minima. 
Other Mathematicians now followed the method of Fermate. 
Mathematicians like Pascal (1623—1662), Roberval (1602—1675), 
Haygens (1629—1695) made successful attempts for drawing tangents 
of curves and determination of areas enclosed by different curves 
Dr. Isaac Barrow (1642—1727) was one of these Mathematicians. 
«та 1629 his "Lectiones opticae Сеотешсас" was published. In 


ЇГ хх. | 
this treatise Barrow used methods similar to those of Differential 
Calculus. 

The famous British Mathematician Sir Isaac Newton was a pupil 
of Dr. Barrow. We have already said that both Newton and the 
German Mathematician G. W. Leibnitz are regarded as discoverers 
of Calculus. For several years great dispute and indignation were 
aroused as followers of both Newton and Leibnitz demanded their 
idols as the only and actual discoverer of Calculus. But we are 
not entering into those disputes. Now а days both Newton and 
Leibnitz are regarded as independent discoverers of Calculus. 

After Newton and Leibnitz great enthusiasm was found amongst 
the European Mathematicians in solving different Mathematical 
problems and discovering new formulas and concepts. Amongst 
these Mathematicans names of Bernoulis and Euler require special 
mention. In 1734 Euler introduced the process of partial differentiation. 
Amongst other contemporary Mathematician names of Abel, 
D’Alembert, Lagrange, Laplace, Gauss, Weirstrass, Riemann, Cauchy, 
Maclaurin and Cantor are worth mentioning. 


DIFFERENTIAL CALCULUS 


we 


CHAPTER ONE 


Real Numbers 


811. Natural Numbers. The real number system starts with 
the natural numbers 1, 2, 3,--. They are also called counting numbers 
as they are used in counting. It is assumed that the stndents are 
familiar with the operations of addition, subtraction, multiplication 
and division of natural numbers. We also assume that the students 
know that the sum and product of two natural numbers are 
natural numbers i e, the set of natural numbers.is closed with 
respect to addition and multiplication, But the set is not closed 
with respect to subtraction and division. Та the language of 
algebra if a and b are natural numbers the solutions of the equations 
a+b=x and ab=x, are natural numbers, But the solutions of the 
equations a—b=x and a+b=x аге not necessarily natural numbers. 

Properties of natural numbers. 

(1) lis the least natural number and there is no greatest 
natural number. The natural numbers are infinite in number and 
two consecutive natural numbers differ by 1. 3 

(2) The natural numbers аге well ordered. 

ie, (i) Ша and b be two natural numbers then either a>b or 
a« b. 

di) if a, b, and c be three different natural numbers such that 
a>b and bc, then арс. 


Prime and composite natural numbers. 

A natural number is said to be a prime if it has no factor other 
than 1 and itself; otherwise the natural number is composite. Two 
natural numbers are said to be mutually prime if they have no factor 
in common other than 1. 2, 7, 11 ес. are examples of Prime numbers. 
15 and 77 are mutually Prime. 

512. Rational numbers. We have already mentioned in the 
last section that the solution of the equation a+b=x where a and | 
bare natural mumbers is not necessarily a natural number. To have 
solutions of such equations we create new nunibers, called fractional 


numbers, А number of the form 5 where a and b are natural 
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numbers is called a fractional number, The natural numbers are 
also fractional by definition, For 1-3, 5=5=№ etc, a and bare 
respectively called the numerator and denominator of the fractional 


number z But the creation of fractional numbers prove insufficient 


for the solution of equations of th» form a—b=x where а and bare 
any two natural numbers. Fer overcoming this insufficiency we 
extend our number system and create the following numbers. 

(i) Thenumbr гето. 


The solution of the equation аах is denoted by *0 and is 
called the number zero, Аз а—а=0, so a=a +0, 

(й) If 2+b=0, where ais a natural number then b is denoted 
by —a and is called the negative of the natural number a. The 
totality of the natural numbers, the number zero and the negatives 

_ of the natural numbers constitute the set of integers, The natural 
numbers are now renamed as positive integers and their negatives 
are called the negative integers. The number ‘0’ is an integer, but is 
neither negative nor positive. So, the sum and Product of two 
integers is an integer, You have learnt the definition of multiplication 
of integers in the lower classes, Here we do not enter into the 
details of them, 

Gii) The negative fractiona! numbers. 

If f be a fractional number then the 5 lution of the equation 
f+x=0 is called the negative of the fractional number f. 

The totality of the fractional numbers and their negatives 
(including the positive and negative integers ) and the number ‘0’ 
(zero) constitute what is known as the set of rational numbers, 


Rational numbers. Numbers of the from 2 where p and 4 are 
integers but 4720 are called rational numbers. The rational numbers 
are generally taken in their lowest form ; for, if 2 Әс а rational 


number and pand 4 have а common factor, then we can cancel the 
common factor to start with. Generally q is taken to be positive. 


: D (ж.т 
then ~ is ехрге ар. 
If а be negative, the 2 8 expressed as \ 2) 
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The four operations of addition, subtraction, multiplication and 
division of rational numbers are defined as follows : 


If 2 and 2 (4720, 540) be two rational numbers, then 


Qj Ea SPP ay Ба Пара (шу БИ 
: 5 qs 44. EE T. 


Ex. 


бу) = =— г“! i.e, ‚150. 
ТЕ 5 


The sum, ERN product and quotients of two rational 
numbers are also rational. For, as Рапат are rational numbers, 80 


Р, d, г, 8 are integers and each of 4 and sis not 0. So, both the 
numerators and denominators in the above results are integers and 
the denominators are not zero. In case of division we have assumed 


7540 ; for, if r=0, then the rational number 2 is 0. But division 
by 0 is not possible. 


8 Y3. Properties of rational numbers. 


(1) The rational numbers are closed with respect to addition, 
subtraction, pow cs апа division (division by 0 being 
undefined ) i.e. if ? pand? are two rational numbers then 2 +", e 


| Du 7 and v г (е7 Lo): are also rational numbers, 


, 


(2) Addition and multiplication of rational numbers are both 
commutative and associative ; 1.е., for any three rational numbers а, 


b, c. 
a+b=b+a [commutative law of addition] 
| ab=ba [commutative law of multiplication] 
| (a-t b) - czza -- (b 4-6) [associative law of addition] 
| (ab)c —a(bo) [associative law of multiplication] 


| (3) The distributive laws 
| а(б+е)=аЬ--ао 
and a(b — c) zzab — ас hold for rational numbers. 
(4) The rational numbers are well ordered. і.е. (i) ifa and b ` 
be two unequal rational numbers then either a>b ог a<b. 
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(8) for any three unequal rational numbers if a>b and бре, 
then a>c. 


(5) Between two unequal rational numbers there exist an 
infinite number of rational numbers. 


$14. Decimal expression of a rational number : 


We shallshow inthis section that the decimal expression ofa 
rational number is either terminating or non-terminating recurring. 


Let 5 Бе а rational number. We divide p by 4. If p be divisible 


by q then 28 an integer. If р is not divisible by а, then thero will 


bea remainder less than p. At this stage multiply the remainder 
by 10 i.e., put a ‘0’ (zero) on the right of the remainder, We now 
divide this product number by q, the quotient will be the first digit 


after the decimal point in the decimal expression of 2. In this case 


if there be no remainder the decimal expression terminates, If 
there be a remainder, we multiply the remainder by 10 and continue 
to repeat the process until the remainder is 0 or one of 1, 2, 8, eee ы 
(4—1). ТЕ we obtain a remainder ‘0’ at any stage, the division is 
completed and we get a terminating decimal expression of the 


rational number 2 On the other hand, ifthe division does пој end 


ie, does not give remainder 0, at any stage, then the successive 
remainders will be less thang і. e., one of 1,2, 3, +++ eee .“(4-1). 
As these remainders are finite їп number, so after a finite number 
(less than 4) of divisions the remainder will be the same as one the 
preceding remainders. From this stage onwards, the successive 
remainders and also the successive quotients will repeat until this 
remainder comes back and the division will not be completed but 
the successive quotients from this stage will repeat in the same order. 


So, in this case the decimal expression of ? will be non-terminating 


‘but recurring. The following examples will clarify the above 
reasonings. 
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Ех. 1. Express -5; as a decimal fraction. 


5 ee Here p(5) is less than q(16) So, the 
48 integral part ofthe quotient is 0 and the first 
20 remainder may be taken as 5. Then bringing 
. 16 decimal point in the quotient the successive 
29 remainders are multiplied Бу 10, the successive 


quotients are 3, 1, 2, 5 and the division is 


80 completed at this stage. So 5, =0'3125 and the 
---- decimal expression of -5 is terminating. 
Ex. 2. 


Determine the decimal expression of 20. 


ЭНН 1:538461 Here p(20) is greater than (13) and the 
= integral part of the quotient ів 1. The first 


70 integral remainder is 7. We then multiply 

—_ . this remainder by 10 and continue divisions 
39 bringing in 0 at every stage, the successive 
110 quotients are 1, 5, 3, 8, 4, 6, 1 and the successive 
104 remainders are 7, 5, 11, 6, 8, 2 but the division 
60 never ends. When the remainder is 2, we 
52 get 20 after bringing in a O and the quotients 
4 and remainders go on repeating in the same 

TES order without terminating the division, 50, 
13 in this case 29— 1:53846j which is non-termina- 
7 ting but recurring. 


$1'5. Geometrical representation of rational numbers by 
points of a straight line : 1 


Let us take a straight line хх’ (extending to infinity on both 
sides.) Let us takea point o on this straight line and let this 
Point o denote the number 0 (zero). We make the convention 
that points of the straight line will denote positive rational numbers 
if they are situated on the right of o and points of the straight line 

х! : x 
ась О AD Pla) Е (5) 
Fig, 1'1 
on the left of o will represent negative rational numbers. We ay 
а number Aon the right of o. Let it represent the number 4. 


6 b DIFFBRBNTIAL CALCULUS 


Then oA will represent the unit length and our scale of representatioa 
is fixed. A positive number ‘a’ will be represented by a point p on 
the right of o on the straight line such that оР=аход. The 
negative number —b(57-0) will be represented by a point a’ on the 
left of o such that оз” bx oa. 

Let us explain the method by the following examples, 

Ex. 1. The number 5, will be represented by the point E on 
ХХ” on the right of o such that ОЕ=5.ОА. 

Ex. 2. The number —3 will be represented by the point c' on 
xx’ on the left of o such that oc'—3 ХОА. 

Ex. 3. To represent the number $, We divide од into 7 equal 
parts and take 5 of them starting from o. Let P be the terminal point 
of the fifth part; Then op=$ oA and р will represent the. number 
$. To represent the number — 45, we take the points о’ and E’ on 
the left of o such that op’=4.0, and ОЕ’=5.0А. р’ and Е’ will 


Fig, 1:2 


represent {һе numbers —4 and —5. Тће line Segment D'E’ ig 
divided into 5 equal parts and we take the first 3 of them starting 
from D. Leta’ be the terminal point of this third part. Then 
0G'—4? Хол and a’ will represent the number — 4%. The line хх” 
15 called the number line. 

In the methods discussed above ali rational numbers can be 
represented by points on the line хх’ and corresponding to every 
rational number we shall get one and only one point on the line ху? 
( of course after fixing the point.o to represent the number 0 and the 
point А to represent the number 1 ). Now the question that arises is 
that, is the converse of the above statement irue? Can we geta 
rational number corresponding to every point of the line хх’. That 
the answer isin the negative is shown below by showing at least 
one exception. 

Let олу be perpendicular ato оп хх’ and ОАу==04. АА, is 


123.73 


joined. Then AA,— Мод? +ОАр = 19а (as aa, is the 
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hypotenuse ofthe right angled triangle лод; and oA and ол, both 
represent unit length )— /2 units of length. With centre o and 
radius AA, we draw an arc of a circle to intersect xx' at the point 2. 
Then oz ів of length JZ units and the point z will represent the 
number \/2. We shall now show that 4/2 is not a rational number. 


For, if possible let /2=8 Where p and а are integers and 4-40. 


We can assume that р and 4 hav 
they have any common factor, w 


So 2-/. 
/ 4 


eno factor in common, because if 
€ can cancel them to start with. 


Where p and g have no common factor. 
p? ; 
Or, i ( squaring both sides ) 


Or, р'=24%. 
So p? is an even integer. 
So, p is an even integer. 
[ For if p be not суеп, let p=2m-+1, where m is an integer, 

р? z(2m-4-1) 

= 49 +4m +1 which is odd as 4m? and 4m are even. 

But p? is even, 
So р is an even number 1 
Let p— 2r where r is an integer, 

(2т)2=24% So 47 =24? ог, 4%=27 
So q? in an even integer, 
-. а is an even integer. 

So both p and а are even integers and have a common factor 2. 

But this contradicts that pand д have no common factor, The 


contradiction proves that 42 cannot be written in the form 5. 50 
4/2 is not rational, 


Hence the point z on the line xx’ does not represent a rational 
number, Hence corresponding to every point on the line хх, 
there does not correspond a rational number. So, if the rational 
numbers are represented on the line xx' as discussed above, there | 
will be gaps in the straight line, These gaps correspond to numbers 
whizh we call irrational numbers. So „/2 is an irrational number. 


Numbers which cannot be expressed ав the ratio of two integers 


in the form 2 (9520) but corrésponding to which there are points on 
4 
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the number line xx’ are called irrational numbers. It is evident that 
the irrational number „/2, can be represented by one and only point 
z оп ће line xx’. In the same way опе can show that corresponding 
to every irrational number, there will be one and only one point 
in the number line xx'. Thus the points of the number line represent 
either rational or irrational numbers. 

The totality of all rational and irrational numbers constitute 
what we call the real numbers. Hence corresponding to every real 
number there exists one and only one point on the line xx and 
corresponding to every number on the straight line хх”, there exists 
one and only one real number. Thus there isa one-one correspon- 
dence between the real numbers and the points on the line xx’. The 
number line хх is also for this reason called the 1eal number line. 
The real numbers and the points corresponding to them on the 
number line, due to the one-one correspondence between them are 
frequently referred interchangably. 

The real numbers constitute the Arithmetic continuum and the 
points on the number line constitute what we call the Geometric 
continuum, The term continuum is used due to the compact or 
gapless character of real numbers and their representation on the 
number line. 

51:6. Decimal expression of the irrational numbers. 

The irrational numbers, though they have definite values, can 
not be expressed as a fraction of the form 2, That is why they аге 
called incommensurable. The exact value of ап irrational number 
connot be determined, But approximate value of every irrational 
number can be determined correct to any number of decimal places. 
Let us illustrate the above statement with an example and find the 
value of УЗ. 

We know, 1<3<4 ie., 12<3<2? .. 1= 352. 

So, the value of J3 lies between 1 and 2) 

Again (1-7)? =289 and (L:8)* =3 24 and so 

(1°1)#<3<(1'8)%. ie, 17« /3<1°%. 

Again (1°73)? =2'9929 and (1°74)? = 3'0276 

бо, (173) 43«(174? с, 173< J3«174. 

Similarly it can be shown that 1:732-< 4321733. 

In this manner the value of /3 can be determined to any 

number of decimal places This decimal representation is neithes 
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terminating nor recurring. It is not terminating as a terminating: 
decimal expression is a rational number. It is not recurring, as 
here there is no division by the same divisior (when we extract the 
values by the method of division), Hence the decimal expression 
of an irrational number is non-terminating and non-recurring. 

$17. Irrational numbers and Surds. 

In algebra you have learnt that an irrational number is called a 
surd if it is а root of a polynomial with rational coefficients. But 
all irrational numbers are not surds. It can be proved that there 
are irrational numbers such as л (The constant ratio between the 
length of the circumference ofa circle and the diameter of a circle) 
and е (the infinite series Leo eu +++) which are not roots of 
polynomials with rational coefficients. These numbers are called 
transcendental, With these ideas we can now construct the Real 
Number—Tree as shown below. 


Real Number 
| 


Rational Irrational 


| | EU 
Integers Non-integers  Surds 


| 
Transcendental 


Positive integers Zero Negative integers. 
$18. Properties of Real Numbers. 


In algebra (in the first paper of this Book) we bave studied the 
operations of addition, subtraction, multiplication and division of 
irrational numbers, In 812 and 513 we have defined addition, 
subtraction, multiplication and division of rational numbers and also 
discussed the properties of the rational numbers. Combining ше 
operations of both the irrational and rational numbers we get ideas 
about the four operations of real numbers. In every сазе civic’ 
by 0 has been restricted. Infact division by 0 is not ешт rap et 
of real numbers, Inthe next section, we shall endeavour, 
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fhe students understand the inconvenience of defining division by 0. 
But, before that, let us state the following properties of real numbers. 

(1) If a and b be two real numbers, then a+b, a— b, ab and $ 
(6720) аге real numbers ү i.e, the real number system is closed with 
respect to addition, subtraction, multiplication and division. 

(2) For any two real numbers, a and b, a+b=b+a and abba 

[Commutative laws of addition and multiplication]. 

Note: a—b;zb—a and а-ђиђ-а for any two unequal real 
numbers. 

(3) For any three real numbers а, b, c, (a: b) + c—a (b +c) ; 
(ab) с==а(Ьс) associative laws of addition and multiplication. 

(4) For any three real numbers а, 8, с, а b+e)=ab+ac. [dis- 
ae law] 

5) (i) If a and b be two real numbers, then one and only one 
of ЗА a=b or a<b holds. 

(ii) If a, b, c be three real numbers and usi and Буе, then 
ac. 

Note: The property 5 may be stated as 'the well ordering 
property of real numbers’. So, the real number system is well 
ordered. 

(6) Тһе real numbers are infinite and between any two real 
numbers there exist an infinite number of real numbers. 

419. Division by zero (0). 

For the real numbers division by 0 is not defined. We explain 


below by an example the inconvenience caused if divisions by 0 were 
allowed. 


We know 0.5 =0 and 0.6—0. 
Also we know when division by a real number c is allowed, 
and a=b, then = 


So if division by 0 is allowed, 

0,5 0.6 ; 

T T or 5=6. Cancelling the zeroes from the numerators and 
denominators. Which is a contradiction, So division by 0 cannot 
be allowed. 
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$110. Absolute value. 


5 and —5 both have the numerical value 5. Numerical value ог 
Absolute value of a number is also called the modulus of the number. 
Modulus of a real number x is denoted by the symbol | 5]. 

So, |x| being the numerical value of х, іхіші-<х1. 
І5| -|-5|. | x| шау also be expressed as 

| x | zx when х>0; and— — x when х<0; of course | 0 | =0. 

So, |3 | =3, here х=3>0; | —3 | =—(—3)=3as —3<0. 

Geometrically, if the point P of the number line represents the 
number x, then op= | х | (о being the origin which represents the 
number 0). So, | х | represents the distance between the point P, 
representing the number x, from the origin, If x>0, then P is on 
the right ofo. But if x be negative, say х----и where и>0, then 
the point Р is situated on the number line on the left of о. So, 
length op=u= | —u | = |х|. So whether the point x (we have 
already said that numbers and points are used interchangably ) is 
situated on the left or right of o, then | x] is the distance of the 
point Р (representing the number x) from the origin, 

Again, | а, —а; | is the distance between the points P anda 
representing the numbers 2, and a, ; clearly Ра=а, —а, or a4—a; 
according as а, «a, от 44770, 

Now, | а, —а, | is one of a, —a, ога, —a,. 

For example, | 5—3 | = | 2] —2 which is the distance between 
the points 5 and 3. 


5 | 7—(—3) | = | 10 | =10, which is the distance between the 
points 7 and —3, 


| 3—(—7) | = | 10 | «10, which is also the distance between the 
Points 3 and — 7. 


The following results about | x | may be remembered, 
1. |хіші-х| 


2 |хуј=]|х] | у] 
Example, 123| = [6| 26; Also | 2 | 22,] 3 | =3. 
80,121 [3] =2x3=6. 
Ѕо | 2.3 | = [2] [3]. 

[а ыы 
* ЕТ 


4 |х+У| < [x] + рур. 
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Proof. We know |x| 20 whether х>0 or х<0. 
Also if xz:0, then | x | ==. 

ТЕ x<0 say x= —u(u7 0), then |x] =] —u | ши>х 
с: щш>0,х<0) 2. z«|xl. 

So x< | x | whether xz0 or х« 0 

Now, if x+y30, then | x+y | 2x »«& | x | + | y! 
(у < 15 |,7< 1711 


if x+y<0, then | х+у| =—(х+у)< | —х | + | —у | 
='|х|+|7| 

5. |х–—у| > | Х|– | У] 

Proof | | =|x—y+y | < 12-7 | + | У | [by (5) above] 

ог|х|-|у|<|х-у| 


ке|>-уі|>іхі-|уі. 

6. |х-а | <5 means a—§<x<a+s. 

Proof: | x—a | 20 So, as | x—a | <3, во 570. 
Again, if x>a, then x—a= | х-а | <5. 

So, x<a+5. Alsoa—s<a<x. (2 829). 
2.2а-5<х<а-5. 

If x<a, then хса+5 as 820. 

Also in this саве а-х= | Х-а | <5 1. а—8<х. 
So in this case also а—5<х<4 +5. 

Hence іп all cases a —6« X«4 +8. 


Examples 1 


1. Show that between two real numbers there are an infinite 
number of real numbers. 


Let a and b (ab) be two real numbers. 
+b 


a А 
Then uS is a real-number between d and b so that act 48 co. 


а 
Now а and 215 are two real numbers. 


аъ За+ђ. 3 
So, а+ s xS x is а real number and a< В, 


So, between a and b we get two real numbers. In this way from 


a and a we shall get another real number с and then from a and 


с we get another real number between а and band so on. Our 
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process will never end as (Б> а) and so we shall get an infinite number 
of real numbers between a and b. 


Note: In this example one or both of a and b may be rational 
ог irrational. So, the infinite number of real numbers found 
between a and b may be rational or irrational. We could find infinite 
number of real numbers between a and b in the manner shown in the 
example 2 below. 

Ex.2. Show that between any two unequal rational numbers 
there are an infinite number of rational numbers. 


Let a and b be two given rational numbers and ba So b—a>0 
and is а rational number. 


So a<a Tib where n is a positive integer>1. 


As there are an infinite number of Positive integers>1, so giving 
п those infinite number of values, we can getan infinite number of 


numbers between а and b, each of which is rational as both b —a and 
п are rational, 


Ex. 3. Suppose on the number line xx’, the points О and a 
represent the numbers 0 and 1 respectively, 


Find the point р on the number line that will represent the 
number ,/З, 


Let on the number line the point в (оп the right of O) be ‘such 
that ов=2 од. Then в Tepresents the number +2 and length 


OB=2 units. oy is drawn perpendicular on Xx’ at o. From oY, 


Fig, 1'3 
oc=0A is cut off. With centre С and radius oa we drawn an arc of a 


circle which intersects хх” 


at the point p, The point Р will represent 
the number „3. 


Proof. In the right angled triangle РОС, oc=1 and ср--ов--2. 
1 OP?CP*—00?222. 19.4. 113. 


2. ор= УЗ. So, the point р represents the number ,/3. 
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Ex. 4. Prove that 43 is not a rational number, 

If possible let J3 be a rational number and ,/3—7 where p and 
а ате integers and q540. 

We take 2 іп the lowest form ie, p and 4 have no common 
factor ; for had there been any, we could have cancelled that to 
start with, 


Now squaring we get 52 


or p?—3q4*. So p? isa multiple of 3 
We show below that p is also а multiple of 3, 
For, if p is not a multiple of 3, 
Then р=3т + | ог 3m+2 where m is an integer. 
lf pz 3m +1, then p? 9m? +6т-+1. 
Now 9m? and 6m are both multiples of 3. 
So p? =9т? + бт + 1 is not a multiple of 3, So p;z3i + 1 
Similarly pze3m 4-2. 
So p is a mu'tiple of 3, say pzz3m. 2, р?=9т? 
34? = 9n? ог q*=3m?. So 4% is a multiple of 3. 
So q is a mulltiple of 3 


2, pand q have а common factor 3 which contradicts that p and 
4 have no common factor. The contradiction proves that J3 cannot 
be represented in the form ? i. е, 43 is an irrational number. 

Ex. 5. Prove that the square of an odd natural number when 
divided by 8 always gives the remainder 1. ГА. I. H. 5. 1972 1 
Let 2m 4-1 be an odd natural number ( m is а natural number ). 

(2m 4- 1)? = 4m? + Ат + 1 24m(m + 1) +1 


Now if m be odd, then m+1 is even and let m+1=2p (р i8 
a natural number). —.;, Ат (т t 4m, 2р=8тр and so 4m (m+1) 


is divisible by 8. So, in this case if (2 -- 1)? is divided by 8, then 
the remainder is 1, 


If m be even say 2r, then 4m (т + 1) =87 (27 +1). 

Hence 4m (4m+1) is divisible by 8, Hence when (2m--1)? № 
divided by 8 the remainder is 1. Thus when the square of a natural 
number is divided by 8, the remainder is 1, 

Ex. 6 Find 4 rational numbers beiween 3 and 4, . 

g-jey 2. Bach of 1414 1334, 14441414: 5 
rational number greater than } and less than 2. Hence у» % 
1% and 15; are four rational numbers between $ and 5. 
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2 а- 
Ex.7. Show that a<x<b сап be written as | 2- ran | == 
а =“ а--ь 


If x>- then x— e 
so | ан | = rib De x<b] 

ог ір | сг 
Ifx< + b then LE | аа (2. a«x) 
пере then х-2+0 0 ог | per | =0<°—4 


[For, as Ра, so 2—20] 


So, in any case | х-210 | «р 
Ех. 8, If | x—a | <8, | у-а | <8, show that | x—y | «28. 
|х-)|-|(%-ад)--(а-у) | < |х-а| +] 4-7] 
Now | a—y| = | у—а | <5. Або|х—а | <5. 
“. |х-а| + [a-y| «5 ог, |х—у | <25. 
Ех. 9. Express | x+4 | «1 as inequalities without using modulus 
notation, 
We know | x—a | <5 means a—5s£x «a5. 
[see 8 1:10 Property 6] 
Here a— —4, s=1 
' | x+4 | <1 шёап-4-1«Х«1-441 or -5«х4-3. 
Ех. 10. Express the inequality 1<:2<:5 by modulus notation. 
Неге Ї+5—3 and Ей 
So, the given inequality can be expressed as | х-3 | <2 
[See Ex. 7 above] 
Ех. 11. For which values of х, the following expressions are 
undefined ? 
O ша (08 925 (шш уют 


Dif. Cal.—2 
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ді) The denominator x? —3х + 2=(х— 1)(x—2). 
So, when х=1 or 2, the denominator becomes 0 and so the 
expression becomes undefined, 
tan x 


(1) --- becomes undefined when х=0 ог tan x is undefined. 
x 


Now tan я is undefined when x—(2n--1) 2 [п==0, +1, +2,---] 


So, E * is undefined when x=0 or (2n +1) 2 нд, ж, £2,000] 


Gii) x34—7x-4-12z(x—3)(x—4) 

When 3<x<4, x —3 is positive and х—4 is negative ; 

So (x —3) x — 4) is negative. : 

In this case „(22—7х+12 = A (x —3)(x— 4) is imaginary 

So, when 3<x<4, Jx3:—7x--12 is undefined 

For, other finite valuesof x, x?— 7x--12 is positive and so 
x2 — 7x 4-12 possesses finite real values and is defined, 


Exercise 1 
1, Which of the following statements are true and which are 
false 2 


(i) Between two rational numbers, there are an infinite number 
of rational numbers, 


(ii) The decimal expression of an irrational number is non- 
terminating and non-recuring, 


Gii) As x?—4-(x--2)x—2), so ume is defined for all values 
of x. ~ 


(iv) The sum of two irrational numbers is not always irrational. 
б) 14-812141-15| 
(vi) All irrational numbers аге surds. 
(уй) All irrational numbers are integers. 
2, ЕШ up the gaps (with suitable terms given in the brac 
(i) The number e is——, (irrational, a surd) 
(ii) The decimal expression of a rational number is terminating 
or non-terminating——. (recurring, non-recurring) 
(iii) The product of two——numbers is not necessarily a rational 
number. (rational, irrational). 


kets), 
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(iv) Between two irrational numbers there are— —number of 
irrational numbers (finite, infinite) 


3. Show that between two irrational numbers there are an 
infinite number of irrational numbers. 
4. Insert four rational numbers between 2 and ,/2. 


5. Is there any rational number which is not real 2 


[ A. L H, S. 1970] 
6. Show that the product of any three consecutive natural 
numbers is divisible by 6. 


T. The rational number which equals the number ae алы 
recurring decimal is (A) 2355 (В) 3889 (С) 2855 (D) None of these. 
Which is correct р 100 СТИ (C) A [I. I. Т, 1983) 


8. Suppose on the number line хх, the points o and A 
Tepresent the numbers 0 and 1 respectively. Find the point P on 
the number line which will represent the number ,/5. 

9. Show that ,/5 is not a rational number, 


10. If \/g.be a surd show that 7 Ма is irrational (x, у are 
rational numbers). 


ll. Find the value of 3/5 correct to two places of decimal. 


12. “If the sum of two surds be rational, then they are conjugate 
of each other"—comment on the validity of the above statement, 


13. Which ofthe following are rational numbers. 

G) $ di) 1142857 (ін) 2+./3 (iv) 3 6) ==> When 
а is an integer (vi) (5+ „/3)(5— ,/3) (vii) (5+ /3)(2— 3). 

14. (a) Express the following in the form a x «b, 

0) |х-3 | <2 (ii) | 3—x | <4 (йі) |Х-а| <i (iv) | x] «2 

(b) If| 2x—4 | <6 then show that | x—2 | <3. 

15. Express the following inequalities with the modulus notation. 

б) 3<х<5 (ii) –5<х<7 (iii) —11<х< -1 (iv) а-5<х45. 

16, If|x—a| «5 |у—Ф|<5 |:-с| <3, show that 
| Xy z — (a4-b 4-c) | <35. 

17. For which values of x are the following expressions undefined. 

(i) х (i) мал (iii) cos 2x 


= dv) юов,(х-1) (у) /3%-3х%2 


4 Х2--3х--2 9 
(vi) deri (vii) sec x. 


<х<<4 

18. |x-1|] + | х—2] + |х-32»6. Then (А) 0<х<: 

(B) х<-2 or x24 (C) х<0 ог xz4 (D) None of these ; which и 
correct ? Г.І. T. 


CHAPTER TWO 
Functions 


$21. Variables and Constants: The concepts of functions 
demand as a prerequisite the concepts of variables. So let us start 
with variables, 

Variables А symbol or quantity which is capable of assuming 
more than one value in a mathematical discussion is called a variable. 

Constant: А symbol which assumes one and only one value 
in a mathematical discussion is a constant, 

Note: In mathematics we use other than variables and constants 
symbols like +, —, () | | etc. They аге called auxiliary symbols. 

Let us discuss the above definitions of variables and constants 
with the help ofan example. We know that area of a circle is a7? 
sq. cms, if г cm. be its radius, If A denotes the area ofa circle, 
then the quantity A is related with the quantity r by the relation 


A=ar?, Here the quantity г can assume any real value, So risa, 


variable, It must be noted that though r has a unit cm., in calculus, 
we are concerned with the numerical value ofr. So if ris 7 cm, 
we shall be interested in the value 7. When is іп cenitmetres, 
the corresponding value of A is in square centimetres and we 
shall be interested only in the numerical value of A; omitting the 
unit. (Ina particular discussion we reduce quantities of the same 
kind in terms of the same unit, іе, И we take unit of length ав 
centimeter then 2 meters will be reduced to 200 centimeters), You 
will agree that іп the above relation A=zr?, the numerical values 
of a and r will be real numbers. So, А andr аге real variables: 
То be precise, a variable which assumes only real values is called 8 
real variable. In fact, our subject matter is calculus of real variables 
and soall variables that will come in our discussion will assume 
only real values (ie. real numbers as their values.) Тһе same 
is the case with constants; The quantity л in the relation Azar, 
possesses one and only one value which is а real number. 50,7 18 
an example of a constant of course as for different values of” 
А assumes different values so A is also a variable. 
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822. Domain of a variable : 

The totality of all values which a variable can assume or is made 
to assume is called its domain In x?, the variable x can assume 
all real numbers аз its value. So, in this case the domain of the 
variable x is the set of real numbers. Butin yx, the variable x 
cannot assume any negative value ( because, then /x will become 
imaginary, but our variable isa real variable,) So in this case 
the domain of x is the set of all positive real numbers and zero. 
In many cases one can restrict the value of a variable between 
two real numbers or, even to some specified real numbers. For 
example, if we consider the monthly salary of workers in a factory, 
and Rs. x denote the monthly salary of a worker, then x varies 
from worker to worker and so x ва variable, Ifin the factory, 
under consideration, the minimum and maximum salary of a worker 
be Rs. 750 and Rs, 1600 per month, then the domain of the variable 
is restricted between 750 and 1600. Once again note that here, 
when we referto the values of к, we omit the unit Rupees. In 
this case if the salary of a worker is paid in the nearest rupee, 
than x can assume only integral values between 750 and 1600 and 
not all values b:tween 750 and 1600. 

$23. Interval: 

The totality of all real numbers between two real numbers а 
and b (a<b) is called an Interval of real numbers, 1 both the 
numbersa and bare included in the interval, then we call ita 
closed interval and, shall denote the closed interval as ах. 
If both the end points a and b are excluded, then’ the interval is 
open and we denote it as a<x<b. Ifa is included and b is 
excluded, then the interval is half open or half closed ; it is closed 
on the left and open on the right and the interval is denoted as 
a<x<b. Similarly if a is excluded and b is included, then also, 
we get а half open interval. This interval is open on the left and 
closed on the right and it is denoted as a<x<b. 


Note: Many authors use the symbols (a, 5), [а, 5], (а, b], (4, 5) 
for closed intervals, open intervals, intervals closed оп the left Яс 
open on the right and intervals open on the left and closed pne 
right respectively. Some authors again use the symbols [ 1 
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for closed and open intervals | they use [ ) and ( | symbols Гог half- 
open intervals. 


524. Continuous and discrete Variables : 

A variable is said to be continuous in a given interval, if it 
can assume all values within the interval. А variable is discrete 
Or discontinuous in an interval if it cannot assume all values within 
the interval. 

A variable assumes only rational values in the interval 0<х<1 } 
between 0 and 1 there are an infinite number of irrational values 
and the variable, in this case does not assume these values, So, in 

-this case the variable is discrete or not continuous. 

A variable which assumes only integral values in the interval 
10<x<100 is another example of a discrete variable. If x bea 
variable, then 1 is also a variable. 

In the interval 1<х<2 or any other interval which does not 
include the value ‘0’ (zero), 1 can assume all real values in the inter- 
vals concerned. So, in these intervals} is a continuous variable, 
But in the interval — 1<х< 1 or any interval including ‘0’, 1 can not 
assume the value ‘0’ for } is undefiined. Hence the variable i is 
discrete or discontinuous in every interval including ‘0’. 


825. Functions: И two variables x and y be so connected 
that within a given interval, for every real value of x, we can get at 
least one value of y, then y is said to be a function of x. 

If у=х?, then for all real values of x, we get one and only one 
value of д2. Неге the set of real numbers is called the domain 
of definition of y. The set of all real numbers is denoted as the 
interval — оо <2Х<. Note that —«о and + are not real 
numbers. The set of all values which y assumes in its domain of 
definition is called the range of y. In 82:8 we shall discuss more 
about the domain of definition of a function, 

A variable y is said to be а single valued function of another 
variable x, if for every value of xin the domain of definition of J; 
there exists one and only one value of y. Strictly speaking by ? 
function is meant a single valued function, But we shall stick to the 
former definition. 

yx? is a single valued function of x. 
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yssin 6 is a single valued function of 6 in — o «8«co. 

For, corresponding to every value of 6, we get one and only 
one value of y=sin Ө. 

But y —square root of x is a two valued function of x, 

For, corresponding to every value of x, we get two and only two 
square roots of x (when x—0, the two square roots coincide). 

y=Sin-'x isa multiple valued function of x, as for every value 
of x we get many values of y (here the velues of y are infinite in 
number). 
2 But y=sin-1x ( the principal value of 511712), is a single valued 
function of x. 

So, у is an п valued function (n is a positive integer ) of x if 
for every value of x, we get п values of y. 

Note. 1. Inan inverse circular function, when we consider the 
multiple valued function, we use a capital in the first letter. 


So., біп”! x, Tan-! x denote the multiple valued inverse circular 
functions, s 


But when we consider principal values, the functions begin with а 
small letter, Thus sin-!x, tan-!x denote principal values of the 
functions. 

2. Та the above examples we have used the letter y for a function, 
But we can use other letters also, For example when Ө denotes heat 
and ‘г temperature of a body in calories and selsiers, Ө is a function 
oft. Ins=ut+} 2, the distance variable s і a function of the 
time variable z, 


526. Notation for functions. 

A function of x is denoted as f(x). The letter fis the first letter 
of the term function. Note that f (х) is not the product of fand 51 
it is just a symbol. So, /(х--у) is generally not equal to f (x) +7). 

For different functions, you must appreciate, one should use 
different symbols using different letters. If (Ө) denotes the function 
sin 0, i.e., if f(@)=sin Ө then we must use а different symbol (і. ©., 
а different letter) to use the function cos ө. Let Е(0)=с05 0. 
Generally, letters f, Е, 9, о, h, ө etc. are used to denote functions. 

As a constant possesses a finite value ( the constant itself ) for 
every value of a variable x, constant is taken as a function of x. 50, 
constants are frequently described as constant functions. 


(5552 
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827. Dependent and Independent variables 

If p be a function of x, say y=f(x), then the values of y depend 
upon the values of д, So, y is called the dependent variable 
and z is called the independent variable. Thus И two variables be 
connected by a functional relation, then the variable whose value 
depends on the other isthe dependent variable and the other is 


the independent variable. 


In the relation v=u-+/t, where v is 


the velocity of a particle аб те £ after start with initial velocity 
u and uniform acceleration f (here и and f are constants), the value 
of v depends on the value of fand so visa function of ¢. Here 
v 15 the dependent variable and / is the independent variable. 


$28. Domain of definition of a function. 

The totality of values of the independent variable, for which 
the dependent variable (a function of the independent variable) has 
a definite value is called the domain of definition of the function. 
The totality of all values of the dependent variable corresponding 
to the values of the independent variable in the domain of 
definition of a function, is called the range of the function, Let 
us discuss these two concepts with examples. 

Ex.1, The domaln of definition of the function y=x—1 is 
the interval — <x < со у as for every value ОЁХ, у has one (and 
only one) value. Неге the range of p is also — e» « y« oo. 


Ех. 2. In y—sin 6, the domain of definition of y is— o»«9« ©. 
Here for every value of ө we get опе and only one value of y= 
sin 9. But since the value of the sine of an angle lies between ! 
and--1 (inclusive of—1 and+1) so the range of y=sin 0 is the 


interval — о<0< оо. 


Ex.3. In 0<х<2л, tan x is not defined when =; ог Зл 50, 


2 


the domain of tan x in 0<x<2z is 0<х<5,5 л e ааа es 


<2л, This can also be stated as 0<<х<2л, other than > and 3л 


7 5 


Note: Inexample 3, we have restricted our discussion within 
the interval 0<х< 2. This type of restriction is permissible whe” 


desired or when required. 


If we do not restrict the discussio” 
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‘then the domain of definition of tan x ts —=<х<-+ 9 other 


‘than the values (2n + 1) 2 [where n=0, +1, +2, #3106 x. 


Ех. 4. In case of y= Jx3 — 3142, the demain of definition of 
y is— eecx«&1; 2<х<+ o 

For, y= J(x! -3x4-2)— J(x—1yx—2) 

If x lies in 1<x<2, then x— 1 is positive and x—2 15 negative 
and so (x —1)(x —2) is negative. So, when 1<x<2, y is imaginary. 
Зо, x cannot агзите any value in 1<x<2 to make y real, 

$ 29. Single valued, Multipled valued and constant 
functions. 

A function is a sald to be a single valued function АҒ for every 
value of ihe Independent variable, in the domain of definition of 


the function, the dependent variable (1.е., the function) possesses 
one and only one value. 


Ех.1. If y=x+1, y is a function of x. Here x is the 

independent variable and y is the dependent variable. In the domain 

` of definition (—o<x< ©) of the function, for every value of x, 
y has one and only one value. So, у is here a single valued function _ 
of x. 

Ех. 2. If A denotes the area of a circle and г denotes its radius, 
then A=xr?. Here for every value of г, A possesses one and 
only one value. So here the area A of a circle is a single valued 
function of the radius r. 

Ех.3. y=%x isa single valued function of x, For, correspond- 
‘ing (0 every real value of x, we get one and only one real value 
of y. 

Note: We know that for every value of x, one can get three 
cube roots of x viz, the real cube root of x, say @ and two 
imaginary cube roots до, 002. But these Jater cube roots being 
imaginary, do not come into our consideration. 

If corresponding to every value of the independent variable, 
the dependent variable y=f(x), possesses more than one value, 
then y is said to be a multiple valued function of x- 

Ех. 4. Ify be the square root of x, then y isa multi 
valued function of х. For, corresponding to every posi 


iple (two) 
tive value 
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of x~0,we get two square roots (one positive and the other 
ЕД 
negative) of x. 
Notes y=n/x, аз Vx denotes the positive square root of 2; 
is а single valued function of х, » 
2. The domain of definition of the square root of x or of Је 
are both non-negative real values of х, 


Ex. 5. Inverse circular functions like Sin^!x, Тап-1 x are multipie 


valued functions of x. When x, the value of Ѕіп-1х are па + 
(—1)* 4 [1=0, +1, €2,-] when x= ES values of Tan^! x аге 
nz. [п=0, +1, --2,%). 


Note 1. You have already learnt in Trigonometry that capital 
letters S, C, T etc, are used in the multiple valued functions 510715, 
Соз-1х, Тап-1х etc. 


2, The Principal values sln^!x, сов“ 1х. {ап-1х etc. are single 
valued functions of x. 

$2110. The symbol Қа): 

The value of a funcilon f(x) when х=а, is denoted as Да), 


So if f(x)=sin x, (8) = за Fae If 4(x)— x2, #(2)=22=4. 


If Fa), when х=2, then the value of F(x) is denoted as 


Fi2)i but F(2)= yis which is undefined. So, in this case we sec 


that F(2) does not exist. In fact, if f(a) is not finlte, we say that Ла) 
does not exist or Да) is undefined. If Да) is imaginary, then also Ла) 
does not exist or is undefined. So ,/х does not exist when х==— 1. 

§ 2°11. (а) Even and odd functions : 


If f(—2)—f(x), for every x, for which f(x) is defined then f(x) 
is said to be an even function of x, 4 


| f(x)—x? 18 an even function of x, 
For Д—2)=— x? 2x? f(x), 
$(%)= соз x is an even function of x. 
For, $(-х)=с08 (—x)2xcos х--Ф(х). 
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A function f(x) is said to be an odd fuuctlon of x, If f(—x) 
=—/(x) for every x in the domain of definition of the function. 
x9, sin x are two standard examples of odd functions, 

Notes: It is not necessary that every function should be 
either even or odd. 

The function fix) =x? --x? is neither even nor odd, 

For, f(—x)-(—x)? +(—х)3 =х —хз 

which is neither f(x) nor fi. 

Properties of odd and even functions : 


(i) The sum ( difference )of two even functions is an even 
function and the sum ( difference ) of two odd functions is an odd 
functlon, 


(i) The product (or quotient) of two even or two odd 
functions is an even function. 


(ii The product ( or quotient ) of an even function and ап 
odd function їз an odd function. 

These properties are proved as examples in Examples 2. 

(0) Explicit and Inplicit functions 1 

When a function f(x) of a single variable x, is expressed 
directly in terms of x, then the function issaid to ђе ап explicit 
function of x. y—x?, y—cos 2x etc, are explicit functions of x. 

If two variables x and y be such that y is not explicitly 
expressed in terms of x but the two variables are connected by 
an equatlon, then p is said to be an implicit function of x. In 
the relation x?--y?—a?, y is not expressed directly іп terms of x, 
but xand y are connected by the equation. Here y is an implicit 
function of x or x їз an implicit function of у. From the implicit 
relation x? 4-у2 =а2, the two explicit functions ye 4- Ма? —x ог 
к= t „Јаз y? can be obtained. x?--y?—3axy, y-sin (X--7), 


у *-—x are examples in each of which y is an Implicit function 


of x. 

(c) Parametric Representation of a function or Parametric 
functions : 

Sometimes, though two variables, » and y may not be 
functionally connected, implicitly or explicitly they are Expressed 
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in terms of a third variable. This third variable is called а 
parameter. | 


In the two relations, x=a соз ф, y=b sin $, the two variables 
x and y are both expressed in terms of a third variable or 
parameter $. Eliminating $, between the two relations, we get 


prm. So, here y 15 an implicit function of x. х=а cos $, 
a 


y —b sin ф is the parametric representation of the implicit function 

p of x given by HE x—at?, y=2at is the parametric repre- 

sentation of the vatiables in the equation y? =4ах of a parabola. 
(d) Periodic functions : 


If f(x) be a function of the variable x such that S(x+a)=f(x) 
for every x where a is a constant, then the function f(x) is said to 
be а periodic function of x with period а. Аз, sin (x+27)=sin x, 
зо Sin x is a periodic function of x with period 2л. As tan (0+2) 
=tan 6, so tan 0 is a periodic function of 6 with period л, 


() Inverse functions : 


Let y — f(x) be a function of x ; when x is expressed in terms of 
У, then x is said (о be the inverse function of f(x). If from the 
relation y=f(x), one can get the relation x=9(y), then f and $ 
are inverse functions of each other. From the function у=2х +1, 
We веб {һе inverse function x—1 (»—1). И y-sin x, then 
X—Sin-!y, Note that here the inverse function is multiple-valued, 
though the Original function 18 single-valued. In the function 
У=х?, у is defined for all real values of х, but the inverse function 
*- Jy is not defined for negative values of x. 


$212. The Fundamental Functions 1 


The following functions viz, Algebraic fu 
functions, Inverse circular functions, 
Logarithmic functions are called А 
these functions, by addition, subtract! 
evolution of one or more of these fun 
funcitons, We shall discuss these fun 


actions, Trigonometric 
Exponential functions and 
damental functions, From 
9n, multiplication, division, 
ctions we can get many other 
Ctions one by one. 
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(1) Algebraic functions : 


A function of the type x? where m is a constant is called à 
power function. Sum, difference, multiplication and divisions- 
of constants of different power functions Bive rise to algebraic 
functions. Algebraic functions are of the following types : 

(i) Polynomial functions: An expression of the form 
арх" +a х"-1 +а,х"-34... +а ; When л їз an integral constant, 
the coefficients a,, di, doen san аге real constants and x isa 
variable is called а polynomial or a polynomial function. 


А ч "ај х“-1-...... + 
li) Functions of the form 205 1 ". where 
( ) box" pb, XM Lp ED 
the numerators and denominators are polynomials are called 
rational algebraic functions. 


(iii) Functions of the forms Мх Ай 8 46x42, Хо, 


x? (x4- 7)5 


- s 5 are called irrational functions. 
УхЗ--7 (x? 4-1)5 


(2) Trigonometric functions. sin х, сов 2x, tan дух, sec?x 
etc. are Trigonometric functions, 


(3) Inverse circular functions. sin-1x, tan-!2z, (бовес-13х) 
etc. are examples of Inverse circular functions. 
(4) Exponential functions. с“, 227, 1055, 199 МХ etc. 


are 
examples of exponential functions. 


(5) Logarithmic functions. log,*, 10815, log/1*«) etc, are 
examples of logarithmic functions, 

Note. 1. In calculus the base of the logarithm of a number is 
generally taken азе. So, the base e, 15 frequently kept understood, 
log xshould be read as log,x, But other bases must be екрїїс у 
indicated, 

2, Ofthe above examples, let us consider the functions 5/42, 
tan Ах, Sec?x, Msec7 ix, 22°, 


In, /z--2, х+2 itself is at the first instance, a function of x, 


V/x+2 is a function of this function of x. So, here we get an 
example of what 18 called a function of a function. 
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tan Vy is a function of the function x of x; 8602 —(sec x)? is 
a function of the function sec x of x. 3/gec- ix is a function of the 
function sec^!x of x. 2?*— (27)? is a function of the function 2% of 


х. Again sin (ез?) is an example of a function of a function of a 
function of x, 


Here x? is a function of хү e” , is a function of the function x? 
A's ; . 22 
sin (2% ) is a function of the function e* 


of x. 


3. On many occasions functions are defined by more than one 
mathematical relations, 
For example, f(x) —2x--1 when x1 
= 4 when х=1 
—2x—1 when х<1. 


; а function of a function 


82:13. Monotonic functions. A function ig said to be 
monotonic increasing іп an interval a<x<b included jn its 
domain of definition, if in the interval values of the function 
increases with x; If for any two points x, and x, in the interval 
a<x<b, within the domain of definition of the function Дх), 
Луј) when ever x,7x,, then the function is monotonic 
increasing in the interval. 


A function f(x) is monotonic decreasing in the interval 
4«x«b, included in its domain of definition if f(x) decreases as 
x increases in theinterval. If X4 and x, be any two points in a<x<b 
and Д\ху)< (хь) whenever x,7x,, then fix) is monotonic decreasing 
inthe interval, Students may verify the following :— 


(1) The function sin x is monotonic increasing in the interval 


0<я<5 but is monotonic decreasing in the interval 5Xx«, 


(2) The function cos x is monotonic decreasin 
0<х<л and monotonic increasing in the interval л 

(3) The function x? is monotonic in 
monotonic dercreasing in — oo <х<0. 


Е in the interval 
<х<2л. 


creasing in 0< хоо and is 


$214. Bounds ofa functjon. 


If in an interval а<х<% 


у » а function f(x) is defined and if there 
exist two numbers M and 


m such that for all values of x in the 
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interval, m< f(x)& M then the function f(x) is said to be bounded 
іп the interval a<x<b, In this case М is called an upper bound 
of f(x) and f(x) is a lower bound of f(x). Шап upper bound М be 
Such that M — fix) is less than every positive number, however, small 
it may be, foratleast one x in the interval then M is said to ђе а 
strictly upper Bound of f(x). If there exists a point d in a<x<b, 
зо that fid)—M (the strictly upper bound), then the function is 
sald to attain its upper bound. ТЕ a lower bound be such that 
f(x)-m is less: that every positive number, however small it may be, 
for at least one value of xin the interval then m is said to be а 
strictly lower Bound ofthe functlon f(x). If there exists a point c 
in d X«C b, so that f(c)=m ( the strictly lower Bound), then the 
function ís said to attain its lower Bound. 


$215. Graphs of functions and continuity of a function. 

The graph of a function is its pictorial or geometrical 
Tepresentation ; the graph of a function helps us to study the 
properties of the function. To draw the graph of a function we 
choose two-straight lines at right angles to each other, according 
to our Convenience, as the axes of co-ordinates, The point of inter- 
section of these axes is the origin. Next we choose suitable scales 
of length along these axes. Note that the two scales may be the 
Same or different according to convenience, 

Next let ¢ be any number within the interval in which we are to 
draw the graph of the function and we determine the value Хе), We 
now plot the point с(с, Ло Similarly if p, 4, lare numbers 
within the interval then the points P, а, R,---are also plotted with 
‘co-ordinates ір, f(p)}, la fa), ir, f(r))---care must be taken to see 
that Хр), (a), f(r)---are all finite, If corresponding to a value c of 
x within the interval, f(x) does not Possess any finite-value, then 
ithe point (c, f(c)) will not:be a point of the graph. Sufficient number 


. Яах эв - 
мын plats Ald, /(а)},...р, а, Ry Bb, ДЫ) free-hand, the graph ofie 
unction will be obtained. If the Interval be — оо «хоо, then 
there will be По end points of the graph. If f(e) is not finite, we 
have already said that the Point сіс, fic)! will not be a point of the 
graph; the graph will have a break ог gap at the point с 
corresponding to x=c. The graph of a function is sald to be 
continuous if there be no break or gap in the graph i. e., from one 
end of the graph to the Other end we can move our pencil or chalk 
along the graph without lifting it, If in moving our pencil or шан 
along the graph of a function we have to lift our pencil or ea а 
a point c corresponding to Xe, then the graph has а break polit 

point and the graph is discontinuous at the pointc. C is 
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of discontinuity. Ifthe graph of a function be continuous, then 
the function is also continuous. In Chapter Four we shall study 
the continuity of a functions analytically. We shall there 
prove the converse proposition that the graph of a continuous 
function is also continuous. If ata point сіс, f(c)}, the graph of а 
function has a break, then the function is discontinuous at x=e and 
хее is a point of discontinuity of the function, 
y 


х х-а Хр Xeq Х-с 


Continuous graph. 
Fig. 2*1 


ЕР Ht 1 
І Ц Ц 
feh f» бај fe fe) 


х=а Xep хад Хас Xar Хеђ x 


| Fig. 2:2 
Discontinuous graph having break at C 
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Note: Ina graph if there be a break or gap at a point c, then 

we cannot show the break by keeping a gap however small ; for, 

even in a very small gap there exist an infinite number of points. 

But we are to show the break or discontinuity only ata point. To 

avoid this diffculty we conventionally show the poirt of dis- 

continuity by drawing two small arcs of circles opening in opposite 

directions and touching each other at the point, This has been 
illustrated in fig, 22. ' 


We conclude this section by showing the graphs of some 
elementary functions. The Y 
domains of definitions of the 
functions and points of disconti- 
nuities are also indicated. 
(1) Graph of the function 
f(x)zx. 
Let y=f(x). 
The graph is а straight line 
AB through the orlgin making an 
“angle of 45° with the positive 
direction of the x-axis, It has Fig, 2:3 
no discontinuity and so the function is continuous. The domain 
of definition is —« <х< оо. 
Note: 1. The graph may be drawn by plotting points from 


i х |0|1|-2 
the following table pera |611 | —2 


2. From geometrical consideration the gradient of the straight 
line ( We know from analytical geometry that the equation y—x 
represents a straight line) у=х is 1 i.e., the straight line makes. 
an angle of 45° with the positive direction of the x-axis, It also 
passes through the origin. , 

3. кіз the simplest form of a polynomial function. It will 188 
shown later (in Chapter Four) that every polynomial function 
is continuous, 


а 
(i) The function f(x) =" 

Ч :.n i, not defined as 
When x=0, you can understand, the function is 9 у 


Int, diff.—3 
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division by zero is not defined. So the function f(x) may be 
expressed as follows 


Y f (x)2x when x0 is 
undefined when х=0 
Let y=f(x). 


Then ym when x0 and У 
is undefined when х=0. 


So, the graph of the function 
will be the same as the grapb 
of y—x; only when х=0, the 
graph will have no point and 80 
will have а break at the origin 


[for, when х=0, у=0 for the 
function y=f(x)=x ] The graph is shown in fig. 24. So the 


graph is dicontinuous at х=0. Hence the function is discontinuous 


at the orlgin. Its domain of definition 15--со < х<оо excluding 
х=0. 


Fig, 2°4 


> Note: The discontinulty at х=0 is shown by two arcs of 
circles touching each other at the origin. The upper one opens 
upwards іп the form of a cup and the lower one opens down- 
wards in the form of a cap. Use of cups and caps to show a single 
point of discontinuity is a matter of convention. This convention 
is used to show that there 13 only one point of discontinuity ? 
otherwise if we left а gap at the point of discontinuity, howevef 


small the gap шау be, the gap would contain an infinite numbef 


of points which would indicate infinite number of points of 
discontinuity. 


2 The distance between the two branches is smaller tha? 


every positive number however small and so may be said to b 
zero. 


(i) f(x)=x—1 when х>0 
=х+1 when х<0 
Here the function is defined in two forms one for positiv? 
values of x and 0 and the other for negative values of x. 
Let y=f(x). Then we get 
у=х—1 when xzÜ and y=x+1 when x<0 and the graph will 
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have two branches. It is evident that both the branches being 
graphs of linear equations х—у—1=0 and x—y--1—0 will be 
stralght lines, the graph Is shown in fig, 2:5. 


The branch y=x—1 is a straight line starting from the polni 
(0, —1) of the y-axis and goes 
upward. The branch y=x-+1 is 
a straight line parallel to the first 
branch starting from the point 
(0, 1) of the y-axis. . In this case 
the point (0, 1) is not Included 
in the graph; but (0, —1) is 
а point of the first branch. 
Clearly ‘the graph is disconti- 
nuous and the discontinuity is 
at xz0, 

Hefe it may be noted that Fig, 25 
the distance between the two branches is finite, In the next 
Section, before we proceed to the Examples Set, we conclude 
our discussion by showlag graphs of elementary functions and 
briefly discussing their properties. 


$ 2:16. Graphs of Elementary Functions. 3 


(A) Algebraic functions. 

(1) y=f(x)=x. The graph has been shown and discussed in 
fig. 2:3 of $8 2:15. 

(И) yof(x)=x?, 


The graph 15 shown in fig, 26. 
The graph is a continuous graph 
having two branches on the two 
sides of the y-axis. The graph 
has no portion below the x-axis. 
So the function is non-negative 
for all values of x. As x increases 
in magnitude, the value of y=/ (х) 
also increases on both sides of ve 
y-axis and so opens upwards ый 
infinity. Hence the шу ся 
open curve symmetrical 89011 


the y-axis. 
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(4) yf Q)ox*. 
. The graph is а continuous one passing through the origin and 


Fig, 2:7 
the points (1, 1) and (—1, — 1) and extends upto infinity on both 
sides of the z-axis, . 


(dv) р=ДЮ=а“. 


Fig. 2:8 


The graph is shown in йр. 2:8, It has the same properties as 
Ла)==". 

Note: We find from the above graphs that when the index of 
xis a positive odd integer the graph ‘has branches on both sides 
of the x-axis and the values of the function can be numerically as 
large as possible whether positive or negative, When the index 
is an even positive integer, the graph has no portion below the 
x-axis and із symmetrical about the y-axis, The function can 
attain positive values as large as one desires, In both cases the 
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graphs are continuous. In fact graphs of polynomial functions 
are continuous. Hence we may conclude that polynomlal 
functions are continuous for all values of x. When n is odd, the 
graph of у=х" in every case 
passes through the points (0, 0), 
(1,1) (—1, —1) When п is 
even the graph of y=x" passes 
In every case through the points 
(0, 0), (1, 1) and (—1, 1). 


(v) p-fayl. 


The graph is shown in 
fip. 29. The function .is un- 
defined at д--0. So, the graph 
аз well as the function is disconti- Fig, 2:9 
nuous at x—0. The graph has two branches one in the first 
quadrant and the other in the third quadrant. The axes of co- 
ordinates аге asymptotes of the graph. 


“ 
Note. 1. Тһе graph is а rectangular hyperbola. 


2. The graph is an example of the graph of a rational 
algebraic function. 


In the following figures we show the graphs of the functions 


1 . 
у= Л) == where n=2, 3, 4. Every graph is discontinuous at the 
Y 
у= 5 
, 

X 

х о 

Y , 


Fig, 210 ка 
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origin and passes through the points (1, 1) and (—1, —1) when п is 
048 and passes through the points (1, 1) and (—1, 1) when п is even. 


х G——— x 


Fig. 2:12 


E d 


When п is even both the 
branches are above the x-axis іп 
the first and second quadrant 
and so the values of the function 
are also positive. When п is odd 
the two branches are in the first 
and third quadrants and the 
function may have, positive and 
negative values as large as one 
desires. Тһе funcion never 
attains the value 0, | 


1 1 59 23 
| y=x? ог, y?—x.. But х9 = Jx is the positive square root of x 


so y i$ here always positive, 

the x-axis, Again Jy is not 
defined for negative values of 
*. Hence the graph has no 
portion on the left of the 
p-axis, Hence the graph ís 
situated” only in the first 
quadrant. As x increases from 
0, the value of the function 
also increases and may be аз 
large as we like. So the 
domain of definition of the 
function is 0<х< сб and the 
range of the function is also 


0<х<. 


So, the graph раз по portion below 


Y 
) 


Use 


Fig, 2:13 


Note. The dotted portion of the graph as shown in fig, 2°13 is 
not Included in the graph of p=,/z. It is the graph of yz — ,/Х. 
Its domain of definition 1s O<x<co but range is — о <x<0. 
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(vli) Graphs of уе, у= and у=, 


Y 


Fig, 2°14 


The graph of х5 is a continuous graph through the orlgin. Its 


domain of definition is — о «x«cc and range is also -% <усе. 


2 
: The graph of x? is a continuous graph through the origin. 
t has two branches on both sides of the y-axis. The graph is 


Fig. 2'15 


symmetrical about the origin, It has по part below the x-axis and 


so yis always positive. 
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The domain of definition of the graph is —co <x< and Its 
range із 0<у<. 


~ 


The function у=хї 13 defined for values ot x50, Ifx<0, then 

Y У becomes imaginary. So its 
domain of  definitlon із 
0<х<%, The range of the 
function is also 0<у<оо. 
The graph is situated only 
in the first quadrant. Itisa 
continuous graph through the 
origin. The dotted portion in 
the fourth quadrant is the 
graph of yz —x?, The two 
functions у=х and у=— а 
14 - together constitute the 

Fig, 2°16 implicit function y2=x3, ір 
is called the semi-cubical parabola. 


(B) Graphs of Trigonometric Functions. 

You are already acquainted with the graphs of Trigonometric 
functions, We show in the following figures graphs of the six 
trigonometric functions Indicating their domain of definition, range 
and points of discontinuity if any. It should be mentioned that the 
functions are periodic with period 2z as sin (x +2x)=sin x etc, 


Graph of y=sin x 
Fig, 2:17 


The graph 15 a continuous graph through the origin. The 
domain of definition of the function sin x is — о <x< o and range 
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is —13у<1. So the maximum and minlmum values that sin х 


can attain are 1 and — 1 respectively. 


Fig. 2'18 


Graph of y=cos x 
Th 1 
ads d B a continuous graph through the origin, The 
dis ms definition and range of the function y=cos* are 
Mehr eoo respectively. So the maximum and 
s that a cossine fi i i 
respectively. See fig, 2:18. nnction оваа but —1and +1 


Fig, 2°19 


Graph of y=tan x 
The graph consists of an infinite number of branches of the 


«ame shape and size but are distinct from one another at the points 


x 

x=(2n+1) 2 [n20; +1, 52,4... which аге Ив points of discontl- 

nuity. Every branch Is itself a continuous вгарћ. The domal? 
than the 


ion of the function tan x is — «<*<7 other 


of definit 
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points х=(2п+1) 5 [n—0, +1, +2, ---...]. The range of the 


function is — ос «y« се. The graph passes through the origin. 
See fig. 2:19. 


Graph of y=cot x 
. The graph consists of several branches distinct from one 
another at points х=ил [п=0, +1, +2, ......]. So these are the 
points of discontinuity of the function and so the graph does not 
pass through the origin, The branches themselves are continuous, 
The domain of definition of the function cot x is —eo хе oo 
other than the points х=ия(и=0, +1, #2, 1] 

The range of the function is — о «p«o. See fig. 220. 


a 
1 

E 
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Fig 2:21 
Graph of y=sec x 


This graph also consists of several distinct branches havinE 
breaks or discontinuities at polnts ж=(28+1 5 [п=0, +1, 2-1 


So, these points are also points of discontinuities of the functio? 
The domain of definition of the function is —о << othe 
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than the points x=(2n+1) 5 ["=0,. +1, +259] The range 


of the function is y>1 or p&—1. So the graph has по branch 
between yz —1and у=1. See fig. 221. 


Graph оГу=созес х 

This graph is discontinuous 
at x=nx[n=0, +1, 42,811 

This graph also consists of 
several distinct branches. The 
domain of definitlon of the 
function is — оо <x<oo other 
than x=na{n=0, +1, 2,2-1. 
The range of the function 15 
РР1Т1огук-1, So, this graph 
has also по portion between 
Р=—1 and у=1. See fig. 222. 


(C) Exponential function : 4%, 6%; 
The graph оГу=а® isa continuous graph through the point 
(0, 1) and is defined for positive values of a, Whatever be the 


Graph of y=a*(a>1) 
Fig. 2°23 ` 
value of a, the different graphs pass through the point (0, 1). The 


function е“ is а particular саве of а“. Every graph is sias) 
above the x-axis and so y is. always positive. The domai 
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definition of а= is — со <x< со and Its range is O<y<oo. We show 
the graphs of the functions a^ in the two cases when а'>1 and 
@<С1 respectively. Note that e>1 and so you can draw the graph 
by taking approximate value ofe. When a=1, у=х whose graph 
has already been discussed. 4 { 


Graph of у=а= (0a 1) 
Fig, 2°24 
(D) · Graph оҒу-шіор 2, а>0 
~ The domain of definition of the function ls 0 
range of the function ів — 0 ху, 
For all values of a>0, the graph passes 


<r<% and the 
The graph Is shown below. 
through the point (1, 0), 


Y 


Y. 
Graph of pzlogz 
Fig, 2:25 


“Зэр 
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(E) Graphs of inverse circular functions 

You know that the. inverse clrcular functions are multiple 
valued functions. 

The range of every inverse circular function is —соо<Х< оо. 
But thelr domains of definition are different. We show in the 
following figures the graphs of different inverse circvlar functions 
for values of y within particular intervals. 


(i) y-sin^!x; domain of definition of the function is 
-1<х<іІ. 


(1,7/2) 


Graph of y-sin-!x in -5«»«5 
Fig, 2:26 


(1) у=соз-1х ; domain of the function is —1<х<1, 


(іл) 


б (10) 


Gaaph of р=соз-1х in 0<у 4 л, 
Fig, 227 
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(ІШ) y—tan-!x; domain 


of definition of the function 
— о <СХ<Со. 


Graph of y—tan-!x in -2<у<5 
Fig, 2:28 


(v) yzcot-!x; Range of the function —oo Сусе. 


их НИ 


Graph of у:==со{71х in 0<у<л. 
р Fig, 2'29 
(v) У=зес-!х; Range of the function 


14у< —e <у<—1 and 
55у<%, iq 


Graph of y=sec- 


1х in 0Куян 
Fig. 2:30 


FUNCTIONS 43 


(vi) р==еозес-1хј Range ofthe function — о<у&—1 and 
144у< о. 


Graph of y-cos:c7! x in << 


Fig, 2:31 
Examples 2 
Ex. 1. Find the domain of definition of the following functions : 
(1) Лод=% (ii) Дх= J6—x [Joint Entrance, 1984] 
an x ү 2—4 у 
GD = Saez | 09) f()e эһепху42)/{хуш3 
2 „б Је + —3 
when х=2. (v) UE [I. I. T., 1980] 


Solution (i) The domain of definition of the function is all 
‘real values of x other than x, For, when х=0, then f(x) becomes 
undefined as division by 0 is undefined. The function is defined 
for all other values of x. 

_ Gi) When х>6, 6-х 15 negative and 4/65 becomes 
imaginary, When х6, 6—x is 20 and so 4/6 -дїв real. So 
the domain of definition of Да) is all real values of x<6. 

(1) The function is defined for all values of x other than 
those which ‘make the denominator 0, Now the denominator 
x2 —5x+6=(%—2)(x—3) becomes 0 when x=2 or х=3. So, the 
domain of definition of the _function is ali real values of x oe 
than 2 or 3. 
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А 2_ 
(iv) When х;22, x—20 and so fe) have finite values. 


Again when x—2, f(x) 13 given to be 3. Hence the domain of 
definition of the function is all real values of x ie., —oo хо. 


(у) When x=2, then x—2=0 and Cti- is undefined ; 


so when x=2, then f(x) is undefined, Again when —1<х<3, 
then (x+1)(x—3) is negative. When —l«x«2, then 


x—2 15 negative; so when —1<х<2 then Erbe- 
х— 
„ет а у, 
positive and Jezne-5 13 real and finite. 
х— 


0—2 is positive and enorm 


When 2<x<3, then 

is negative у so [к= {5 
х= 

imaginary. When X273, then each of х-1,х-43, х 


2 is positive 
(z--1)x—3) қ 1(х- 
and so — x—2-  !8 positive and МЕ) is тез], When 


х<— 1, then all off (х+1), (*—3) and х--2 are пе 
ваНуе. So, 
(+1053) is negative and Jete; is i 
5-5 “-ұ-2-- 18 imaginary, Непсе 


а Зл 
when х<-1 or 2<x<3 then УЕ) is imaginary, For all 


-14х<2 and x23 
18 defined апа 80 these two interyals 
Constitute the domain of definitio J EAS) 
nof |(х+1(%—3) 
х--2 У 


Ех. 2. (а) If yz fix 
x 


+1 
i x find Д0) and /(—1). Also show 
that fos. 


= х E 
(b) 277 Show that f (a4-5) 
(e) 1f у=) 253 Show that f(y) =, 


Solution: (a) /(0)=0+1_1 d 


—— 


0-2 2? 


[ Tripura, 1978 ] 


SS (2) -f (0). 
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akli 
LUE ЕДЫ E E 
| == P em [ 2S pmfQo 221 
| x42 
| 2х+3 
_ #2 _2х+3 
3x45 3x45 
x4-2 
2 a—b 2 
| (b) Ла-М4-а а) СН 2—9) 5.0-La.1—a. 
| = 1b— b—b 
50)=502-а S) +а (22 =)= b.1+a.0=b. 


f(a+b)= Хэ (43-4) 


=) (22) 08.0 
=a+b=f (a)+ f (b). 


b (65) + 5 
@ foepit- қ TE Ё 
фх-а! 


ax+b 
pf 7 bx—a ] 


a?x 4- ab -Eb?x —ab 
bx—a = (08603), 
—'abx4bB—abx-a?^ (45 + +52) —* 


bx-a —— 
Ex. 3. (a) If f(x)=e?**° (р, 4) are constants, then show that 
Ха) f(b). f(e)=f (a+b +с)е?‹ [ H. S. 1982 ] 


(6) (i) If f(x--3)—2x? —3x— 1, find f (x41) 


COPEI =tan "xy prove that F(x), у(ру and уа) в 
related ; find.the relation. ГН. S. 1987 1 


Solution: (а) f(x)=e?* *4 
Па ео ш, vera 
. Лоле) fe) P +4 „Р5--4 „ре +а 
гас) +34 _ ра+ь+с)-+9 24 ў 


= Да+ђ + е).е29. 
Dif. Cal.—4 
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(5) à) Let f(x)—ax?-Fbx--c, 2, Лх+ 3)2a(x +3)? + b(x - 3) +4 
—ax? + (6a-- 5)x 4- 9a 4- 3b 4- c. 
Again f(x4-3)—2x? —3x —1 
а=2 ; (6a+6)=—3 and 9a+3b-+-e=—1 
Now, 64+5=—3 ог, 12--b— —3 2, Әес---15; 
Again 9a--3b--c— —1 ог, 18—45 +е=—1 с=26 


2. Дх) =25°%—15х+26 2. fct 1)—2(x 4-1)? —15(x 41) 4.26 
=2x? -E4x-2— 15x —15--26—2x2 11x 413, 


Gi) Asf(x)ctan-!x .. x=tan{ /(х)| 
fü)-tan"!y л, yztan(f(y) 
Жа--уу-иаа”Чх--у) „, x+y=tan{ (x+ p} 


or, tani f(x)}+tan{ Ху) —tan( f(x 4- y)--(i) 

Hence f(x) and f(y) are related by the relation (i). 

Ex. 4. И /(x) 2x —3 апа 8(х)=4—х, find those values of x for 
which | f(x) Fe(x) | < | f(x) | + | g(x) | holds, [H. S. 1986] 

fe)sx)ex—3-44—x21 2. fos) | = | 1 | 24. 

First let х<3, then х—3<0 | f(x) | = | x—3 | =—(x—3) 

‚ =3-x, Also 4—x>0 | a(x) | = | 4—x | =4—%, 
IFO) | + | 209 | =3—х-+4—х=7—2х>1 (as x«73) 
ог, |f») | + | gz) | > | Aix) +) | Le., | f(x) -8(x) | 


< 170) | + | #09 | 
Next let *>4, then x 350 | Хх) | 21x—3 | шх-3 
4-250 „| д) |= | 4—x | 
=-(4—х)=х—4 
| Дх) | + 1 ax) | =<—3+х—4— ed m 


2x —77-1(as x4) 
1< | Дх) | + 12) | 


or, | Дх)+8(х) | < |f) | + | g(x) | 
if 3<х<4, f(x) x —320 and g(x)— 
| fé) | = 1x—3 | 2x—3 ang 209 | = | 4х Tw 
н ТЛ) | + | 200) | =х—3+4—х—1 
170) | + | 20) | = Лә) аб) |. 
Hence | (х) £69 | < | f(x) | + | &(x) | holds 
when х<3 or x4. 


4—х>0 
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Ех.5. Find the inverse function of (= 0533 


[ Tripura, 1985] 


Let >=/(ху= tb, Or, exp—ay=ax+b, 


Ti ‚ „I+D 
ог, X(cy—a)may-b |), Баг) 


7. The inverse function of f(x) is rb fofi foot. 
Ex.6. The entire graph of yx? kx—x +9 is entirely above 


the xsaxis if and only if (а) К<7 (b) —5<k<7 (c) > -5 (d) None 
of these. Which is true > [L I. T., 1979] 


Solution: y=xr?+kx—x+9=x? T(k—1)x +9 
=x24(k—-1)x + (2) *9- (E71) 
«(85 19-82) 

Now (=+) *>0 for all real values of x, 


ж 9 
So, у will be positive for all x If and only и»-(%-1) 0 


Б minimum value of (m 0] ог, (EY 


ог, 36>(k—1)? ог, 6>+(k—1) he, —5<k<7, 
Hence (6) is true, : 


Ех.7 Find the domain and tange of the function fix) 152 
П. I. T., 19781 
Solution : The given function is an algebraic rational functlon 
814 will be defined for those values of x which will not make the 
denominator (x-F1)—0. Now for all real values of ж; x20 so, 
x°+1>0. Hence the function is defined for all real values of x. 
So the domain of the function is the interval —oo <х<о. 


Again 1+ —x—x? x14 (иа) +3>0 


1+x?>x Le. хе] + or Is when x>0, both x 


: x 
and lex are positive and Ira 


Is the function one to one ? 


50 DIFFERENTIAL CALCULUS 


So when x70, 0<122<1. When х<0, then 1+x2>0, 
<0. 
Let in this case z=—y (y>0) 

1+x?-y=l+y --(»-3) жад. 


Бо, 1--х%>у ог y] cz? ће, Ins 


x 
89. үсээ 


21:26:19 oss 
80, рат > 1 
х 
So, in this case Ls <0. 
So, the range of the function is —1< f(z)<1. 
The function is not опе to one, For let f(x)=}, 


iie or, 1+х2=3х. or, 1+42—3Х—0 
ог, дз У9—4 34 45 
2 2 
So, corresponding to the value i 
the function 18 not one—one. 
Ex. 8. If f(x) ax? +bx+0, find a, b so th 
=f(x)+x+1 may hold identically 
Solution: £(x)=ax2 +bx+e 
di У(х--1)-4(х-4-1)2 t b(x--1)--c— ax? 
=ах% 4 a-Eb)x a -- 5-4 c, 
If f (x 4- 1):5/(5)--х--1 ђе an Identity, 
Then ax? T Qa b)x-ra-rb-- c az? 
zax? +(5 + )х + с + 1 18 true for all 
', 2a+b=6+1 and a+b+e=c+1 je, 2а=1 and a+b=1 
Solving we get a=b=}. 


Hence the required values are a=b=} 


of f(x), x has two values and 


at f (x--1) 
.  [Н.5. 1988 ] 


+ 2ах 4 a-E bx 4. c 


+bx+e4+x41 
values of x, 


Ех. 9. If f(x)=x= | x | , then determine whether fü) and 
f (—4) are equal or not 7 [ Tripura, 1979 ] 
Solutions /(4)-4- | 4| =4—4=0 


1(-4)--4-1-4| 34 4g 
So fis) f(—4). 
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Ex.10. If fer then find the value of f {f (1) [x20] 


[ Joint Entrance, 1984 ] 
23 —1 25 
Solution : == e тісі хі 
1—72! 2 
1-/(2) zl x41 1 
5 БҮР z = = == 
224 ID el и 


Ex. 11. А function f(x) is such that f(x)+f(y)=f(x+p). 
Show that (i 7(0)=0 (1) f(—x)=—f(x) (ii) if x із an 
integer and f (1) =, then f (x)=cx. 

Solution: f(x)4-f(y) 2f (хр) 

Putting х=0 we get 7(0)4+7 (7) =f (0 +y) aft»). 

*. f(0)—0-.....(i) 
Putting y —x we get 
I(x) (х) =f (x—x)=f(0) =0 [ pro ved in (1) 1 

n ADES) (i) 
Next let n be a positive integer. 
Then f(nx) f(x 4-x4---.--to n terms) 

—f(x) Е f(x) + “оп terms. 
[ By repeated applloation of f(x+p)=f(x) +f (7)] 

=nf (x). 

Putting х==1 we get /(п) «n f(1)—no. 

Putting nx we get f (x) zex--- (iii) 

Now let n be a negative integer and n=—m(m>0) 

"ne S(—mx)=—f(mz) [by 0) 

=— mf (x) [ as m is a positive integer. 1 

Putting х= 1, Х—т)= — ту (1)= —me or f(n)-nc. 

Putting n=x, we get f(x) — ex---(iv) e 

Agaln when х=0, f (x) « f (0)=0. 

Also when х=0, сх--с.0--0 


So fix)=cx, is satisfied when х =0..-(v) 


So by (tii), (iv) and (v) we get, 
Ј(х)=ех when x is an integer and f(1)—c 
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Ех, 12. If s is the set of all real x such that 253 
positive, then s contains, 

(А) (-®,3); (B) C$ =P (C) (-4, 3) ; (D) G, 9; 
(E) None of these. 

Which are the correct answers ? 0. I. T., 1986] 

[In this question we are to determine in which of the open in- 


tervals (A), (B), (C), (D) or none of them the given function is 
positive.] 


on ТЕ ы. 
Solution: Let NOS за Fa КТ) 
A 2x—1 


: ^ җ2х+1ух+ ly 
When 2x— 1-0, i. e., X—i, then the denominator does not 
vanish у but the function becomes 0. So when x=4, fx) is not 
Positive, The denominator becomes 0, when 


хеб, хш—} 
Or x=—1. So when х=0, ~ 


$ or —1 the functlon 15 undefined, 
Now (1) when х<-1,ай the factors of the denominator and 
8130 the numerator аге negative, So, F(x) is Positive, .. х<—1 
and so we can Say that in the interval (—-®, —1) f(x) is positive. 
This interval contains the interval (— со » —$). Hence (A) is correct. 
(2) The interval (-% —1) contains points for which хе —1 
and also -the point *=—3. When x lies between — 1 and —}, the 
| For, in this сазе 2g.. 1, x and 2x--1 are 
Negative and 2-1 jg роз уе, Also at X-— the function is 
undefined, 50 the answer (В) is not correct. у 
(3) Тће interyal (—1 


2» 3) contains x 
undefined. Hence (С) is not Correct, 


(4) When 31<х<3, all the fac 
them is 0, So f(x) is defined and positive in the interval G, 3). 
Hence the answer (D) 5 correct, So (E) is not Correct à 

„ Thus the correct answers are (A) and (D). 


Ex. 13. (а) ШЛО)-4 5 show that Ду) 
1 


function is пера уе. 


=0, for which f(x) is 


tors are positive and none of 


= 1 
(21—50); [С. U. 1958] 
(0) Iff(x)=sin x, show that ДЕЛ) сома+-у) sin 4, 


LE. tig 
2x8 --3x? Fx 


\ 
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x+h 
1-х-һ 
x+h X  x—x?+h—hx—x+x?+hx 
Лх) х) i-x-h 1—х_ (i-x—hyl-x) __ 
h F 5 ROG rcgi 


Solution: (a) fo)e Li f(x+h)= 


КЕ ћ и 1 

"ва —х— а =x) ü-—x—RHQ-—xy 
(0) f(x)csinx; .. Дх + В) = sin (x+h) 
eo fH) f(x) зіп (х-л) іа x 
Tr та T el 


—2 cos(x +3) sin ae (х+%) 


sin 5 
ћ Ж => 


Ex.14, Prove that 
(1) The product of two even functions or two odd functlons is 
ап even function 

(1) The product of an even function and an odd function is an 

odd function. қ * 

(ili) The sum of an even function and ап odd function № 

neither even nor odd. 

Solution : (i) First let f(x) and g(x) be two even functions. 
Лола) ; (= =)==(х). Let Б(х)=Д{х)д(х). 
F(—2jzf(—x)g( —х)= (х) а(х) = F(x). 

So F(x) the product of the two even functions f(x) and g(x), is 

even, 

Next let f(x) and a(x) be two odd functions ,', f(—x)gm fix) 

8(—x) = — g(x). 

Now let F(x)— f(x)g(x) 
F(—2)—f(—x)g( — 2) =4— ад | (х) Лада) = F(x). 

So F(x), the product of the two odd functions f(x) and g(x) is 

ап even function. 

Gi) Let f(x) be an even function and g(x) be an odd function. 

Ло з) =) and g(—x)=— g(x), 

Let F(x) =/(x) g(x). 

ne F(—3)—f(— x)&( —x) — fix) — g(x) = уа) g(x)z — (я). 5 

So, F(x) the product of the even function Дл) and the od 

function g(x) 18 an odd function, 


54 DIFFERENTIAL CALCULUS 


(iii) Let f(x) be an even function and &(x) be an odd function. 
Then f(—z)—f(x) and g(—x)=—g(x). 

Now, let F(x) =f(*) +(x). 

F(—*)=f(—*)+¢(—x) =f (x) —9(x). 

Which is neither F(x) nor —F(x), 

Hence F(x) is neither еуеп nor odd, К 

1.е., the sum of an even function and an odd function їз nelther 
even пог odd. 


Ех. 15. Express the following implicit functions as explicit 
functions, 


dE elut s LA 
аз pa ye=a3 453, 


2 2 
Solution: (i) $545 —1 or, а = 


41502742 = феа ц 
р = 21(4 —2x?) ог, у-і Ма? —x2 


(Ш) x3y3q3 453 or, уза be ЖЗ у= Ма 53 


Ех. 16. Show that (ће functlon Хода- ( х>0) 15 monotonic 
incréasing, жү 


Solution: Let X170 and E70 and я >х.. 
—— Тү x 
Now Ms e Am i 
Ми Х1)— = c X 
f) fs) Гэрээ ЖЕЙ 
=% +x, Их. кү—х„ 
бүл х) Пот 
Asx,>x, .. Х1—х,:>0, 
Also as x, >0, х,>0, so 9i 170, x,-- 170, 
(5, +1(х,+1)>0, 
Ла )– Ла, )>0. ог, fo )»f(x,). 
Thus if x,7x», then fon Y»f(x,). 
Hence the function 18 monotonic increasing, 


Ex. 17. If f(x)=5*, show that 
0) Дх+1)=5/х). (1) Жадбу-Да--в, 
Solution (0) Д#+1)=5#*1ш5%,51ш5 би ce 
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(i) f(a)=5* ; f(b) 5^. 
Да +) =56+ =5%,5% = f(a)f(b) 
Ех. 18. (i) When are two fanctions said to be identical. 
(1) Are the functions x and х identical р Support your 
answer with reasons. e ! геј. HS. 19791 


Solution: (i) Two functions are said to be identical if for 
all values ofthe independent variable, the corresponding values 
:of the function be also the same. 


(il) The functions x and = are not identical. For, the functions 
have the same values for x0; when x=0, the function x has 


the value 0 but the function = 15 undefined when х=0. 


Я IL 
Ех. 19. Show that the function ун качышы is bounded and find 
х2--35--4 
thelr bounds. 
__2°—3х+4 
Let зза 


у(52--3х-ы4) x? —3x +4. 

ог, x?(y—1)--3x(y-- 1)2-4(y — 1) —0--«(i) 

For real values of x, the quadratic equation (i) will have its 
‘discriminant>0, 

іе, (y-+1)2—16(y—1)2>0. 

от, —(7y?—50y--7)20 

ог, 7()-1))-7)<0. 

Now if y<}, then both y—} and у—7 are negative and 
so7(y—30y—7)20. 2, уж 

If y—1, then both y—1 and y —7 are positive, and so 

70 —350—7)20 2. уфт. 

If 7<y<7, then y—} is positive or zero and y—7 is negative 
or zero and so 7(у— 1)(у—7)<0. f 

So y must lie between 1 and 7. 

i.e., the given function must Не between 1 and 7. So the functlon 
is bounded and } and 7 are respectively its lower and upper 
bounds. 
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Ех. 20. Express the length of the minor axis of an ellipse 
of given major axis as a function of the eccentricity of the ellipse 3 
| state also the domain and range of the function. 


Let 2a be the length of the given major axis and y ande 
donote length of the minor axis and eccentricity. 


y2 2-8--- 
бра? 1-22) ог, у-2а/1--еЗ. 

Here #21; which is the domain of the function. Also when 
<l, then y<2a. Also 0-2у, Hence the range of y is 0<y<2a. 


Ех. 21. Let f and g be increasing and decreasing functions 
respectively from ( 0, со) to (0, с). Let A(x)-f(s(x). If h(0)=0 
then A(x) — A(1) is 

(A) always Zero (B) always negative (C) always positive 
(D) strictly Increasing (E) None of these, 

Which 1s the correct answer ? 


Solution: Let 0х, < c, 0<х< o and хү-2х,. 
8(х1)> 8(x2) [as g is a decreasing function] 
Лаку) у> Лик) ) [as f is an increaing function] 
or, h(x,)>A(x,). | 
So h(x) is а decreasing function. 
So if Odx< со, then A(0)7 #(х)...(1) 
Again for all x In 04 х-2 co, 0<(х)< с, 0/00) со 
So, for all x in 0‹4х< оо, Od f(e(x) )« oo. те, 044/(х)-С о (il) 


Combining (i) and (ii) we get h(x)=0 for all x in 044х-2 со, 
2. Қ1)-0 as 0<1< о, 


A(x)—h(1)=0—0=0 for ali x in 041х-2 œ апа (A) is true. 
So (B), (C), (D) and (E) are incorrect. · So (A) only is trne; 


Ex. 22. (a): Draw the graph of the function 27 = 
= 
From the graph state whether the functlon is continuous at x—2 


[ Joint Entrance, 1984 ] 
(b) А function f (x) is defined as follows, 

a. 
f@a E73, x42 f0)-0. 

Е x—2 


Draw the graph of the function and state whether the function 


is continuous at х=2. | Tripura, 1982 1 
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Solution 1 (d) Thefunction is undefined at х--2, as х—2=0 
x2—4 _ 
x—2 а 


when х=2. Atpoints 2222, 


Let у=/(х). So y=x+2 when x2 and is undefined when x—2. 
The graph of у=х +2 may be drawn by plotting points corres- 
ponding to the following table with respect to a set of rectangular 
axes OX and оу. 
х10111-1| 2 
712131 1 | № value 
The ordinate drawn from 
the point (2, 0) corresponding 
to х=2, would intersect the 
straight line at the point 
р (2, 4). But at x=2, the 
function is undefined. So the 
point р (2, 4) is not included 
in the graph. The graph is 
drawn іп fig 232(0) As 
there is a break at the point P 
corresponding to x=2, so the Fig, 2°32(a) 
graph and so the function is discontinuous at x=2. 


У 


(5) In this case when 
x=2, the function has the 
value 0, 50 corresponding 
to х=2, we shall get the 
isolated point (2, 0) as 8 
part ofthe graph. In this 
case also the point P (2, 4) 
of the straight line is not 
included in the graph ané 
so the graph has 8 break 
corresponding to 558 
Hence the graph and 50 ше 
function 18 discontinuous EN 

Fig. 2:32(b) х=2- Тһе graph is shown 
in fig. 2°32 (b). 
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Ex. 23. Draw the graph of the function |x]. Also discuss 
the continuity of the function. 


[ c.f. Н. S. 1978 ; H. 5. 1981, Tripura, 1981; 1983 ] 
Solution: Let y= | x |. The function |] can be defined 

as follows: у=х when х>0; ===> when х<70, 
The equation у=х (5220) represents the straight line drawn 
through the origin which bisects the angle between the axeg of 
co-ordinates in the first quadrant, As x30, so this Straight line 


has no portion beyond the first 

Y ` quadrant, The graph of the 

equation p= —x (x<0) is the 

straight line drawn in the 

Second quadrant bisecting the 

angle between the co-ordinate 

; ж kes. As х<0; so this Straight 
х— line does not pass through the 
orlgin but its distance from 
the orlgin is smaller than any 
positive number however 


small i.e., it Practically passes 
y’ through the origin. So the 
Fig 2:33 graph of |x] has two 


branches ; though the second branch (v=—x) does not pass 
through the Origin, as the first branch passes through the origin, 
so the graph is a continuous graph and hence the function is conti- 
nuous. The graph is drawn in fig. 2:33. 
The graph could be drawn by plotting points corresponding to the 
following table with respect to a set of rectangular ames Ox and oy, 
when xpo 1011121]... 
У|0|1Г21- 
Х1-11-2| —'0001 |... 
MEET IE | 70001 |... 
Note: The graph has по portion b 
is positive for all values of x. 


elow the x-axis, бо ЕЗ 


Ex, 24. Draw the graph of the function ix Without using 


graph paper. [ Joint Entrance, 1983 ; €f. Н, 8. 1984 1 
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Let у= 121 . The function is undefined at the origin 1.е., when 


х=0. So we prepare the following two tables for x>0 and х<0. 


x | 1] 2 | :0001 
When x>0 _|х] 1112 | 0001 
SEN | 
^ae x а %- 
х |-1|-2|—3| ~-0001 |... 
When 2<0 Tx] | | | 3 | 70001 |... 
араа а | 
$i 1 | 4 1| 1 | 55 


Fig, 2°34 


Plotting points corresponding to the above tables with respect 
to a set of rectangular axes Ox and оу and joining the points, we 
| x | 

x 

The graph consists of two branches parallel to the x-axis. 1. A 
branch above the x-axis and on the right of the y-axis and starting 
from the y-axis without intersecting it. This branch extends upto 
infinity on the right of the y-axis, 2. A branch below the x-axis 
and on the left of the y-axis and starting from the y-axis without 
intersecting it, This branch also extends upto Infinity, It is evident 
from the figure that the two branches are disconnected and are Pd 
distance 2 from each other. So, the graph 18 discontinuous 


the discontinuity is at the origin, 


draw the graph of y=- 


as shown In Fig 2:34. 
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Note: Аз the distance between the two branches is 2 which is 


finite, so if we redefine the function as == when хэ0 and 


ужа when x=0, then also the function. will remain discontinuous. 
Only the isolated Point (a, 0) will be included in the graph. 


Ex. 25. Without using graph paper draw the graph of 
у= |х| + |х—1 | and from the graph determine the points of 
discontinuity, [ Joint Entrance 1980 ] 


To draw the graph of у= |х| + | Х—1 | we prepare the 


following table, 


x 


-2|-3|.- 


1 3] 
Plotting points according to the above table with respect to a 
set of rectangular axes ох and oy and joining those points we get 


Fig, 2:35 


the graph as shown in Fig, 2'35, Тће gra 


ph extends upwards upto 
infinity on both sides of the y-axis. 


The graph has по break and 
50 is а continuous graph. Hence the function has no point of 
discontinuity. 


Ex. 26. Draw the graph of the function [x], where [x] 
denotes the greatest integer less than ог equal to x, 


[2] is the greatest interger le than ог equalss to x, 


10104111213| | =] | 
[x] 10104(112131 06 | 1| 2 ] еа 
Їх-1| (110:6101112| 16 | РЕ ари | ин 
111113(15| 22 Em 
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So [001]=0; [0]=0; [1]=1; [15]=1; (2-2: [23]=21 
[—01]=—1;[—1]=—1;[—15]=—2; [-21=—2. 
Let p=[x]. 


Fig, 2°36 
So, when 0< x41, p=0 
1<х<2, p=1 
2<х<3,у--2 


—14х<0, у=—1 
—2<х—0, у= —2 etc. 

The graph is drawn as shown in figure 2:36. 

Note 1.: The graph consists of infinite number of branches 
each of which isa line segment of one unit lengh parallel to the 
x-axis, The distance between consecutive branches is 1 unit. From 
the graph it is seen that the graph and hence the function Is 
discontinuous at every integral value if x, 

Note 2. The graph resembles the Steps of a staircase. So, the 
function has been named as a Step function. 


Ех. 27. Draw the graph of the function defined as follows : 
f(x) 21 when x is an Integer 
=0 when x is not an Integer. 
Let y fix). 
So, according to the definitlon of the function, 
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y=1 when x=n [n=0, +1, z2,-] 

=0 when х и [n=0, EL *2,-] 
So,the graph will be the x-axis other than the 
(1, 0), (2, 0), (3, 0),-and (-1, 0), (-2, 0). 
integral values of х, we sha 


) «1-1, 1), (—2, 1), (—3, 1)... 


Points (0,0), 
* | corresponding to 


The graph í8 shown in Fig 2:37. 
Y 


са, 63,1) 2,1) а,) 0,9 0,0 (31) 8,1) 


4 


(4,0 3,0 €2,0) à + 


9 | (10) (20) (3,0 (4,9 


y 
Fig 2:37 
The cup and cap touching each other at each of the points 


(5,0) [п=0, +1, t2,-] show that the graph is discontinuous at: 
each of these points, 


Ex.28. Without using graph Paper draw the graph of (ће. 
function. 
Y=f(x)=0 when 0<х<1 
—x—1 when xz 1, Y 
State whether the function 
is continuous at the point x=] 
[Joint Entrance, 1987] 
The function is defined for 
all values of x In 0dx< со, 
We prepare the following 
table. 
х101:51:6111213| 
У10|1010101112| 
Plotting the above points 
we find that the'graph consists 


Fig 2:38 


ll get isolated point (0, 1), (1, 1), (2, 2),. 
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of two branches ; (i) theportion oA of the x-axis where o is the 


= 
origin and A is the point (1, 0) and (ii) the ray AB drawn from А 
and extending upwards to со. 
The graph is a continuous one and so the function is conti- 
nuous at tħe origin. 
Ex. 29.. The definition of a function f(x) is given below. 
Дх)=х when x«1««(i) 
=1+ x when x>1.---(ii) 
= When x—1...(iii) 
, Draw the graph of f(x) and examine whether f(x) is continuous 
at x=} and х=1. ; ІН. S. 1980] 
Solution: Alternative method (without plotting points) 
Let y=f(x). 


From equation—(i) we get the straight line АО bisecting the 
4 xov and extending down- 


wards upto infinity starting у Y 26 
from the polnt A (1, 1). 4 
As х<1, in this case, so [ 6.37 

the point A (1, 1) is not = р» (1.5) 


included in the graph. 
From equatíon (ii) we 
get a straight line through 
B parallel to Ao starting 
from the point B and 
extending upwards upto 
infinity, (As  gradlents 
Of the straight lines ` Fig 2°39 
represented by equations (1) and (li) are both 1, so the lines are 
parallel. As x>1, the point в Is not included-in the graph, 


(iii) When x=1 р=8 So the i № 
d ern , isolated point (1, 3) is also 
included in the graph, ~ point (1, 3) 


The graph has no break at x=}. So, the function Хх) is 
continuous at x=}. The graph has break at the point x=1. 
So the function f(x) is discontinuous at х=1. ' 
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238 R fanellen Ja) i 428804 5 Оно, 
BUE 126 


d | 27 i 1 
| pn ШИ ІШ exomine әрен 43) un 


Solution! Let ру), Aa the funcion i defined by two 
different equations y—3-L-2v when ===0 and э--3--2х when 2=0, 


30 tho graph gonista of two ИШЛЕ, 


When x-50: The graph is the steaicht line 25 rw ЭТТ 
the vohis (0, 3), (-1,1) 


(—2 —1) as found from the 
following table, 


| -1)-2 
713| Т |= 
'This branch Originates from 


А (0, 3) and. extends down- 
‹ wards upto infinity. The point 


A i$ included іп the graph. 
When x20: The graph 
> 
is the straight line Ас passing 


through the points (0, 3), 


Fig, 2:40 (1, D, (2, —1) as found from 
the following table. 
< 


х|011| 2 
У|3(111-1 


This branch also orizinates from the point A(3, 0) extending 
downwards, The point А is not included in this branch, 

Though only the point a of the ray АС із" not iacluded in this 
branch, as the point A is included in the first branch, the continuity 
is maintained. We find the graph is a continuous one without any 
break, So, the function f(x) is continuous every where and so at^ 
х=0. 

Ех. 31. Let ¢(x)=}—x, 0<х<3 

: ш--1--х,1<х<21. 
and $(0)=0, %5)=7, #(1)=1. 
(i) Draw the graph of p—é(x) without using graph paper 


FUNCTIONS v $8 


BHE EUF RBA Vc as ШАЙЫ. the following шшс are 


кввшај мн Бира Jers) өпембі ino 10100m! ТТ ель 
ESEESE- 


T d А БА Үе 


d) № aantinnan at vas), [Зена Pstranee 1989 1 
im | аре). For the titerval 0222), we prépare 


wing : x} 1] 2] > 
the following table: їл | 7 | 3 


The points corresponding to the table are plotted and joining 
them we get the line geaient AB joining the paint At) 9) B( 5) 8) 
But bot these points are not included in this branch as x—0, and 
х--ф аге not points of the interval. 

For the interval 1<x<1 we plot points corresponding to the 


f А х 1|'6 |718 
following table, ГГ 

Joining these points we get the line segment Bc where c is the 
point(1,:5). Both the points B and care not Included in this 
branch as x=} and x =1 are not points of the interval 3 x« 1. 

For the end points; when x—0 ; у=0 when x=}, y=}; when 
x=1,y=1, These are isolated points’ of the graph as none of 
them -are included in the main 
two branches. | 

From the branch АВ of 
the graph it is seen that as x 
assumes values from 0 to } 
(without assuming the values 0 
and 3), #(x) assumes every 
value between } and 0 (the 
values 3 and 0 are not 
assumed in this сазе), Again 
from the branch Bc we find 
that 25 2 assumes every value 
in 2<<х<0, y=4(x) assumes | Fig, 2:41 
every ых їп 0< <}. It is als) found that 4(х) assumes the 


values 0, 5 and 1 at the isolated points (0, 0), (1, 1) and (1, 1). Thus 


g(x) does not assume every value between 0 and 1 and the 


statement (ii) is not true. 
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Again the graph is broken at x=}. Hence the graph is dis- 
continuous at х--1, So, the function 4(х) is also discontinuous at 
x=}. Thus the statement (lii) also is not true; 


Ex. 32. Draw the graph of the function defined below 1 
Кх) == if х<0 
=2, if0<x<2 
=4—х ifx>2 


From your graph examine if the functlon is continuous at x —0 
and x=2, , 


Solution: Let yz f(x). 


So, when 2<0, у=х and the graph of у=х in (x<0) is the 
st. line OA bisecting the angle x'ov' (o is the Origin) This branch 


emanates from o downwards. As х<0. So, О is not included in. 
this branch of the graph.~ 


~ 


Fig, 2'42 
When 0<x<2, у=2 which is a straight line parallel to the 
x-axis drawn from the point (0, 2) on the y-axis, This Ьгапоб 
extends upto the point c(2, 2). Though the point B(0, 2) is included 
in the graph, the poiat С(2, 2) is not included іп this branch, 
When xz2, у=4—х. The branch Corresponding to the above 


relation is the portion of the straight line cb joining the points 
c(2, 2) and the point 0(4, 0). Тһе point с(2, 2) is included in tbi? 
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branch. This branch starting from c extends downwards upto 
infinity. 

The graph is drawn in fig. 2°42. 

From the graph it is seen that the graph 15 broken at x=0 but 
not broken atx=1. [ From one side of the point Р(1, 2) we can 


go along the graph to the other side without lifting the pen от 
pencil ]. 


Exercise 2 7 
1. Find the domain of definition of the following functions. 


@% = 09-70)-2::2 (и) fG)e Ля 
бу) fG)e 5-5 020) убеде 2533, 


09 десе (УШ FST when 2743, /(%)=0 
When х=3. 


2. И f(x)—- "Ner Бай 7 4)=0, show 
that а=1. 


3. If f (zx) x--1, show that /(1)--Дх). 
а. ить > 


y Show that f (<) +f (2)=§. 


5. ue show that f%(x)=x [ f?(x)— ff (01 1, 


6. If (mL show that 09-40) — 
1+4(x) 40) _ 157 
7. (0) t fias, show that f (x+ 1)—2f (x) 


(b) If f (x)—a*, show that fi-Dn2 £09, 
a 


8. Iff(x)=e%**?, show that f(r). f (s)— f (r--s)e^. 


9. Iff (xj C— 0x—r) , (x— r(x— p) , (х—р)(х—4) hat 
RN (р—4)(р— )* @—т}(4— Рр) (r— pXr — a» qe 
f (0)21 and f (p) f (g) f (r)-f (0). 


10. Iff(x+1)=2x2-. 2543 then find /(х--3). 


БЕСТІҢ Дэу- 25 +2, find the value of f (a +b). 


В х+1 
12. Determine the inverse function of the function /(5)--2; “Т 
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13; Show that the function f. O 


d at 
ВЕ is undefine 


х=2. Find the values of f(—5) ln d^ 
14 ТЕ/(ху- logit, show that s 


== )=2/ 6). 


15. иу (x) р show that f(—x)— —f (x). 


16. ‚ Are the two functions fat and ¢(x)=x—a identl- 


cal? Support ge answer with reasons, 


1+х 
17. If f(x)= ic ; Show that f(1—x)1 and f( L i)" EC 
18. ART (log х), Ипа the value of 

- fé) Л) £ (8) +7 (xy) ] [ c. f. I. I. T. 1983] 
19. Iff (x)—x?, what is the value of f(2: 01) ? 


Show that feo ra, =401 
20. Show that енвд 18 equal to 


() e*. =: when /(х)=е*, 


(i) —2 сш. + when /(х)--сов 2x, 
Bn. 1 sin Å \ 
(iii) соз GÀ] 0837 DE when у(х): ќар х, 


1 
(iv) gp When f)= 1, 
(у) cH when f (x) —log x. 


21. TEE and g(x) = 203 x 


Show that f (х) is an eve» 
function and a 18 an odd function, 


22. Show that f (x) x? --cos X--4 is an even function. 


23. Iff(x)—tan x, show that /(у—х)= EI у 
х 


24, For any function / (х) prove that 
(i) 700)+7(—2) is an even function and 
(1) f(x)—f(—x) is an odd function. 
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25. Which of the following statements are true and which are 
false ? 

(i) Тһе quotient of an even function and an odd function is an 
odd function, р 

(1) Both the sum and product of two odd functions are two 
even functions. 

(iii) Every function is either even or odd. 

(iv) If f(x) and g(x) be two even functions then f(x)— g(x) is 
an even function. 1 

(V) sin x—cos x is an even function, 

26. (a) Show that the function х—[х], (where [x] denotes the 
greatest integer less than or equal to x) is periodic, [e.f. LT.T. 1983] 

(b Are the functions f(x)=sint, x0, /(0)=0 and g(x)— 


X cos x periodic ? [e.f. LI.T. 1988] 
27. Show that e is an odd function. 
28. Show that — Е _ js an even function and. 
1-х? : 
2 - is an odd function. 
1-х? Li 
29. Iff(x)=sin x, g(x)=cos x and h(x)=tan x, 
show that 
: А 1 

ху {<= (il =1+{h(x)}? 

(1) {Л} 44809) (il) ОР Thy 


(iii) fax mL E Gv) #3) = — 3:40) 


б) пете Lb (м) деве фу» 
30. (i) Show that the function ve 


i sing in 
2x3 is monotonic increasing 


the interval 0<x< оо, 5 
(i) Show that the function cosec x is monotonic decreasing in 
the interval 0cx«7. / - 
31. Сап the constant 3 be called a function of x2 Give 


reasons in support of your answer. 13 bea function of x, then 
() Тре function is even, odd or none of these. which fs the 


correct aswel ? 
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Gi) 15 the function monotonic, 

32. Express у as an explicit function of x, 

(i) x2y2—5 (1) xy +*+у+1=0 (ій) x2+p?=a2. 

33. Make the following functions free from fractions and 
radicals and then express y as an implicit function of x. 


2 223 b ЕН * --5 .. 3. 1 
0) у=== Мая (р ух zx 
2 АЕ 


1—cos x 
. If p= 
35. Ир 1-Е сов д? 95гевв x as a function f(y) of y. 


yy — 2? — 2x44 
36. If /х)= Кеин, show that f(x) is a bounded function, 
37. Draw the graphs of the following functions, Comment 
‚ from the. graphs on the Continuity of the functions, In case of 
discontinuity indicate the points of discontinuity, 


O a= qp дху=* 


x 


2-1 lii х=-—х 
2-І 4) f=. 

38. Draw the graph of the functlon Хо | x | +1 and show 
that the function is continuous every where, 


39. -Draw the graph of the function | х-11-1|х-1|. 


40. Draw the graph of the function 


—ux2, 
41. (4) Draw the graph of the function Дх= | E | 
graph show that the function 18 discontinuous at х=0. 


у [Tripura 1978] 
(b) The definition of a function f(x) is given below. f(x)22— 


181, 24х82; 
x 


. Fromthe 


Draw the graph of the functlon f(x). 


at x=0? [Tripura 1980] 
42. Draw the graph of the function Л) =х?+1 and from the 
graph show that f(x) is continuous at x0 [Tripura 1979] 


Is the function Continuous 
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43, Draw the graph of the function f(x) :— 
х) => when 0<х<1 

—2 when x—1 

—2—x when 1<х<2. 


"Examine whether the function is continuous at x—1. 
[ Tripura 1985 ] 


44, Can the following conditions imposed on the varlable 
«quantity. y, define y as a function of x. 

у=1 when x is rational. 

у=3 when x is irrational, 

Draw the graph of the above relation between x and y. 

45. ША and x denote the area and length ofa side of an 
-equilateral triangle, express A as a function of x. 

46. Postal rates for parcels are as follows : 

Rs. 5 for the first 500 gms or less, and for every additional 
7200 gms or part thereof additional Rs. 3. If x and y denote weight 
of. parcel and postal charges respectively, then express y as à 
function of x upto 5 kg. 

47. A person prepared a box open at the-top by cutting off 
from the four corners of a square board each of whose side is of 
dength a. If x and y denote the length of a side of each square cut 
off from the board and the volume ofthe box, express y asa 
function of x. . 

48. The distance between two places А and B is 520 kilometers. 
A man drived to В at ће uniform speed of 75 kw/br, waited at B 
Фог 5 hours and then returned to A at the uniform гаје of 70 Клу 
hour. If x denotes distance from A in km, and 2 denotes time in 


hours measured from the instant of start from A, then express х as 
а function of t. 


49. Let Л(х)= | x-1]. Then 


(A) ЛЗ) ж (B) (хр) = х) ЈУ) 
(С) 1х1) 17650 | (D) None of these. 
Which is correct ? [IIT 1983 ] 


е 2х--1 
50. If (mus show that f(x) fle N= ТЕП» 


Hence find the sum of the first n terms of the series 
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LIMIT 

$31, Determination of the limit of a function i. e., the limit: 
Operation occupies the. central place in calculus. Differentiation 
and integration, the two main operations of calculus are nothing: 
but special types of limit operation. When a variable, in course 
of changing its vaiue gradually assumes a value very close to 
(as close as one likes) a given constant, then we say that the 
variable approaches the constant. When а variable approaches 2 
constant, then the values of any variable depending on the first. 
variable, also changes. The object of the limit Operation is the: 
determination of the. value of the dependent variable (The second: 
variable) as the first variable approaches the constant, So, we 
must have а mathematical discussion on the behaviour of а 
variable x, when it approaches a constant ‘a’. 


$32. Meaning of a variable approaching a constant 

A variable x approaches a constant a means that x assumes. 
values so close to a (but nota) so that the difference of x and а: 
may be smaller than any positive number however small. Here 
the value of x may be less than or greater than (but not equal to) 4, 
So, x ápproaches a means that х--а ord—x must be less than 
any positlve number, smallat pleasure, For emphasis, we repeat 
once again that x approaches a means x does not assume the 
value а. As the value of х шау be less than or greater than а, 
30 the difference of the values of x and ais | x—a |. Asx does. 
not assume the value а, so 0< | х—а |. Again as x is smallar than. 
any positive number, small at pleasure, so 0-2 | x+a| «any 
positive number, small at pleasure. When x approaches the value 
а from values less than d, We say that x approaches a from the 
left. Again, when x approaches the value a from values greater 
than a, thea it is said that x approaches a from the right, 

Symbol! That ‘x approaches @ із expressed by the symbol 
‘ха. When x approaches a from the left Or from the right, 
then we use the symbols “Х-эа--? and “Xap” respectively. Let 
us now discuss with a particular value of а, ѕау 5. х-5 or x 
approaches the value 5 means x assumes valueg very close to 5 but 
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does not attain the value 5, x—5 means both x>5— and х->5--, 
When х->5--, the values: of x may be 4:9, 499, 4'998, 4:999, 
4:9999,...ог even more сіоѕе to 5; but x in this case will never be 
equal to 5 ог greater than 5. Again when х-э5-н, x will assume 
values close to but greater than 5 such as, 55, 5:1, 5:01, 5001, 
5:0001 etc. or even values more close to 5. But ín this case x 
does not assume the value 5 or values less than 5. 

We shall now endeavour to make the students understand the 
above discussion with the help of the number line. Let the 
straight line in fig. 3*1 be the number line so tbat its different points. 
represent the different values of x. The origin О represents the 
number ‘0’ and points on the right or left of O represent respec- 
tively positive and negative real numbers. Let the point P 
represent the number 5 and the points A and B represent the: 


0: A А; A, AzA} ASP В; В, Вз В. B, B 
Fig. 3°1 
numbers 4 and 6 respectively. When х—>5, x approaches (ће 
value 5 from values less thar or greater than 5. When х-э5-,х 
approaches the value 5, from the left i.e., through values less than 5. 
Here as 4<5, let us assume that x initially takes the value 4 and 
then gradually changing its values, approaches the value 5. Asa 
result x approaches thé point P (representing the value 5) through 
the points А), A5, Аз, Ад, А,,...... representing the numbers 4'5, 
49, 499, 4:999, 4:99999 etc. but never reaches the point P or 
cross 4. Again when Х->5-+, let us assume that x changes Из 
values from the initial value 5 at B and gradually crosses the points, 
B,, В,, Ba, Вл, В, etc. attaining successively the values 5:5, 53, 
5:01,:5001, 5:0001 etc. or even values more close to 5. But in 
this case x does not attain the value 5 or values less than 5 i.e, 
- does not reach the point P or does not cross P. 


Let us understand the above discussion more clearly, We 
have assuméd above, that when the variable x approaches the- 
value 5, from the left or right, then the initial values of 
4 and 6 respectively. But 5—4=6—5=1 is a definite quanti 
cannot be taken as a small quantlty (in calculus w 


X аге 
ty and 
€ use the term, 
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Definitions. 3 
1. Lt Их)=1 1• 
х—а— 


and 1, can be mad 
then we Say, Lt 
xa 


1 | of f(x) 


2] of f(x) 
OSltiye n 


Ver small, then 
= and this ig Tead ав «y, en x approaches а 

> . 
from the right, then the limi 


© can find ап laterva] 
centre, the ‘point 4, $0 that for eve 
interval, | /)-1) 2 
number, small at “р en We say аз х арргоасде: а the 
limit. or limiting уа] land write Lt fx). 5 


=>, 
Х-»а 
Notel. The length or the small interval, Ieferreq to i 
i f Lt = si 3 
the definition о ын Дх), depends оп 9 Pleassigneg Smali 
positive number, y 
у le 1, we -haye Seen that = 
In Example 1, m (4 +0=13 Tere 164 
the preassigned small Positive Bümber ђе 0001. 50 
13 | 0:001 or | 4х--12 | «0:001, (oe Mond 
0:001 
7-4 “000025, : 
о, | х—3 | < 4 So, When the Preassteneg Розу 
number is 0001, then for Values of х lying in үр... 
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3—'00025<х<3-+‘'00025 or, 2:99975 <2-<:3'00025, | 4x4-1— 
13 | «001. 
2. Inorderthat Lt (x) exist, each of 
х—а + 


Lt /ауапйа Lt f(x) must exist and they must be equal 
®->а— х—а + 


do value. . This equal value is the value of. Lt f(x). 
; rd 
So Lt S(x)= Lt (x)= Lt Д(х)=1. 
› х-а-- х>а- х>а 


3. For the existence of Lt Дх), it is not necessary; that f(a) 
к--а 


must have a finite value, We once again repeat that as х approachea 
4, х does not attain the value a з so the value of, Да) does not 
come under consideration. But this does not mean that x cannot 
attain the value a, in this case we are not interested in the value Ла). 


4. For Lt f(x), different symbols like Lim Жа) 
xoa х->а 


ог Г Ла) etc. are also used, 
- xa 


Let us now consider a few more examples, 
Ex.2. 14 (x?4-1) 
х-»2 


Here f(x)=x?+1 and а=2. First we tabulate values of f(x) 
for values of x very close to 2 but less than 2, 


x 11115 |19 1199 |1999 | 1999999 
у=х#+1 | 2 |325 | 461 | 49601 4996001 | 4:999996000001 
‘From the above table, we find that as x assumes values very 

close to 2 (but less then 2), the value of f(x) 2x? 4-1 becomes 


closer and cioser to 5, in this way taking values of x sufficiently 


close to 2 but less than 2, one can make | 5—(x2 4-1) | less than 
any positive number, small at pleasure. 


Hence Lt (x? --1)—5 
х-»2- 


Now let us prepare the table as x approaches the value 2 from 
values greater than 2 (without attaining the value 2) 
x 13125 | 22 | 21 | 2:01 | 2001 | 200001 
у=х?+11 101725 | 5:84] 5:41] 5:0401 | 5:004001 | 570000400001 
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In this case also we find from the above table that as х becomes 
closer and closer to 2, its value becomes closer and closer to 5. In 
this way making x sufficiently close to 2 we can make the difference 


|x?--1—5 | smaller than any preassigned positive number 
however small. So Lt (x?+1)=5 
х—2+ j 
5% Lt (x?--1)— Lt (х2 +1) both exist. 
х-э2- х->2-- 


and Lt (52441)-014 (х2+1)=5, Lt f(x)—5. 
х-э2- .. х->2-- х->2 
Note. In this case 10000001 be the preassigned small positive: 
nubmer, then let us determine the interval with 2 8t centre, so that: 
for every x in the interval | Лх) —5 | «00001 or, |х241—5 | 
«00001. 
or, | x2—4 | «200001 or, | х +2 | | х—2 | «00001 
Here х->2, so x is very close to 2. So | 2+2 | >2. 
"no 2|x-21|x2| |х—2 | <-00001 
| х-2 | «000005 and this is the required interval, 


Ex.3. Lt x?—1 
х>1 1. 


? : 2-1 : 
In this case fa) and as x1, so x does not assume the 


value 1. Soin ош discussion х5] ог, х— 1:20. and so EC will 
have finite values, 39 

We prepare the followin 
corresponding to values of 


8 two tables, Showing values of f(x) 
corresponds to values of x.—1 


* very close to 1, The first table 


—1 


of 2 greater ЕВ and the other corresponds to values 
Table 1 
^ x қ | -9 | :99 | :999 | '999992 | 9999930029 
Лх)-5 = | 1:9 | 


199 | 1999 | 14999992 


1:9999930029 
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From the table 1, we find that as x approaches the value 1 from 
values less than 1 1.е., approaches the value 1 from the left, 


then луд. = assumes values closer and closer to 2 and taking 
х- 


x sufficiently close to 1 ( but less than 1j one can make the difference 
| и —2 | less than any positive number however small So 


Paci fix)-2. 
Again from the table 2, we find that as x approaches the value 1 
from values greater than 1 i.e., approaches 1 from the right, 


then деті assumes values closer and closer to 2and taking 


x sufficiently close to 1 (but always remaing greater than 1), we 
can make the difference 4 мар | fess than any positive number 


small at pleasure. So ie Дх)=2. 


pole Ад-, + Д®=2. 


та х2-1 , 
“дэ1їх-177 


t. : 
Непсе 455 S(x)=2 ie. 


‚Мое 1. Though we are not interested in the value А of ж as 


X—1, yet note that here f(1) does not exist but ul 1 exists 


This will make our future discussions easier. 


Note 2. x-a means, x assumes values greater thanor less than 
abut very close toa. In example 1, as values close to 3, we have 
taken the values 29, 2:99, 2:999999 etc. ог the values 31, 3:01, 
3:001 etc. Again in example 2 we have taken as values of x close 
to 2, the values 2-1, 2:01, 2/001,--ог 1: 9, 1:99, 1:999 etc, But in 
every case the values may be taken other wise } to illustrate this іп 
example 3 we have considered, the values :999992, -999993029 in 


tabulating the values of * RT 


Ex.4. The variable y is a function of the varlable x defined 88 
follows : 
уш when х<—1 
=72+2 when -1«х-00 
=x+1 when xz 0, 


Diff. Cal.—6 
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Find Lt y. 


x! 


Let us first determine the left hand limit ie, Lt у. Аз 
х—0— 
ж->0--, we must consider values of x close to 0. Here when x« O0, 
f(x)is given in two forms viz. one when x<—1 and the other 
when —1<x<0. Evidently the values of х<—1 cannot be said 
· to be so close to 0 as the values of x in —1<х<0. 


Аз we are considering values of x very close to 0 (as х-э0-), 80 


consideration ofthe values in —1<x<0 will be sufficient. 
So, when x30—, p=x2 +1. 


For determination of Lt fx) It (x?--2) we prepare, 
! х-э0- х-0- 
“ав in the previous examples, the following table. 
x |—1| 9] —1 p —01! —-001 
у-хз52| 3 | 281 | 201 | 20001 | 2000001 


| —*000000001 
| 2:000000000000000001 
It easiiy follows from the above table (as In the previous 
examples) that Lt y=2, | 


х-0- 
Let us consider at Неге. ав у->0+- ће. 20, so we 
take у=хХ +1 and prepare the following table with values of X very 
close to 0 but greater than 0. 


æ  |01|001, 00001 | 0000000001 | 0-0000 
шэн ГІ Прот | 10001 | 1:000000001 ОООО! 


$ 1°00000000001 
In this case we find that as x assumes values closer and cioser 
to 0, y assumes values closer and closer to 1 andas in the previous 
examples we can say Lt p=1, 5 
х->0-- 
So, in this case Lt px Lr 
х>0— х--0-- 
Hence Lt y does not exist, 
х->0 ) . 
Note 1.. Here nes y aud ый 7 both exist but they are 
notequal so Lt У docs not exist, 
x0 
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Ех.5, А functlon f(x) is defined as follows : 
х) = x when x>90° 
—tan x when x« 90? 
Determine Lt f(x). [Here the unit of x is in degrees but we 
x90 


“Omit the unit.] i 
We first consider the values of f(x), when xis less than 90 
‘(in degrees) but very close to 90 and prepare the following table. 
x | 89° |89°10'| 89°40’ | 89950 | 
J(x)2tan x | 57:290 | 6875 | 17189 | 343-077 | 
From the above table we find that as x assumes values 899 89?10', 
89940, 89950” the values of tan x changes too fast, It has been 
seen in Higher Trigonometry that when 89950' «7x <-909, the changes 
in the values of x are so fast, that the corresponding values of tan x 
‘cannot be tabulated but the values are always positive, By taking 
values of x sufficiently close to 90 ( but less than 90), we сап make 
the value of tan x greater than any positive number large at 
Pleasure, In other words we say Lt tan x is infinity, ie. 
х->90- 
Lt Жо) does not possess any finite value. ће., ' Lt Дх) does 
х—90— х->90- 


not exist. Again,existence of Lt Дх) isa necessary condition 
> х-> 


for the existence of Lt f(x). So, Lt f(x) does not exist, 
х-»90 x90 


Notel. Јо trigonometry, generally measures of angles are 
‘expressed in radians, Here we have used degrees as the students 
are used to trigonometric tables prepared in degrees. Moreover 
the values ofa variable are taken without units. Here we have 
kept the units for convenience. 5 ) 


834. Graphical discussion on limits. 


Ex. 1. Draw the graph of the function fix) —3x and evaluate 
Lt f(x)=3x д 


х->2 А ! 

Let y=f(x) 2. у=3х. 

Fig 3:2 is the graph of y=3x or, the function f(x) according to 
а preassigned scale. The graph is a straight line and point А 2 
‘the x-axis is the point (2, 0), The ordinate АР drawn: at А latersects 
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the graph at the point P. Evidently length ap=3x2=6 units 
and the co-ordinates of the point P are (2, 6), The points В), Bo; 


в. ...... on the x-axis are very 
close to the point A on its 
left and the points с,, Co, 
gn on the x-axis are very 
clos to A on its right. The 
ordinates drawn а these 
points intersect the graph at 
the points 94, Өз, Q3 Ві, 
R3; Бҙ, respectively. Аз 
X2— ie, x approaches the 
Point A from the left through 
the points в), Bo, Вз, у 
gradually approaches . the 
ordinate ap through в 
Ва, БЕСТІК 


Fig, 3:2 
У approaches the.value б, So, 14 f(x) 
х-»2 


191» 
gradually 
6. Again as x2-ti.e., 
* approaches the point A from the right 

Сі; Са, Саут, y gradually approaches the o 
СІК}, С.Нь, Сз зз", Le y gradually appr 


through the points 
Idinate Ap through 
Oaches the value б, 

So Lt Six)=6, | 
х->2-- 
Lt х= Lt x) = ‘(x)= 

es УИД 6 or, i5 : 


түү When X—1, then pis undefined ; for ай other 
values: of x andso for values of x very close to 1 (as close as it 
may be) p is defined, 

So, y=x+ 1 when ха] 

is undeflned when х=1 


Fig 3:3 is the graph oye ==, 


raph is а straight line having a break only at the point 
2 2 ў Let the point A on the x-axis bey ЧО ae 
Je + 


he point (1, 0) Asthe 
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graph has a break at the point P (1, 2), so the ordinate drawn at A 
does not intersect the graph. Evideitly lenght of AP is 2 units. 
The points B, Bg, Вз,---***, Су, Co, C3,**-—are points on the x.axis 
very close to A on the left and right of A respectively. The ordinates 


ој 8; B2 B3A соса , 


Fig, 3:3 
Віа, Ва, Взаз,::::: and C,R,, С.е, Саба drawn at these 
Points intersect the graph atthe points а), Өс, Q3, «and ку, ` 
Ко, Ray: respectively. As x approaches the value 1 from the 
left, it approaches the point A through the points By, Bo, Вз, 
So, y approaches the ordinate AP, through Ву}, В.а., ВҙФҙ, 
»e from the left of АР, i.e., y approaches the value 2 from left. 


ф Lt y= Lt x?—1 
eel оі аре 

As x f orcadhes the value 1 from the right, it approaches the 
point A through the points Сі, Са, Саун, So, у approaches the 
ordinate AP through c,R,, Сува, бабу from the right of AP $ 
it, y approaches the value 2 from the right, 


Lt р=2 Lt к°—1 
„Же. Ux Харт 


ІЛЕ тм 
“4 x1— х-і х—1+ Жет I xl x= 


2. 
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Ex.3. y=2x+1 when x<0. 
—1—2x when xz0. 
Determine Lt (2x+1), 
х->0 d 


Fig 3'4 is the graph of the given ‘function, 


It consists of two: 
branches Pa, and PR}. 


Both the branches originate from the point 
ds to infinity, When х=0, then. 
Bos Ване, Су, Со, Сун оп the 
x-axis on the left and right of 
the origin o, close to o at 
pleasure, The ordinates. 
drawn at these points intersect 
the graph at the points а, Qo,. 
Q.5,*-.---and Ву, Во, Ray 
respectively, Now as х->0- 
ће, x approaches the value 
O from the left, it gradually; 
approaches the point о, 
through the points Ві, B, 
Ву •»апда comes as close . 
аз О, as one likes without 
Fig. 34 being coincident wlth o. With 
x approaching o i, the value 0, y approaches the ordinate OP: 
through the ordinates 8101, 8500, B,Q,,««--.and comes very close: 
to oP without belog coincident with ОР i.e, р approaches the value: 
1 from the left. 


P (0, 1) and both extend downwar 
у=1. Now we take Points B,, 


It y=, 
х-»0-- 
Again, as x0 ie, x арргоасћев the valu 


У 
е 0 from the right; 
it approaches the point о ie, 


» the value 0 thro 
Co, С”. So, Correspondingly, 
fates с 


hes the valué 1 Шор ын ordi СІ], св, Са Rgp ieren E 
Hence as x>0 +, y approaches the value 1 ang їй. үші. 


х–0 + 
t pe lt palsy Lt y=), 
UR x04 U хә 


ugh the Points, Сі» 
У approaches the Ordinate ОР 
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Ех.4. Evaluate : Ho l = | 


Let 18| . Flgure 3'5 is (ће graph of у= | xl the graph 


consists of two branches, one above the x-axis and оп the right of. 
the y-axis and the other below the x-axis and on the left of it. 


Fig. 3:5 
Both the branches originate from the y-axis without intersecting 
it. The upper branch orlginates from the point (0, 1) and the 


lower branch from the point (0, —1). The function L1 is 


undefined at х=0 and so the points (0, 1) and (0, — 1) are not points 


` on the graph. 


We take points В), Вә, Bg,+++0n the left of o, very close too 
on the x-axis. They are situated on the negatlve side of the x- 
axis and so the value of x ateach of these points is negative. 
We draw ordinates ва, Ва,  Bg@g, seat these points to 
intersect the graph at the points о), @,, Q4,---As when х<0, 


EA 


is —1, so the length of each of these ordinates is — 1 unit Fe. 


ыг value of у at each of these points is —1. When x-approaches 


.the origin О through these points ie, from the left, y approaches 


the p-azis i e., the oridinate at О, through B, Өү, Вг бр» Bs Өз” 
each of which has the value— 1, 
So Lt. у= Lt ПЗА 
х>0- XUI CTS У 
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Again, we-take points Сү, Со, C4,*--«.0n the right of o and very 
close to it on the x-axis and draw ordinates СІ, С.В, 
atthese points to interesect the graph at the points R5, 
respectively, Evidently the points Ry, Во, Врело: are all situated 
above the x-axis and CIR}, CRo, СзВз *-:-- each have the value 1. 


So as xapproaches 0 from the right, it approaches the origin o 
through Cy, Су, Саун & 


and correspondingly y approaches the 
y-axis through the ordinates СЕ], CoRa, 


having the value--1, Hence cit y= 14 


Сузнен 
Бо, Ragttreee 


Сз," өй e, always 


dalj 

0: х-0+ 5 : 
БОЛ 12715151 2 та [х | 

"ход cx о х " ^^ х>0- does not exist. 


Note. In example 1, both the function at x—2 ата the limit 
) when х-»2, exist. 
In example 2 Бора exists but the function does not exist 
’ x>l x—1 М 


at xz 1. 


In example 1 f(x) is defined 


for all values of x and has the same 
form on both sides of х=2. Bu 


їл ex, 2, The function has different 
In ex, 3 the function has different 
gin but is defined for all values 
Here also the limit exists. In ex, 4 the function has 
different forms on the tw he origin and here neither 
Lt |x 5 
Eun hor the. function at x—Üexist. In ex, 16 (iii) of 
Examples 3, though the function exists at x— 


Lt f(x) 
2, yet х->2 
does not exist, 


335. Difference between Lt f(x) and f(a) 
x>a 


By f(a) we mean the value of f(x) when x— 
the value of f(x) may be finite or not, 
and in the second case it does not, 


а. When x=a, then 
'n the first case f(x) exists 


Іп case of Lt f(x) we consider values of fix) when x is close 
х—а - 


to а (as close as one desires), but по: atr. So, Lt f(x) 
xa 
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:does not depend on the existence or the value of f(x). When we 


«discuss Lt f(x) we may face the following situations. 
х-а 


(1) Lt f(x)exists and (i) Lt Л(х)=Да) 
xoa. roa 


Or, (ii) Lt f(x)f(a, though /(а) exists. 
xoa 


' Or, (ili) Да) may not have any finite value. 


(2) Lt Дх) does not exist and 
zd 


G) Да) exists or (ii) Да) does not exist, 


$3'6. Some Important Limits. 

The following results relating to limits are very impoitant. 
"Though their proves are not included in the syllabus, thelr 
"applications are prescribed. Of these limits one thing 15 note- 
worthy that the constant to which each variable approaches, the 
Corresponding function is undefined at that point. We state below 
these results without proof. 


ena?! 


1. For all values of п (a constant, Lt 29-а” 
5 roa х-а 


Lt 15-81 x*—3* 


‘Examples. (i) хуз erc тез =4.34-1 
5224,33 =4.27=108 [ Here а=3 and п=4] 
2 
ир М x8—28 ,,8—1 _ A 2 
01) x2 PEEL =22 ЗЕТЕ 
. 2. да је Where x is in radians. Note that the 


denominator is a pure number. 


i Lt e—1_ Lt log,(1-4x) | 
3115-50 ЈА ыы "irc = 


79, е 5 sin (1)=0. 
$37. Limit Theorems. 


, The following Theorems regardipg the limit of the sum, шар 
etc, of two or more functions are very much uw и Mo 
proof is out of syllabus ;-but their statements and apple 
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те included. It is essentlal for the students to remember these 
theorems. Let us state the theorems, 


If Lt Дх)апа Lt g(x) both exist. 
xa xa 


Then (1) ыг. сы. (Ж) where К is a constant. 


Q м = Lt Дә) Lt 8(5) 
xa xa xoa 
(3) Lt (Л), (х))-- Lt f(x. Lt g(x). 
xoa x xoa 
Lt fix) 
(4) Lt (18 Stas и М 8(9»0. 
*29 lg) ТА да)" хэ 
xa 
| (5) Lt Д&(х}=/{ Lt 8(х)} if f(x) be а continuous function: 
" &oa za ` i 
Examplel. Lt {5х2} =5. Lt х=5.4=20. 
x2 x2 


MEDIE шы за 


х—3 х-3 
exist 


Ех TE Sin x t 
ди ЭНЭ) арни (квзу ні 
Ех.4. Though 3* _ 4 — x2..4 et М ай 
Хо525/Х--251-223:6 5 х-22/ 7 

Lt 4 = БӨ x2 12 
хо2 157 x2 x— 2 85 еасћ limit on the left does not exist. 
Ex.5. Lt (xsin x)= Lt x Lt 
. x0 x0 
Ex.6. Lt sux Lt 

^ ход x x30 (sia er HE zl Sim: Тек (2) 


sin х=0.0=0 
—>0 


Lt (5 8 not exist. 
88250 E doe ‹ 


Lt (x?—7x..12 
Ex.7. Lt x?-7r412 x52 ed 


3-2 xÉ—4rÀ а Comey rarer [Theorem (iv) ] 
| x2 
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Lt (x2—7 Lt (x)+ Lt (12) 
_ x32 x22 x—2 __4—–7.2+12 
“Lt (32)-4 Lt (x)+ Lt (3) 4-42-3 
r2 x2 x2 


===. 


= 


Xt 6—4) 


Ex.8. Lt x?—4 ,х->2 EDO 4:5. 
pr TE ad 2-1 t in the denomi 
РИ t (хоу? asthe limit i 


x2 
tor is 0, (See Theorem IV) 
Lt.x 
Ex 9, М =l ==! =е 


E pese 
Lt sin(x?)—sin | ІЛ x?|-—sin 9. 
Есін 25. 22277 
The functions in Ex 9 and Ех.10 are of the form f {g(x)}. 
In Ex, 9. f(x) == and g(x)—x. 
In Ex, 10. f(x) —sin x and 2(х)=х? . 
Here e* and sin x are two continuous functions, 
$38. Meaning of x— со and х — оо. 


In this section we shall show that if x— со, then у=1-0+ and 


if x5 — о, then у=10–. 


First let x> со and yal. 


Notice the following table carefully. 

52 |1110 | 100 | 1000 | 100000200 | 10101 

y=} | 1] [01 | 001 | 00000001 | 10-101 

From the table we find that as the positive values of x increase, 


the value of z=! decreases (always remaining positive) ; x 9 


means that the value of x can be made as large as one desires and 
can be made greater than any positive number large at pleasure. 
So in the above table by making the value of x sufficiently 


large, the value of у= can be made smaller than any positive 


number however small, Also as x increases it remains get 
itive. 
and so l (as small as it may be) always remains positiv 
4-4 
2$ х— co, =1>0-. 
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Again х>— co means x will always remain negative but its 
numerical value can be made lar; 


ger than any positive number, 
large at pleasure. So when x>— ос, then one can prepare the 
following table, 

x | —1 | —10 | —100 | — 1000 | — 100000000 | — 10100 

уг 1-11-11-01 | —001 | —00090001 | — 10-169 


From the table we find that though negative, as the numerical 
value of x increases, the 


numerical value of уші decreases, 
And though negative, making the numer 

large, we can make the numerical value of у=! smaller: than 
any positive number аз small as we like, Again as x 15 negative, 
80 E 18 always negative, So, as х— со, о: 


In the above dicnssion we have found that Lt 
Ta Radices 


iz0-L and 
X— со 
X — со 


For this, when х-> со and Х-»-- со, generally we put x=1 or 
у=} and then у—0 + or, y20— 
Example 1. Lt х?+х+1 


MC В 
X 0 xS Ry; 42 


i [taking x=} and as х— o, then y0--] 
ytyu-yt2 5 


t | Lt (yy?) 
Tyo0. зуы) _ М 99-0 
y 


(Ley уза 2у5) POF Үл (ууз рор) 
040 y>0+ 


29 

mu, y? y [Taking x—1 and a 

E Ug ee 1 8 X— со, then y30+] 
yey. 


Lt (2—Sy42y2) 
Lt (2—57+27%)_у—0+ M^ 
Cyo0(Lt3»yt») Lt (x3ypg 1-22 
y>0+ 


ical value of x sufficiently» 


LIMIT 91 


[ Note. In the “Integra! calculus" portion of this book instead 
of repeatedly writing 1=й—>0-, we have.written h>0 when n> œ]. 

Ex. 3. Show that if x be a natural number 

М 142-43-40-xx 4, 
бк MA does not exist. 
З2 ОН ХОСЕ). ЗБ x 1 

Given limit— 2 S ox “эхээ 22:77 со 

Hence the given limit does not exist. 

Note. Here the numerator could not made independent of x 
and as x- со, then (x 4-1) се. 


Examples 3 
Ex.1. Determine the following limits. 
(i) Lt x?—3x+2 (ii) Lt x*—3x+2 
х-э4 x2 4x43 x2 х®—4х+3 
Lt х2--3х--2 
x1 x2—4x4-3 


(iii) [H. S. 1982] 


Lt (x?—3x4-2) 


ә М 22—3x2 x54 2442-34-26 , 
х->4 Х2—4Х+3 Lt (xi—4x43) 42—44+3 30 
У x4 3 
Lt (х2—3х+2) 
di Lt х?—3х+2 х-2 22:-3242.9 
D x52x5—4x3- Lt (х2—4х +3) 4%—4.443 °° 
x2 


(ity Lt x?—3x42 Lt (z= Dx—2). Lt x—2 
xlx:—4xt43-2xl(x—l1)x—3) x51 x—3 


Lt (x—2) 
x1 С 1224171 
Lt (x—3) 1-3 -2 2 
x1 


Note: In Examples (i) and (li) when x=4, or ж--2, the 
denominator does not become 0. So, we put x—4 and x=2 in the 
expressions and evaluate the limits. In Ex. (lii) when x1, the 
denominator becomes 0 ; so we cannot put x—1 at the very out 
set. Factorising the denominator we find (x—1) is а factor and 
Ms presence makes the denominator 0, So our next effort 18 to 
get rid of this factor (x—1); we now factorise: the numerator ie 
and find that (x—1) is also a factor of the numerator. So, w 
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l the common factor (x—1) from both the numerator and 
cance ы 


denominator and get rid of (x—1) in the denominator. Now the 


Lt x—2 0 the 
given limit be comes „1 x—3* Here x—1 does not make 


denominator 0. So the limit is evaluated by puting x—1. 
Remember that x—1 means x does not. assume the value 


1. Soin es 25 27-1. But in this case the limiting value of 
x? із 1?— 1. 
Lst us nov take another example. 
Lt x3—3x.-2 


= In this case due to the Presence of the factor 

(x— 3) the denominator becomes 0 when x— 

a factor of the numerator, So, 

the denominator in this case and 8 
Ex.2. Evaluate the limit, 

Lt a,x"-Fg,x"-1i +азх" +. а, (b,, >20] 
x0 b,x" pb аса Hoax"? ue pp, Un 


Lt Go ABA dj x" за хт-2 +... pg 
x30 box” +b, т n-23 2. Fb, 


3: But (x—3) is not 
We cannot get rid of (x—3) from 
9 the limit cannot be evaluated, 


Lt (ао Fay "7! tazam- КАРИ 
X0 E. dr 
EEUU Do rbi amni pi ур 
х->0 
Ех. 3. Evaluate the following limits, : у 
у М 
ОД JIa} [H. S. 1978] 
ы DU à 
GD о ІН. S. 1980] 
« Lt wWA-cax— Л 5 | 
di) "20 RETI ШЕТІ | Н. S. 1980 ] 
Lt /Тжах- 1-5, та bale 
OY) 50 ruler mi T z4 (8.8. 1985] 
Lt М М 
WV) acd. uui А К 9 [H. S. 1984] 
Lt Ж. 


(уй) X59 Ах! 


LIMIT 


40) E к= 41-23) 


= M (Ляхі УГЕ ЛЕ 
к. *( JI+x+V/1—x) 
— Lt f14-x)—(1—x) 2-44 2х РЕЈ 
(930 Txt Ла) 5-0 ХО ЛЕ М1—х) 
Зор 2 "m 

РО Ух 203 


(ii) ээн Л Lt (-1-35)14-/1:255) 
> ха $30. 3381: МГ) 2 
= М  1—ü-x?) | Lt x? 
S 000 Мачу) x90 аут 
— dut 1 "| 
(x20 T+ 5 


(iii) Lt ү/1-ах- J1—ax 
x0 ike a 
= Lt (Jicax— /1—ахух/Г+ах+ VI-+ax) 
Eo *( МТ ах + J1—ax) 
ECL (1-нах)-41--ах) Ж Lt 
x0 XC Ја» + М1--ах) х>0 
Жылы; 2 Vu TE 
_ х-0 М ах" ах 2 ^ 


(v) М МЇ+ах— J1—jx 


8->0-2--:-; 


2ах 
—— = ____ 
ХОЛЛ аха Мах) 


== 14 Саз Тав) 
vm x( Ут ах t Л) 


= Lt (1+ах) —(1— bx) diri cy (a-- bx 
ХЭОХ /г+ах-+ Ji— ox) x0 x Vi+ax+ J1—bx) 


ЕЕ: a+b a+b 

"nod “У1--ах-- ПЕ 28” 
Lt Jx—2 14 

х-4 x4 


Мх—2. _Lt каш РА 
(Ух+2у(/х—2) 324 /у+2 
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ү Lt М Na—b 
(vi) Х-э4 - ха? 


_ Lt (Jx—b— Ja—b)(w/x—b +\/a—b) 
"x44 (х2 —a*)\(\/x—b+ Ja—b) 
Lt (x — b) —(a— Б) 
— xa ae ИА, 
BET x—a 
~ X4 (x4 ayx— 4) Јх—5 + Ja— b) 
БЭЛ >" | | A! ] An: 1 
(X8 (ха Је—ђ+Ма=ђ) 24.2/a—b да Jaap. 
: Lt VA. Lt x J1--x--1 
БЫ нүдэх Ух 5-0 СЛЕ ЕТ 
Lt x( Jic-x-c1). Ito oV Id). 


— x0 


Peet "хо E О ар + Deez 
Ех. 4. Evaluate the following limits. 
TOI ru aloe aca EN ean 

xl J3x1— V 5x—] | [H. 5. 1979] 
(а) vu Nb ux бә, с ral гн. S 

Мх—2— Ј4—х | : 5. 1980] 

(iii) mU Ух—3+\/х— 3 a NS [Joint Entrace 1985] 
EDU e c M 

xl J3xx1— J5x—i 

Lt 


(x? — 1 МЗ +1 / 5x —1) 
7х31 (/3x+1+ N5x—1)( J3x+1— N5x—1) 
Lt (xr Dx — DG3x E14 5 —1 1) 
=x- (3х+1)—(5х—1) 


aMi (x+1)(x—1)( N3x+1 1+ V5x-T) 
Ааа ЛАЗ ЛИМ ӘХ 


> —2(x— 1) 
Lt (х+1)( АА 1) 
—x1 —2 Б 


ЧЕ EN [531,202 


LIMIT 95 


(1) Lt x-3 ea 
x3 /,-2- У4-х 
mE: (х– 3(/х—2+ У4—х) 


х-3(/,-2- Јах) Nx—24+ 44- x 
— Lt (х— 3 ух—2+ /4-х) | 

~ (%— 2) – (4 - x) 

— Lt (x-3)(Jx-2-44-x) 

сам 2(% — 3) 


= Lt(Vx-2- va-x).. V3-2t 04-3. Jt AL JI, 
х->3 = Fy EI 


(iii) Lt Jx--3-4- ух V3 
іх->3 Jx2 —9 
. lt 1% 25727 3 + мх— УЗ 
E /х° —9 ХЗ Sg x 


_Lt /х—3 414 (Ух- У3Х т 43) 
x3 Jx—3 x43 033 (4Х41/3/Х-3х-3) 


_ Lt 1 __1 ја ( Jx-- ./3)( ух – J3) 
(OX—3 Jxx3 Х>3(ух+ V3) Jx—3 NX+43 
ЭР фе ма! s (х- 3) 
3+3 Х>5(Ух- V3) Јх—3 Jx4-3 


1 Lt 4х-3 
(O46 x23 (yx VIN ЈЕ 


1272 48 43:8 лын d xl 
46 (,/3--У3ХУ343) 46 2У3У6 J6 


Ex. 5. Evaluate the following limits. 


223 х 
(0) хө > [ Joint A 1981] (ii) nt „== 
РА (6. _ тт 
Lt & =й Lt хта" Lt ат гй 
>a х%—а х->а 27-а 


Diff-Cal—7 
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5 
Lt x*—256 Lt 2-1 

(vi) Gd cri (vii) Lor 
nm 


Lt 22311 мон 
(i) x0 TL (x)=0 


Gi) Lt x?-4_ Lt деле 2) Lt 
x2 x-2 x> 


qu) H € (x ~a)(x? +ха+аз) 


T0 x'-d! xa (хаух а) 
NU: x? хаад _ 3a? abs 
x24 “ха а 74. 
xi ar 


т — „т 
(iv) Lt x a dus 
х->а x"—q" xa xs 


х" g^ 
LE 
х-а 
Lt x"-gn 
x? x-a ,ma" _ 2 
шт, тұтату, р 7." n 
Lt x"—a" na 


XG, х-а 


6 6 
(у) Lt хїї-ан 
y E Eg 
xa 2 2 
xT а? 


a 
х-а xa X—a 
8-1 
eniT 6-2 80 
= 32-54 = агт 733477 
ҙа? 
Lt _ х%—256 
( x54 x-4 
Lt  x*-(4* _ 


х-2 x2 (x42) 4 


8—1 ли 
«ун, = 


xt 5-1 
х-1 
Dee = 8-1 
x21 х-14512) |. 
= 1 тэс те 7 
Lt x?-1 44% 


Ex. 6. Evaluate the following limits. 


4 Lt sin5x ,4 Lt sin?7x ба Lt  sinmx 
40) БЭ E (ii) eo? 5%, (iii) 


x0 nx 


Lt sin 3x 


iv) зо aoe [ Н. S. 1982, 1986 | 


О Leos = үн. 5, 1978] 


4 i 1- 
(viy 15, Sn atl соз х x( ES х) ` [ H. S. 1984] 


(vit) 15, Lae [ H. S. 1987 ) 


па Lt 2 sin x—sin 2x 

(viii) о bacc cei m [ H. S. 1983 ]. 

2 Lt sing? x Lt x 

(ix) Х90 g [H.S. 1984] (х) хэд балга! 


(xi) Lt tan x—sin x (xii) lt х-віп 2x 


х->0 x3 x0 x—sin 3x 
a Lt зіп 5x_Lt {sin 5x ) Lt sin 5x 4 
і Шы ==) 5 =5.1= 
(i) x20 x SEN 5x... 5 Ж 55х-к0 5х = гээн 


су Lt sin 7x_,Lt  sin7x Lt (sin 7x 
0) 290 зу 30 zu 8-490 2 л) 
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49 Lt віп тха Lt sin mx 
(ii) x>0 их a x30! то т) 


па Lt sin3x Lt 3 
(іу) х->0 ЕТ 2x" x0 3x 


Lt. sin 3x 
e 8. x0 3x 

Lt  sin2x 

x0 2x 


x20 x? х-0 x? “x30 x9 — 
08 
IE Ee 
git: P PARADIS à 
Tx-»0 = х-»0 Er 23.11 =}. 
а p 


ys) Lt sinx(ül-cosx) Lt —Sinx.2sin?T 
09 yo x* ^ хә — 


„ох 

ilt sinx Lt 9051, sinz 

3х0 хх хх у 11-4. 
3 2 


«(3-5 
н) Tt 1=соцх-ш)_ p, 29888559) 
х->а (x – а)? ха (у дуз 
p sin? (524 
=“ ха TIEFE = 
жыры 


LIMIT 9" 


—2 Jt sin (5 417: ын Е 24 
741(х-а)-0 ges (x —a)0 (2-3 
2 


2 


| when, х=а, then (х- а)->0 1 
=}.1.1=%, 


(viii) Lt 2sinx— sin2x Lt 2 sin Х-2 біп x cos x 
х-»0 xs . x-0 x3 


=М 2sinx(l-cosx) 214 sinx Lt 
x0 | ys Дх>0” x хм хе 


- 22% ГЭЖ 
EN TAG 
x0 x 'x-0 m “хә „ 


Хх “х 
Ана жд тле Wo а Стена 


41х-0 x 'x—0 


(ix) Let sin^!x—9 ‚', sin 0д=х and when х->0, then sin 6->0 
or 9-0. 


So sin !x Lt 9 
4 350 x X—0 sine 


ТОЛ ТЕКТЕГІ, 
70 sine Lt sine 1. 
е 620 


(x) Lettan^!x—8  .', tan0—x and as x0;tàn 6->0 and 


30 0 will approach the value 0. 
. Lt x Lt tane 
"Oo x0 tanix x0 37952 
Ы sino 1 1 једе зіп 9 Ве. 
=9->0\`@ ' cose! 0-0 * д–>0 cos 0 
=1.1=1, 
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Lt tan хіп x Lt біп |. 
(i) „ ea т 0 јез sin 1 
3 


x 


Lt es 1 =) Lt finz esn 
х0 cosx х->01 x3 7 cosx 


m их 2 sin? 3h = ША sinx Lt sin? = 


x>0\ x5 * Cos x x0. x * x30 
1х х 
ы E Те sos 
X0 cog x ( gp x Охо 5902, 
2 
x x 
22 Ка ea eg bed 2/01 
4x20 x ‘x30 xu c 
ЕЈ 2 
ђ 1 sin 2x 
t / x-sin2x It x 
0 X0 x—sin3x x0 sin 3x 
х 
( "or the numerator and denominator by x ) 
зіп э > 214 sin 2x 
хий А 2) х 2-9 16 х-0 2 
= (1 " = 3х Lt 1-3 sin 3x 
x0 3x “Т хэ0” x39 3 
ЕТ 
1-3 -2 2 


(i) саа E S. 1981 


LL Т. 1973 
ron 85 (нз, 1983] 


3 л 
aides пали 


LIMIT DM 


EU . nx В , 
(v) y1 4-4) tan 2. [oint Entrance 1988 ; LLT'78, 84] 


() Let g 5 7. when хэр, then у= (2-х) 0. 


-x 
Now, дл соз х —Lt E 2 
хэ" fx 
2 sin(z- x) 
ша bt п-х 
2222 
sin (5-7) 
Lt j 1 1 
Ека Le нЕ 
у->0 sin y 211 siny 21 
2 pale 
(ii) Letm—-x=y 2, when хл, then y=(n—x)>0 


Lt sinx Lt sin (* — x) 
Now, хэл ата (појео 07-30 


и sin Ул 
yoo y 


(iii) Let, 5—x—y 2. when x5 


then, g- 4-779 


Now. 55 G- ) tan шэн sin x) 


Lt sinx. Lt b 
“ОО 
x5 x3 sin. (1-3) 
‚п Lt y 1 
= 5 — =], =|. =1. 
3 p00 dap “11 ар 1 


DIFFERENTIAL CALOULUSR 
5 Lt A хх 
ЧУ) S о) tan (73) 


“ШЙ. Алан 8-14-4) 


t 
=z] 1–2) cot = (1— x) 


Те (1-х) созд (1—х) 
БЕЗІ 2 
іп 2 (1-х) 
(1-х) 


e E а 
sin = 50 —x) 


Lt 1 
(1-x)50 (rà 
sin 2 (1-х) 
a-y 2 
231 1 1722 
JP EE 7 ЕТ 
2 14 sin 2 (1— 5) л di 
(1-x3)20 7 
g (1-3) 


Ex. 8, Evaluate :— 


) Lt sin (x+h) – 
Mrs РАА 1979 ] 


Cos (x+h 
Gi) L he Эб SAG +H) ов х * (Hs. 1981 ] 
у Lt tan (+) -t 
(iii) о к SL OCA ЇН. s. 1980] 


| һ 
Па ме nA) мах ш 200s (44 sin 2 


ux Ари NES 


sin ^ 8 


о s (+) И һ->0 === (008 5. I= og х 


5 


LIMIT 
А hy | (-* 
« Lt cos(x-h)-cosx Lt 2 sin (x +5) n ed 
4) ро h һ->0 Г 
Lt h ша 
=- ро Sin (+3 jr оір h 
Ў 2 
= —sin x l= — sin x. 


Яу М tan (х +) —(ап x 
@) e, пас 


біп (x+h) sin x 
218 cos (x+h) cosx 
h>0 TEC Y a ( 
= 14 sin (x+h) cos x – cos (x+h) sin x 
h->0 h cos (x+h) cos x 


НИ?! біп (x-h—x) | 
->0 р cos (х ҒА) cos x 


_М sinh Lt el 
Ch-0 Woo 8-0 Cos (x +h) cos х 
=] 1 =sec? x. 


' cos x. cos x 
Ex. 9. Evaluate :— 


872: - a? sin 
(i) a (zt sin (a+ -a? sin а [I.I T. 1980 ] 


ч) Lt  xsina-asinx 
(ii) — —. 
xa x—a 


л Lt (a+h)? sin (а+ћ) — a? sin a 
0) о h 


Lt  (a?-2ah +h?) sin (a+h) — a? sin a 
= 0 ћ 


Lt a? sin (а +) —a? sin a+(2ah+h2) sin (a+h) 
= р»0 ћ я 


Lt a*{sin (a+h) -sin a} й (га +ћ) sin S) 
“0 һ һ 
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В. h 

3: +5] зіп 
zh газе; u (244-5) sin (4-5) 

— 4 


ЯМ” 
L ALt 8 rt Lt уз. 
=, соз (ады, Sh. UE (га +ћ) һ->0 біп (a+h) 


9 
--а?.сов a.1--2a.sin a— а? cos а--2а sin а. 
(il) Lt хяпа-азшх 
———4—азпх 
Х-»а Х-а 
—Lt  xsina-a sin а+а sin a— a sin x 
xa 


X—a 
Lt (x-a)sin а- ат x — sin a) 
= Ва Asin х- sin а) 
xa х-а 


х+а . x-a 
=М (х-дзпа_ Lt” 2 008 оба 


PAA В 2 7-1 х-а 
sin (2-5 а) 
М. Lt x+a Lt 2 
“хэд a-ay, cos 2 (х-а)->0 =a 
FI 
=sin а-а cos a.l зіп а-а Cos a. 
Ex. 10. Evaluate :— 
Lt gw) | E. 
() sh өзі (8) Lt. e 1 


x0 x 


м ех efx 


@ 9 e 

ж Lt ё25-1 [t e^? — 1 

(i) x0 7 x ОО > a) 
Lt e%*-4 


——-=4.l=a. 
х->0 ах 


гу Le sede PSI 
(ii) x0 x х-0 LIFE 


Gi) e PB Lt ( «х yz (х 1) 
P ЈЕ x0 x 
Lolita est = _Lt ебх _ 1 
(x0 “x x0 x 
LL 2071 Lt [ы 

ка EI eo) 
=, М 5-1 Lt е1 

ход xx qut 


=<,1 —8.1=«-— В. 
Ех. 11. Show that 


4 Lt mo 
(i) zs = ов, а 


Li = — ђе 
(ii) xi) а - b —log, 7 


= 
() Lt a*-1 Lt MU ea 
x20 x x0 XC " 


x 


еты аа SIGNE ide, a) 
х->0 x х-»0 Овај 8 


e* log а | 


= L y 
Боол х log, а 


x0 
=log, a.l=log, a. 


wy Le 09—07 Lt (88-1)-085-1) 
(8) xo0 p = хэ0” = 2: 


а 
=105, @—108„ blog, У 
Ех. 12. Evaluate : 


1 
ә Ho 980435) (у ate 


105 
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0) [esu +з» 143%) 4 3-3 EV А log(1 + Зх) _ 3.1=3. 


ог 
іі, 
6) L5 о юв(14:05-15, ов (1+x)=1. 


Lt Т 
970 log x0 (1-+х)==1 
ог, сы (1-4) A 
Ex. 13. Evaluate the following limits. 


x>0 OLS. 1983] 


cE det 
(i) 92-90 rx [E 5. 1985] 
с = 

x30 x [ Н. 5. 1987 ] 

Lt '  sinx 
(iv) Еа 

0 log, (14-8 ІН. S. 1988 ] 

о а) 


15125021 
mea [ 982] . 
~. у, E Хас lo Lt sin x* 
E -1 i 
) хэд х-»0 ( sinx * "ш х) 


: sin x баг 
Lt. e 12-12 зіп x m езіп x 


“x90 sing X90 x хәб nx 1 
Lt еніп 2211 ^ 
7x20 sinx ` 5 
Now when, Х->0, then sin х->0 
E x 


' 
4. given limit= sii хоз EU 


LIMIT 
2 
x? et = 1 
Gi) Lt е- ы Lt x? 
X0 sin? x x20 sin? x 
x2 
i a 
19-08. "as 1 
М sinx Lt? sinx7;—-—l. > / 


x0 х x90 x ул 


иу Lt %-е% Lt  (e&-10)-(e*-—1) 
(iii) х->0 x x90 x 


Lt e*-1 ~ ешн Те ё-1,/14 'e*?—1 


x0 x x0 x X90 x 150 ox 
=1+1=2. 
sin x 
(iv) Lt зах — Lt x 
x0 log (1-3) x0 Пов, (1-х) 
в Тр а 
Lt sinx 
Lx0 x р 
Пя 108 (143) 3-1 
2x0 x 
о МЕ. 
р) M. 52221588 Бете 
о SS 
Желі № Уї+х-1 
х 
Lt 2*—1 
2x0 Ж Ша». 108,3277-1 
їй Ср САР) Lt. Ба” 
х->0 х (У1+х+1) x0 x (И 
log.” 


эн 25 logs? Оғы уүрр а 
Lt x Die rides р) 
x20 x(Vixx41 x0 Vitxt! 


=log, 2?=log.4. 
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Ex. 14. Evaluate :— 


sin x 
x 
ay! 
2x20 > ШЕ) Zor 
Lt sinx Пет. 
x0 x 


5 У 1 
(ii) Let Zi ~ when хо then y>0+ 


"m 


АН уза) = =0. 


Ех. 15. (0 Lt 42-4 25: ЭС wt 


x2 х-2 хә) : 


-4 x2 5) 
Lt’? 1 
x32 х-2 


СХА 
(ii) хә? х-2 = 02 0- 4). 


Are the two statements correct 2 


(i None of the limits GR EA and М 4 


хо2 x 4 
; ОИ "ТІК 44% жы 
exist and 80, э, Go -2 5225272 e ) 


222 


х-2 
214 x*-4 
x52 x—5 х-2 
Lt 1 
As 332 2-7 does not exist, so 


Lt 2. Lt 1 Lt 
67-45, gop add c4. EA 
А at ОЗЕ 


%->2 х-2 


LIMIT 108 


Ex. 16. (i) Дх)-х when х>0 
= —x when х<0 


А Е): 
Determine 2550 if it exists, . 


lxi 


x 


2 : : Lt Lt 
(ii) Examine the existence of Татар = о 


(іі) f(x)—[x] where [x] is the greatest integer less than ог 
‘equal to x. 


гд Lt 
Determine х-э2 х) - 


(v) /(х)-віп х, хипл [х=0, +1, +2, 3,4-1 
— 2 (otherwise ) 
and g(x) 2 x?-F1, х»0, 2. 


=4 х=0 
=5 х=2. 
a MES bs EMEN f 
Determine ~, el f(x) ] If it exists LLT. 1986 ] 


(У) С(х) = – J25-x? 
Evaluate i 1 9-00. - a D 


(vi) А function f (x) is defined as follows. 
f (x)=x? whenx«1 
—3 when х=1 
—x?-F2 when х» 1 


Le. f. LI.T 19831 


$ Я Lt f (x) 
Examine the existence of ХЭЛ 


| 


Qi 7 eoe 815 | (180 


-0,  [xj-0 

where [x] is the Greatest integer less than or equal to x 

Examine whether 14 f (x) exists or not. [ 1.1. T. 1985 | 
x0 
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(viii) Evaluate m E + Jx- 1 


-~ if it exists. 


(1) 


(iii) 


| Note. when х->2- then х<2 


Lt 


Lt | 
х-э0- TEMA (-х)-з0. 


Lt | às [5t ; 
5-07 09-50. f (x) «0. 


х->0 f(x) 0 
Lt хі Lt x Lt 
х->0-- x ^ x04 3 x х0. (1)=1 
Lt | x | Et 2553 
D USD LU a 
Lt 15212214 
х-04 x Y yg 131 
Lt Ї 
х-э0 x does not exist 
Lt e 
х->2- бије _ (021 


Lt MEt 
x>2+ има 4 (2) = 


`4, SO | х | 
when х->2-- then x>2; со [х]=2 1 
t 
ME I. [xpi х->2-- Lx] 
ээ [x] does not t exist 
. (iv) pi 817 (х)]= = oH LU GB + 1] 
Lt 


49 & 1. 
Эй [sin x 4-1] | 
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Lt G(x)-G,1) 
(7 хэл Ба = 
414 — „/25—х%+ 425-1 
^^ м 
=t (М24— 425 - х2)(„/244+ /25 — x3) 
хээл (У24-- V25 - x3)(x — D) 


Lt 24 —25 + хе 


—— = ee 


_ ХРТ (454+ V25- x8j(x - 1) 


E x? —1 EQUUM  . wi 
хэ! („+ /25—х%х—1) хэм JE J25- x5 


— ЭЭ. : 
J24-- J94 2,94 v 


(vi) Lt f(x)... Lt x* = 


х->1- xel- Ib 
Lt f(x) _ Lt (x* +2)_ 3 
х->1-- х->1-+ ^ 
Lt Lt : 
. « х->1- Kx) жезді 22799. 
он f(x) does not exist 
ы ы à 


(vii) when х->0-, x «O0 but is very close to 0. 


when Х-20-, [х|=-1 


when x—0 +, x » 0 but is very close to 0. 


’’. When Х->0--, [х]=0. 


Now Lt Дх) Lt sin[x] Lt sin( — 1) 
х->0 &. 4 


е х-0- [x| .x0 51 

а E | = sin 1 
Lt f(x) Lt sin(x] Lt sind 
Also (0 + x>0+ [x] x04 о. 


which does not exist 
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· Lt sin [x] does not exist 
'* x0 [x] 


Note: Here evaluation of Lt fix) is not necessary. 
х-0- 


(viii) x-1-— means that t 
less than 1. So When х->1- 
Мх Тіз imaginary. So, 


he value of x is very close to 1 but 
› then (x— 1) is always negative and 
x? + Vx—1 is imaginary. 

S bt (334- Jeon d Sce 

x»1]- P+ Х-1) does not exist. 


M (х3+ Ух-1) does not exist. 

. 17. Evaluate the following limits. 
owl Мх a? $2 –) 

(ii) ЗА E кышы ужа 

[ x is a natural number ] 


2 А р 
1-9 "том + iab х is a natural number. 


[LI T. 1984] 


1 | Dz 
Lt 1 
00) a E 
(i) xro Мам) 
LLt [vx*-x332 – хан x 
хо 7 — MÀ Ц 


aX Raj 


Vx*— x? куруе 


LIMIT 113 


Lt 9 _xt—x?42-x4 
APO /х%-х%42--х? 
2 
Et х4(-14-5 
x> оо AS Я 
я 112 
x (1-592 21) 
= it =1+2y? | 
2+0 УТУ 
[ Let ›=1, so when х->ф, then y>0+ ] 
"ud eum 
У1-1 р 


(8) Lt 1? 4-2? -3? +- 4x2 
х» оо x 


| 14.3 
Lo satie r 29 (1+ 4 
хо СТЫ 7 х-> ----- ұз 


ци ч 
10+ IS сажа 


an Lt 1 2 x 
GR) хә li tin SI 


-ы 1-Е2--3-----Ех 
Х— оо [Ex c 


Lt x(x--1) Lt х (1+1) 


“хөвөө 2(1-х3) xc 1 


E t M = — OIN 
– 2 (1-1) х-> со —2(1+-) 


| when x>% , then io] 


1 
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~ SEU 1 
(iv) аон к ағы 


Lt х Ы х 


521-5 Xo 141 х->о =(1+1) 


SE С When xc, then 150+] 


(CU х>-о, |. х<0 and |x] 2-x) 


1 1 
zn жш (y)+ F (r=! (say), whenzx-» — о, 


= then y>0-) 


Lt siny 1 Lt 2 
Ба T y 

о | У о) 
alt 0 siny Le 1-1 x 

уэ0- y .y50- ужс) ы -2 


y0 ys 171(- )40- – | 


(vi) Let z—x—y OF pz -—-— 


п—х 


О 


2. when х->2- then у= ы к 5 
п-х 


when х->л + Шел, y = 


4 Lt 1 „м 
4% хәл- пех уэе 


Lt 1 Zt 


x>nt' л-эх у» – оо ге == 


(Lt 
хәт л нах 9988 not exist. 
‘Ex. 18. show that 


4 Lt (a Th) -а" — n- 
0) Hex т “Т 3 


ath _ ра 
шм ae 


ду Lt log (a+h)—log a_1 
(iii) һ->0 Биш Эхэн 
4) Let-a+h=x ~ ћех-—а and аз һ->0, 
then (х- а)->0 ог, x-a. 
So, given limit=2* pe =“ =>"па““1 


x28 х-а 


@ 2 еһе Гр e% (gh—]) 
эбии. неко“ оу. 


а+ћ 
(ш) Шафи арц. Lt log ( ath) 


кэй — p 
h 
Ом tog (15-1) 2. tog (147) ETC 
- E аы к а a 
а а 


а 


Ex. 19. For all values of x determine the value of f(x), 


where f(x)= 218 die { 


when-1<x<1li.e.; | x! «1, then 0«х2"«1 2 
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МШ aco 
апа н 1 


E. 
xe punc ү. 


when |х| =], i e. x= -1 or, 1,then х2"= (x2)» 


={(—1)#}"* or, (02521 or, 1 ( however large п may Ье) 
. Lt г Ж =, 
"хо Прут ха со 141 > 
when |x| 51i e х<-1 or, x>], 
Then x? is Positive and >1. 
So the value of x2" 


Lt 1 NE 
ха" | 


So as the value of x will increase, 
Will also increase, So y—(1-- x?")&co i.e. 


“. Ф=Ь 3 ог, 0 according ав | x | <1,-1 ог, [>] 


Exercise 3 
Evaluate the limits — 


1. (i) хээ (4 ат – 5,47) 


Lt 2x43 T 
(1) x3 4243 (iii) 4 (x244) (2х4-1) 
А М ахь 
(iV) о са а (470) 


2 Itu а 


= 3 is. Lt 2. 
Lt х8 — 1 Lt 4x2 1 
(М; х-1 (у) TOS Е 


Lt / x?-]x412 |. == 
3. (1) x2 у, (4) М x27 
ua Lt x?-x-6 
(iii) 3-2 х%+х-2 


LIMIT 117 


4. (i) Lt ax?+bx+e 
V x0 px?+qx+r 


Lt ax? --bx tc 
6D keo рата O 


(750) 


14 ҮУхаһ- Мх quy Lt [| 1 _ 1 
5. @) h07 à Gi) БО Ен =) 
„a Lt Jt$x-1 „у Lt a— Маз— ҳа 
00 хз === (9) von р зна 


Lt У142х- У1-3х 
(9 x0 — паш, 


60 Мо yI- Jits үр Ух vitx 


x0 Vi-xt— Л+х У1-х3- Vix 
Мо Мї+х?— Ji+x 

A Уя- Л 
7. (i) Z x а) Pt, J2xx1-3 


хэд рісі 9 x4 2-2 


Lt 2-10x , Lt х3-3х 
8.0 р poise 0) хәз x-3 


ШЕР wo? и- Ээж из— zl 


x9? —125 д Lt  x9—125 
9. (i) Зи х- RES (ii) x3 x*-— 625 
3 3 

un Lt x"-]1 ох quem 
ын x1 xn] Gv) xoa я at 

Lt х°-+-2х+1 Л xi+ 8 
O хэл та (vi) 2 25332 
ун Oto- Qus м х*-4 
(vii) x59 сенін mm [C.U.] 
„ү Lt (Х41)5-х6 Lt 2 
dy) һ->0 һ (x) Ра = tuer «1 
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sS Lt {а(х +h)? + b(x +) с} — (ax? -- bx: 4-c) 
(xi) h>0 i 


Lt x n Lt х 
10. (i) x20 ye (ii) x0 3— 14555 


х->1 


[ Tripura 1986 | 
аис 

ТЭ 14 x? Lt 3- J9—x3 
v) ход a- Va? — x 0) XOLG = 

Lt sinx a Lt tanx 

ШЕШ а Пн УВО жеу, 

: Lt tan x? : Lt tanix 
(iii) x20 === (iv) —— 

Lt  sin2x Lt  sin4x se Lt sinx 
2. (i) x0 3x 00 ур a. di). Зх 
6, т 
(іу) 4. 0 5 [ Tripura '78 1 
M 

(9) 2, Б = [ Tripura 779 1 

" Lt  x—sin 3x 
09 хэд x—sin 4x 

p Lt 1-cos2x- ts = 

1.0 хо (шош o 1908 2х 

у Lt созес х – сој x 

lii) Er E co. 
( x0 x %) БЕРЕТЕ 


(v) Lt  sin4x 


ход зіп Зх (7) юм tan 4 0 соѕес 29 


- Lt x(cos ax — cog b 
(4) хэ0-2-18-2) Gu) ы. NI ~ соз 62) 


х 
: Lt  sin(x—a) Lt Қ 
іх == 6) біп ах 
"P aw sum М dag tan bx 
(xi) 22 хоошсх (xi) Lt, 1~tan.x 


4 l-cotx 
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ss Lt o sin?x cos x 
(xiii) А дї. 


А Lt "E. 
14. (i) xol зна (ii) x» соз 2х 


(ii) x т (р хэл (sec x—tan x) 
б -х) 


(у) sa sin x —cos x (vi) 7; х2-1 
хэт 1 -x хд COS X 


i) Мл! sin? x aa Lt cos e+cos 20 
Vil Ж I —— ——— 
=й Яр сх, (ix) бол tan? 


(x) Lt 1+соѕ x (xi) Lt _ cot? 0—3 


Х->П tan? x баға cosec 0-2 


Lim ena —1 


55 — - "T 
ix. @ 2 =! wm i ==! quj 


х—0 2x х->0 г nx 
; Lt  ae*--be-* Lt Ваш 5-1 
qM у Sey е- 


i) 2' 108(1+ах) 4 Lt 108(1+2х) 
16. (i) zi (8) хэй anu 


ay Lt log(i+3x) „, Lim 1 Lim 5 
ш о “tan dx È) хо 0235 (v) x0 +a%)? 


| ; $ _ 32 
Өй Te DE qup Lm 2-3 


x0 


17.() Lt ов x) (у) Lr — logül-ax) 
Po" x x0 зшёх 
) Lim 


біп 1о8(1--х) 
X30 Торе = 


log(1--sin x) 


(iii 


1 
18. (i) реле х COS (2) - (ii) ~“ = | 
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19. А function f(x) is defined as follows : 
f(x) 21, 0 ог —1 according as x20, =0, or «0, 


Find іт у), 


20. fix)=2x+1 when xz1 
=2х-1 when х<1 


comment on the existence of 20 f(x). 
21. 


A function f(x) is defined as follows : 
Дх)=х when 0<х<1 
—2 when х=1 
-2-х when 1<х<2. 


Pa Ét 
Determine XX f(x). 


22. A function f(x) is defined as follows : 
fix)=x? when x«1 
=25 when х=1 
=x? +2 when x> 1. 


Does Зи Дх) exist 2 


23. Afunction f(x) is defined as follows 8 
Д(х)= —x when х<0 
=x when 0<х<1 


=2-х when x>]. 
Determine zn f(x) and exis f(x). 
24. Show that 
ii) P^ шаны 4 
úv) n 124233 54 fne) i 


LIMIT 


п? +п+1 


25. Show that 2 r5 ЕТЕ 


does not exist. 


© Tz 
26. Provethat (i) с еа 


(ii) ас ОЕ 


T. о eye? = 


27. If n be a positive integer and ao, ау, do," 


constants, show that 
Lt n -1 n-2 
х->оо (4057 +a, x" 1 +aox"7? +- ал) == со 


28. Prove that 25. Vte- ТЕТЕ 
У1-хз — /1+х 


Lt x" 
хоо n! 


29. If x be a constant, evaluate 
з. If #(x)= Ух*+1—?Х°—1 show that 
x 


РА t 
O Po- a) P5. =n. 
a Ж 1 

31. Evaluate : шээс TRG нх 
Lt х"-1 


32. Evaluate the limit хо х] 
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33. Show that (i) Lo (exe (i) P „(9)“ == 


34. Evaluate the limits 
cos |— cic 
(i) 228 (7) (ш) Et 4х-1-4х-1 
A O И меш 
35. Evaluate the limits : 


4 Lt X*log(x—1) | rim sin x3(1—cos x5) 
() уља заа @ хэ нэт... 
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36. Evaluate : 

Lim 12?-4*—37+1 (н) Lim sin х-зіпа 

@ SS хэ. duca 


[I.I T. 1979 


x0 


= 77: x—sin x 
4 
(ii) FON x-Fcos?x 


37. If m and n be integers and 4070, 6070, then prove that 


1X a4 
n-1X-- b, 


—0 when m«n, n when m=n ; 
о 


Lim дах" a x"71-p... аи 
хэ» со box" Eb xT Tob 


= e when mn. 


Lim — x"g(x)-+h(x) 
38. Prove that, x> — vail 
=h(x) when 0<х<1 6 


= Мх) + 2 (2) when x= 1. 
—g(x) when x>1 


CHAPTER FOUR 
CONTINUITY 


541. We have discussed about continuity of a function while 
discussing graphs of a function in chapter two. There we have 
said that if the graph of a function f(x) is broken at the point 
{x, fix)} corresponding to some x, then the function is said Мо 
be discontinuous at the point; if the function be not broken at 
the point, then the function is continuous at the point. If the 
graph of a function is not broken any where, then the function is 
continuous every here. In the next section we proceed to discuss 
Continuity of a function mathematically. 


$42. Analytical definition of the continuity of a function at a 
point. 3 
If гэл Ла) Ла), then the function f(x) is continuous at the 


point x—a. Hence the conditions of continuity of a function at a. 
point х=а аге 


(i) m f(x) must have a finite value 
(ii) Ла) must possess a finite value 


d) & f» ла) 


Х-»а 


Hence if any one of the above three conditions fail, the func- 
tion will be discontinuous at the point х=а, 


Again the condition for the existence of 55 Жі that both 
a 


Lt (x t f») 
of. за I) and а opm exist finitely and CONS 
м ДХ) 


2 x>a+ 


So if any of these two limits does not exist, then the function 
is discontinuous at the point. 
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Example 1. A function f(x) is defined as follows : 
f(x)22x-1 when х>1 
=x when x«l. 


Let us discuss the continuity of the function at x— 1. 


Lt Дх) Lt (2x-1)_ 1 [ when x>1, then 
x>1+ “х-»1- rad fix)22x-1] 
л ан *=1 [when х <1, then f(x)- 1 


» и Л) ы №, 
"охэ!- х->1-- 

Lt f(x) 
So, уур =l. 


Also f(1)=2.1-1=2-1=1 


1) and the function is Continuous at x—1. 


.. 


л тА - f(x) — 
x1 


Ex. 2. Afunction f(x) is defined in the following manner. 
Лх) = x? when x» 2 


—3x when x=2 
—3x-2 when x «2. 
Examine the continuity of the function at x=2, 


Lt Хх) Lt x 
Here р ci 


Lt E 5 
roe ape (3х-2)-6-2-4 


a и А) и у) 
tt x24 хә2- 54 


ы fae 4 
х-»2 i 


But f(2)=3.2=6. 
во, Ht, ГР fa) 


Hence the function is not continuous i.e., discontinuous at x=2. 
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- Ex. 3. А function f(x) is defined in the following manner. 
J(x)23x--2 when x «1 
=x? when х> 1. 


Discuss the continuity of the function at x— 1. 
Lt f(x) .Lt 
х->1- x1 


Here _ (3.1+2)= 5 


Lt f(x) __ Lt (52) 1 
x14 х—1+ 


QBO Л) Th 
x 


х>1- 


So, d (x) does not exist and so the function is discontinu- 


ous at x= 1 


Ex. 4. Discuss the continuity of the function f(x) Hina * at the 
point х= 0). 


Here /0) is undefined i.e., does not exist and any question of 
‘continuity does not arise. 


Note. In Я E те and Д1) both exist and they 
are equal and so f(x) is continuous at x—1. In ex.2. both 


a Л) ana Д2) exist ; but the function is discontinuous at x—2 


5 а Lt Ж 
due to the inequality of le ) and fi2). 


X) А 
In ex. 3, =R ү^ | does not exist but Д1) exists. Inex.4 ДО) 


2 Lt f(x) i -sin x 
does not exist but 120 exists ( you know тара” 92521 : 


843. Continuity of a function in an interval. 


a<x<b isa closed interval. Ifc be an interior point of the 
interval, ie, if a<c <b, then the continuity of f(x) at х=< demands 


Lt f(x). Lt ) 
х->с- = хс 23 = о) 
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But for the two end points a and 5 we shall consider only one 


sided limit. ` For the left end point а, Lr 24 =fla) and for 


х 


4 x 
the end point 5, n fe. 


pay = f(b) are to be ensured for continuity. 


In these cases the other two limits, viz., the left hand limit and the 
right hand limit are not defined. The function will be continuous 


in the interval a&x«b, if f(x) is continuous at every point of the. 
interval. 


544. Geometrical Discussions. 


In chapter two we have said that a function is said to be 
continuous in an interval if its graph in the interval is continuous 
i.e., the graph has no break in the interval. 


We now discuss the 
converse proposition i.e., if a function is continuous in an interval, 


then its graph in the interval is continuous. 
Let the function f(x) be continuous 


in an interval i.e., it is 
continuous at every point of the interval. 


Let a«&c «b i.e., c ig an 
interior point of the interval a<x<b. So the function f(x) is 


7 =. Lt Л 7 : 
continuous at х=с. у с =f c) and f(c) possesses а finite value- 


So P (e, f(c) is an interior point of the graph of the function and with 
centre c, there exists a small interval c— 


ё«Хх« 648 where 820 
is small at pleasure such that in this interval the difference 
| fix)-fle) | of f(x) and Де) is tess than every preassigned 
positive number however small, 


So on both sides of Pthe graph 
has infinite number of points whose distance 


3 from P is less than 
every positive number however small. 
р | A 
[ In every interval; however small it may be, there exists an 
infinite number of points. ] 


So in moving from one side of P to the Other along the graph 
one need not lift his pencil or chalk ie., the graph is not broken 
at the point. With similar reasonings it oan ђе Shown that the 
graph is not broken in any interior point of the graph. For the 
extreme points A and B (A and B are poin 


; ts of the graph corres- 
ponding to х=а and x=b) if one moves from the right and left. 
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respectively along the graph towards the points, then it can be 
shown by the same reasonings that one shall not have to lift his 
pencil or chalk. So, the graph is not broken at these points also. 
So, the graph is not broken at any point of the graph ње., the 
graph is continuous. 

545. Some important properties of continuous functions. 

1. If two functions f(x) and g(x) be continuous at х=а, then 
the sum, difference, product or quotient of the two functions are 
also continuous at x=a. In case of quotient the denominator 
Да) or g(a) must not vanish. 


2. If f(x) is continuous in an interval and Да) and fib) are of 


opposite signs, then there exists at least one point c in a<x<b 


59, 
such that fic) —0. 4 
$ 46. Removable discontinuity. 
When = 


еа f(x) exists but f(x) is discontinuous at х= а, then 
two cases may arise ; viz., 
(i Ла) does not exist. 


or (ii) Ла) exists but 14 A ада). 


If we define the function such that “9-2 7», then the 


fuoction will be continuous at x—a. In this case the discontinuity 

of f(x) at x—a is called removable discontinuity. But if 
LX X : : : : 

E- b 10) does not exist, then this type of removal is not possible. 
The function f(x)— EET is not continuous at x=0 as in this 


case f\0) is undefined. The discontinuity can be removed by 
redefining the function as 


fe) Sim x when х0; f(x)=1 when х-0. For this new 
definition, 

Lt x) Lt sin x A t 

x0 4 7x20 “= 1=Д0) and f(x) is continuous a 


-0 and the discontinuity is removed. 
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Examples 4 


Example 1. Show that every constant 


is a continuous 
function of x for every value of the variable x. 


Let c be a constant and a be any given value of x. Here 
poe c=c [as the value of с is independent of x]. Also if fix) 2c, 
then f(c)—c, as the value of c remains c what ever be the value of X. 

Lt 

ха / ес=да). 
Hence ‘c’ i.e., every constant is continuous for every value of x. 
Ех. 2. Ifnbe any positive integer, show that x^ 


is continuous 
at x— a. 
Lt Lt 
Eus USE (X.x.x--to n factors) 
_ Lt Lt 
хах yg > х->а * tO n factors 


та.а.а““0 n factors, 
=a"=f(a), 


So, at x=a, x" is continuous, 


Note. Here we have given ап intuitive Proof of Lt 
x 


2% х"=а". 
а 

Ex. 3. Show that the polynomial 

f(x) =(аох" ay x"! ag xn- 4 


tan) 
all values of x. 


is continuous for 


s the given expression is a pol i ; ane: 
A 5 р polynomial, зон is a positive 
integer and ao, а}, ао, "ну а, are constants, 


Let x = с, be any 
value of x. 
Now s ом, (аох" ca xl ах “24... +a,) 
Lt 
ÉD (аох") +, (aat E (a, x71) 4. 2 


xc n). 
Lt xn Lt na Lt шаа | 
=A) ЖЕЕ x" ay хе х +a, ain ах"... аһ 


xc 
= дос" T ae"! ас Зи aa f(c) 


CONTINUITY 129 


‘Hence the polynomial f(x) is continuous at x —c. 


Ascis any 
value of x, so f(x) is continuous for all values of x. 


Ex. 4. Find the points of discontinuity of the function 


T 1 
BESTIA 
fog- 1 1 


х8-3х5-2 (х-1)х-2) 
So at the points х=1 and х=2, f(x) is undefined and so the 
function is discontinuous at these points. 
Now if az£1 or a2, then 


Lt = 1 1 


xaX? 3345) — E — в = за +2 
xod (x? - 3x +2) 2 


= f(a) 


So, fix) is continuous at x=a(#1 ог 2). Hence f(x) is 
‘continuous at all points other that х=1 or 2. 


ог, in other words х=1 and х=2 are the two points of disconti- 
nuity of the function f(x). 
Ex. 5. f(x)=2x when x>1 
—3x?—] when х< 1. 
Show that the function f(x) is continuous at х= d 
Lt Lt 
x14- TO ыі (2x)=2 


хэр- ea (8-1 48-1-2 


е Ш Lt И 
е x14. 0) = ут – 190 =2 


. 
.. 


t ы 
х->1 Г) exists and equals 2. 
Also f(1)=2.1=2 


Мел). 


Hence the function f(x) is continuous at x—1. 
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Ех. 6. f(x)=x? when x2 
=2x +1 when x«2. 
Show that the function is discontinuous at x=2.. 
t = 
Ig He Gera 


Lt 2L = = 
хэ2- Је) = 2 _ 0Х+1)=22+1=5, 


t Lt 
'* x324- ом; f(x) 
So, Хо f(x) does not exist. 


Hence the function is discontinuous at x —2. 


Ex. 7. A function J(*) is defined as 
F(x)=2x +3 when x «0 
=1 when х=0 
=x? +3 when x» 0. 


Examine the continuity of the function at x= 
Lt Lt 


x90 – J=x_,9_ (2х+3)=3, 


0. 


хэй» A= о 93, 
x une fe) f(x) =3. 
ИН poi Хх) exists and equals 3. 
But f(0)—1. 

HE gfo. 


Hence the function f(x) is discontinuous at x=0, 


Ех. 8. The function fix) is defined below, 

S(x)=x+2 when x<0 

=x? +2 when 0<х<2 
—x-4when 2<x, 


OONTINUITY 131 


Examine the continuity of the function at x «0 and х=2. 


тэр =z po (52-2 


ње Ле ос (x24+2)=2 


PD а. f) B orf 2. 


c f(x) exists and ae S(x)=2. 


Also Л0)=2. 2 LP. f)-f09. 


So,the function is continuous at х=0, 
Е a- N= a 9+2 =6, 


Lt Lt A mA == 
бф fee (х-4)-2-4 2: 


Жэ? и 
Ме хэ2- Теди + M0) 


So, A 2 f(x) dood not exist and the function is discontinuous 


at x=2. 
Note.. When х<0, then also Х« 2, 


But х->2- means x is very close to 2 and less than 2. 80 
when х->2-, we take f(x)— x' +2 and not (x--2). 


Ex. 9. Afunction /(х) їз defined as follows : 
f(x) —-x, x«0 
=х,0<х<1 
=2-х, х>1. 
Show that the function f(x) is continuous at х=0 and x=1. 
| C. U. ; State Council W. Bengal 1985 ] 


Ш р но С —% 


И + 20—504 9-0 
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SOS: GLi 


Эг аэ0- Јо Дх)=0 


Аво f0)=0 

TAL 

On x>04)=f(0) and the 
ae Пејн Si 
roy foe 


Lt 


E M Жа) exists and гс of) =. 


function is continuous at x— 0, 


x14. (2-9-2-1-1. 


au fea Лю 1 


ЗА ТЭ Жо) exists and 2 
Also f1)22-124 
^P, дело. 


Acer je] 


So, the function is Continuous at x= 12 


Hence the function is Continuous at x— 
Ех. 10. f(x)=14 | sin x | 


continuous at х=0, 
When х-э(— then х<0а 
So, when Хо0–, sin x «0 
v ЇЇ 


0 and x=], 


$ show thai the function Ax) is 


nd is Very close to 0. 


] sin x = sin Re 


tt 10-2) =1- Ма хе] -sin 0-1 


when x>0+, then х>0 an 
». when x-0--, then sin 


Lt 

x04 { 
Lt in x)=1, 

= x0 4(1+sin х)=1 


„ош 


Ч 15 Very close to 0, 


*>0 and | sin X | =sin x, 


I+ | sin x || 


L 2 
^ хэо- = оф 70д=1 
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Lt 
х-»0 


Also рый | віп 0 | =1+0=0.. 


B 
.. 


fix) exists and equals 1. 


A ae fix)=fi0) 
Hence the function /(x) is continuous at x=0. 


Ex. 11. f(x)=sin x, х>пл(п-0, +1, +2, +] 
—2,x-m(n-0, £1, +2, =] 
g(x)— x? +1, x0, 2 
=4, х=0 
=5,х=2 


Show that the function glf(x)) is discontinuous at х=0. 
[ cf. I. I. T. 1986 ] 


H SUI Lo gin x) 


(7, x—0,so х0 ~ f(x)=sin х) 
= (sin?x+ 1)=1. 
Again gf /0)]= #(2)= 5 
2% n 81 Лив ЛО) 
Hence the залан gi f(x)] is discontinuous at x=0. 
Ex. 12. лд- > зуу 0<х<1 


--2х%-3х--3,1<х<2. 
Examine the continuity of f(x) at x— 1. [c.f. I. I. T. 1983 ] 


Lt 222 х? 
хэ1- fo»- ( =} 


_Lt 
E у+ Л хэц G8 -3х4)-2-344-3 


Lt 
Ё E s fo Ty. Јод= 
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L 
са If) exista und хэ1709-1 


Also f(1)—212—31 =: 
ди гийн Ла)=ј) and the function is continuous at x=], 


i x?2-9 , L3. 
Ex. 13, The function due 18 undefined at х 


What value Should. be assigned 


to Д3), so that the discontinuity 
of fix) at х-3 Сап be removed, 
As 7(3) is undefined апа so 


t x? 
Now al о. (#+3)=6. 


f(x) is discontinuoys at x=3, 


So, if we assign the Value 6 to f(3), i.e 


"6 redefine the function as. 
-Х2-9 
"ӨЕ == When х»3 


=6 when х= 3: 
then 32,3Л9-6-013) 


and the function becomes 
Hence the value 6 sh 
remove the discontinuity of 


Continuous at х=3. 


Ould be assigned to РЗ) in order to 
the function, 


Ex. 14. fix) x41, When x«1 


=3-ах?, When хэ» 1, 


For what value of a Will f(x) be continuous 2 


СН. 5, 1983] 
Lt 

S fr (айыз 

Lt 


du Лођ | (3 — ах) = 3 —а. 


Lt 3 
So, as Хх) and x14. Ле) will be equal if Beau 
or a=] and in this case 


Lt =2. Also /(1 =3-12—5 
а 1 =2 fü) 
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=. 251 fix) f(1) and the function is continuous. 


So фе required value of a is 1. 


"= : 
Ех. 15. The function feos 2: is undefined at the point 


х=1; what should be the value of Д1) such that f(x) may be 
| сй atx=1. Give arguments. ІН. S. 1986 1 


Хх = 2—] 244 (x- 1)(х+1) 
En екі SI" x1 (x -D(x? - x4 


Lt 
m x41 _х->1\ (х+1) 
х->1 x24x41 14 (x2+x+1) 
->1 


== 
=F 


So if the value 2 is assigned to /(1), 


then ње | Л» will be equal to f(1) and the function will 


become continuous. 
Ex. 16. Without using graph paper draw the graph of the 


function sin 1. Discuss the limit and continuity of the function | 
х 


at x=0. [ с. Ё Joint Entrance 1984 | 
First let x>0+ 


In this case if п assumes positive integral values large at 
pleasure, when x assumes the values E then sin (9 takes the 
values 1, 0, — 1, 0, etc. in succession and also intermediate values. 
So sin (9 T not approach any finite value. In fact, sin I 
oscillates between the values —1 and +1 


Lt i С does not exist. 
So. 0% sin ) ое 


Again when х->0-, then x is negative and let x— —y (у> 0) 


', sin ( =sin (3 = —sin 0) So in this case 
(s 3 


e sin В = NL. H= 50+ m [| 


(as in саве of x0-* ) does not exist. 
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| 

t 5211 : ( 

So ae sin (9 does not exist, Also sin 3) | 
is itself undefined at х=0. 50 from all points of view the function: 


i. 11 
is discontinuous at х->0. We draw below the graph of sin (=) 
Notice that the graph is broken at x= 0 


ст ханиад: 
ү“ 
fig. 41 
Ех, 17. f(x)2x 21 


=0 
Discuss the continuity of 


У when хуу, 
when x=0, 

the function at х=0. 
-0|-|х sin (2) |= [х] | sin 0) |< 
аѕ | sin 1 «i 


So, making x close {о 0, as close аз One likes ie, 
| x | (20), small at pleasures, 


| X sin (5) -0 | сап be made less than any 


number as small as it may be 


. 
. 


^. (есіп 2-9 
Also f(0) — 0 к sol? sin (4 }=ло. 


е 
So, f(x) is continuous at х=0, 
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Ex. 18. Determine the values of a, b, с for which the function 
_ sin(a+1)x+sin x f 0 
fix) де таи: == E or x< 
=< forx-0 
_(x+bx?)? = E 
m 
is continuous at х=0, 
Lt Ух) Lt sin(a+1)x+sin. x 
х-0- . хэ0- z 


for х>0 


x>0- 5 4 
Lt sin (482), p 1 
Жэн Лү 
“жЕ т 2 
а--2 
morn ty “ЫЗ, colt 
xL 


= (a-2).1.1— a4 2. 

1 1 
it S@ pg unte 
x0 "x20 8 

bx? 


: 1 
=Lt (x tox)? – x? Habt) x?) 


| pum bx? {(x-+bx yx? 
_Ы (x-bx?)-x __ 
Кым non 
44 bx? 
поврх +1} 
= и 1 zd 
| х0 + (аа 9 | 


So if f(x; is continuous at х= 0, then 


L Lt 
М р 1090-2070) 
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сог, а+2= ^M a=-3 
б М/А: xl 
"U x90 Ie)=5 
Also f(0)— c 


If f (x) is Continuous at x=0, then 
Л е? 
~ a=}, с-% and b can haye a 
( when ӛ-0, then ЛО) is undefined ) 


Ex. 19. [x] депо 8 than or equal to 
* and x is any integer 


—n, the function I(x)=[x] 
+[—x) в discontinuous, Is this discontinuity Temovable ? 
Lt 


aon Tau, (8-1)6(-н) 


Dy value other than 0 


tes the greatest integer les 
+ Show that at x 


e UU 


хәп- (-1)--1 
Lt 


FAR ы РН in+(—n-1)} 


Lt 
x>n+ 0) = 


t 
“xn (-)= = 
Again Шалыс TM 
.. x>n F(x) ¥/(n) When ж0 is an integer, 
The function f(x) is discontinuous 
discontinuity is remoyable b 


at x= (50), Тһе 
У defining Хо- 
integer 50, 


-1 when р is an 
Exercise 4 
1. A.function f(x) is defined below, 
Жх-х-1 when х>0 
= —{ when х=0 | 
—X-Fl when х<0. 


=1+x, when x» 
—$ when х=1 


Examine the continuity of the function at х=1 
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3. Determine whether the function | x | is continuous or not 
at x=0. 


4. f(X)—[x], where [x] denotes the greatest integer less than 


or equal to x, Show that function is discontinuous at every 
integral value of x. 


5. 


s еп 3 ЈЕ: 
Prove that the discontinuity of the function f х = 12 


х 
at x=0 is not removable. 


6. Prove that the function PX is discontinuous at x=0 


and the discontinuity will be removed if f(0) is defined as 1. 


у m 
7. The function f= is discontinuous at x=4. What 


value should be assiged to f(4), so that the discontinuity will be 
removed ? 


8. Find the points of discontinuity of the following functions. 
sy >= 5%+6 ау tan x ay 

(i) PC ER (ii) x (ii) cot x 

9. 


Which of the following functions are continuous at х=@ 
and which are not ? 


(i) да) when 2540, /(0)—0. 
(ii) ДА when хэ, /(0)==1 


(iii) f tS te when x40 ; /(0)—0 


2 3 2 
(iv) Јоде 2 tox + when х0 ; f(0)=1 


10. The difinition of the function f(x) is as follows. 
f(x) 30 when x?» 1 
—2 when x? <1 
=} when х2-1 
Show that, though the function has а finite value for every ?» 
yet it is discontinuous at x=1 and z= —1 
Draw the graph of the function, 
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ll. The function f(x) is defined as follows : 
10)-434-2х when х<0 


—3-2x when x20, 
Examine the continuity of the fun 
12. f(x)= | x-4] 2. 
Examine the continuity of the function at x=0. Also draw а 

neat graph of the function, 
13. The definition of a 
f(X)—x* when x«l 
—2'5 when х=1 


=x2 


Show that 


ction at х=0 


function Жа) is as follows : 


+2 when хэ» 1 


Че of f (0) so that the function. will 
continuous at х=0, 


16. A function f (x) is defineq аз follows ; 
2 
f(x = -а When х<а 
—0 when Х=а, 


a? 
25 when хо» а, 


ша- 


Show that the function is Continuous at х= 

17, f(*)=sin x cos (1) When xz0 
—0 when х=0, 

Show that the function is Contin 

18. Let f(x--y)— fix) Ху) for 

nuous at x—0, then show that fi) i 


a 


uous at x=0, 
all x and у. 
5 Continuous a 


И f(x) is conti- 
t all x. 


[L L T, 1981 1 
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19. А function f(x) is defined as follows. 
f(x)2 – 2 sin x when -л<х< x 
=a sin x+b when -8<х<0 
"€ x when 2<х<л 


Ifthe function is continuous in the interval —a«x«s*, find 


‘the values of a and b. 


20. Let f(x) be a continuous function and g(x) be a disconti- 
nuous function. Prove that f(x)--g!x) is а discontinuous function, 


21. The function ойын нш 4) 


is undefined 
at X—0, Show that if f(0) is defined as f(0)— a--b, then the 
function will be continuous at x=0 | c. Е I. I. T. 1983 | 
22. The definition of the function f(x) is given below. 
Лх) = $—x when x «2, f(x) 21 when x=2 
and f(x) x—3, when x7 2, Is f(x) continuous at x—2 ? Give 
Teasons. [ Joint Entrance 1986 ] 


23. Exmine whether the function /(х) = | х-1 |+ xj 


is continuous at х=1. [ Joint Entrance 1988 ] 


CHAPTER FIVE 


DERIVATIVES 
$ 51 Derivative. Determination of the derivative of а 
function or differentiation is the main operation discussed in 


Differential calculus. We have in the previous chapters discussed 


about Real Numbers, Functions, Limit and continuity. We 


shall now discuss about the determination of the derivatives of 

| functions of real variables with Tespect to the independent variable. 
Again differentiation of a function is a particular type of limit 
operation and whether this particular limit exists or not depends 
on the continuity of the function. The relation between continuity 
and differentiability will ђе discuss 


ed in 859. But before that 
we must discuss what is meant by derivative of à function. 
iti Lt f(acth)-fa) . : 
abo M h>0 h = exists, then the value of this: 
limit is defined as the derivative ог differential coefficient of f(x) 
with respect tox atz—a. If the limit does not exist, the deriva- 
tive also does not exist and the function is 


not differentiable 
at x=a. 

Above, we have defined the derivative of 
point х=а. Here ‘a’ is а constant and ‘h’ is a Vatiable, generally 
instead of determining the derivative of a function at а Particular 
point x=a, we determine the derivative 4 
as f'(x) ( Evidently the value of f(x 
is thus itself a function of x ), mine the derivative of f(x) 
at x— a, we first find f'(x) and then Put х=а in f'(x) This is 
denoted by f'(a). И the value of f'(a) is finite, then /(а) exists, 
otherwise it does dot. 


а function at any 


We have already mentioned that in the definition 
Lt Та +h) — Ка Я 
h>0 Маза Ла) of f'(a) 
a is constant and h is a variable, 
Lt — f(x--h) = Ло) 
ћ ШТА 


->0 


Similarly іп the definition 


DERIVATIVES 148 


of the derivative of a function f(x) with respect to x at any point 
x. x is a constant and h is a variable. For, we actually we deter- 
mine the derivatives of a function at particular points and 

Lt = flx+h)—S(x) 

h>0 h 
15 the generalised expression Of ty Лан) - 20), the derivative 


of f(x) at x—a. The process of determination of the derivative is 
called differentiation. 


AS we use the symbols ‘+’, ‘—’, ‘x’, ‘+’, Lt for the opera- 
хә 


tions of ада ши, subtraction, multiplication, division and Limit 
respectively, so we must have a symbol for the opperation of 


ИЦ 
differentiation with respect to x. 2 18 {һе symbol used in case 


of the operation of differentiation with respect to x. So, 


xdi MA з 4 үү - 
7 @=4{ no The derivative of x? is dx (x?). Тһе deriva: 


n i is 4 (= The students must be 
tive of y with respect to X is dx (x) dz 


particular in understanding that the operation is 2 and not Ф 
x 
[Experience has shown that students, due to lack of proper under- 


standing frequently refer determination of derivative of x? as 


determination of 2 of x? and likewise ] 


А function may possess a derivative with respect to x for 
particular values of x or may not possess the derivative at some 
other points. [ In pronouncing or writing derivative of a function 
with respect to x, we do not always use the phrase “with respect 
to x"; if this phrase is not mentioned, опе must understand that 
the differentiation is with respect to the independent variable of 
the function] Again at different points the values of the deriva- 
tives of a function ( when they exist) are generally different. 
Follow the following example. 

Diff-Cal—10 
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Example. Determine from the definition the derivatives of 


the function f (x)=! at the points x—1, x=2 and at x=0, 
x 


Here the derivative of f (x) at х=1 


Bye! 
SEALE ANY D ТРЕД. od qo 
о Мо E 
ЕЙ ORES eurn 
h>0 +В) РОГ Ек i 


laps 
= М ЈО +н)- 0). L 2+h 9 
мина д 


4 


= 22-87 Г Ер аута 
h>0 2Qh.h h0 202418 h-Q 2021) 
=-}. 


) Lt f(Q--h) f) _ Le -AO 
f 0-455 ar 00-а Л 


But as f (0) is undefined, so the limit does not exist ie, f'(0) 
does not exist 

Note 1. 
for finding 
formulas are 


In the next few sections we shall determine formulas 
derivatives of different types of functions. These 
derived, directly from the definition, 

the derivative of a function from the definition is a 
as finding the derivative ab-initio or from the first p 


To determine 
Iso referred to 
гіпсіріе, 

Моје 2. In the above example we have 


found that the | 
dissi сен, : 
derivative 2 does not exist as 


the function is undefined at х=0. 

This may tempt the students to conclude that if the derivative of à 
function at a point does not exist then the function does not exist 
at the point. But this is not the case, In the next section it will 
be shown that the function | x | has a definite value at x0 but 
fits derivative at the point does not exist, 
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3. The students are once again cautioned that „4 (y) 


and ы 4у--Ах. This has been discussed in chapter one of the 


^ Application of Calculus" portion. 


4. ын E Aa Ла) а). 


Proof. Letx=a+h 2, x-a=h and when Х-эа, then h-70. 


89 дэ, Е Аи REEDS) ro. 


xa x-a 


5. The students are naturálly interested to know the application 
of a subject which they learn. Аз yet we have not mentioned 
about applications of differentiation. Derivatives have wide 

—-applications in the determination of the instantaneous rate of 
change of a function at a point, finding the equations of tangents 
and normals to a curve at a'point, determination of approximate 
value of a function at a point, determination of the maximum and 
minimum values and in dynamics. These topics -have been 
discussed "in the application of calculus" portion of this Book. 
But these are small fragments of the wide range of applications 
of calculus. 

452 Relation between ‘differeatibility а and continuity of a 
function. 


Theorem. If a function is differentiable at a point, then it is 
‘continnous at the point. 


The function f(x) is differentiable at the point х=а. To 
prove that the function is continuons at the point. 


Proof Ј(а+—7(а)=1 ath — Да) (у 
ћ 
^ poo Ule age Lt [Leth - 5,4) 


h 
= fart )-J (2). 227 h— f (a) x 0—0. 
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[ as f (x) is differentiable at х=а, бо Ч га+ђ-ла 


tends to a finite limit f’ (a) ] 
sity Ола) (а) 
Hence f (x) is continuous at x-a 


The converse of the above theorem is Dot always true. Ка 


function is continuous at a point х=а, it is not neccessarily 
differentiable at x— a. The function | x | is continuous at х=а 
but is not differentiable at х--а 


FM |х|=0=]|0]. So | x | is continuous at х=0. 


Let us now consider the derivative of | x | at x20. 


dex хр) Оо 
hi0 h 


hizo 
ig ЕО _ Li h | 


Эр» ћ 
Lt h | 
Now S "Eu! ћ EM (0-1. 
и 5|h| ши, Ев» 7% 
EA aeo y hoa (-)-- 
ule I^] ш | 
'" э0- р h>0+ Re 


Lt 05 | – 
іе, 10 ВИ Dot extst., i 


| x | is not differentiable at х=0. 


Note. р ЕР) дао 200 
are respectively called the left hand а 
of f(x) at x—a. Ifa function is differe 
then the left hand and right hand derivatives of the function must 
exist finitely at the point and must be equay, The common value 
of the two derivatives is the value of the derivative of the function. 
at the point. 


nd right hand derivatives- 
rentiable ata point х=й: 
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853 Derivatives of elementary functions. 
(0 Лх) = x" where и їз a real constant. 
tcs eum Lt В — f) 
Here f'(x)= ac )= 0 a a 
Гі (x A)" -х" De у“ — Ха Р 
“ку р = сз Е =их"-1 
[ Where y— x +h ог h—y — x and as һ->0, then ух. | 


Note. The formula Lahin- can be remembered in 
x 


the following manner. 


Decrease the index of x by 1 and multiply the new power of x 
by the original index of x to get the derivative, For example to. 


find Lox) first decrease the index of 5 by 1 ie. make the index 


4 and get x*. Multiply x* by the original index ie. 5. So 5x4 is 
the derivative of х5. 


(ii) Derivatives of Trigonometric functions. 
(a) f(x)=sin x. 


f'G)e Lt fG-Eh)-f(X) Lt зіп (xh) - sin x 
шин h “Эрэ h 


hj. h НЯ? 

LL 2 cos (x-+4) sing re cos 2 +) Lt Sing 

в-»0 ћ Эрэ ш зы 
a 


=cos x.l = cos x. 
RH (sin x) = x 
£s 12 х) = cos 
(b) f(x) cos х, 
(x)= Et fih) - f(x) Lt cos(x-- A) — cos x 
F(x) h>0 hy cU еа 
> и Р В в 
E 2 sin (ен!) за (—) _ м 5m (x+4) sing 
веб 7o Wc Esc лус 


9 
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A 

Sin- 

f h Lt 9 
Зон ЧАН) ор 
2 


= -sin x.1— — sin x 
o 


E (cos x)= – sin x. 


(c) Лх) tan х 


()-25 f(xth)-f(x)_ Lt tan (x--h) – tan х 
а 0 i 


и а M sin (x+h) cos х- cos(x-- h)sin x 

22 os (x COS EE пе У ЕВА 
һ->0 АҺ ЕЕ В cos (x+h) cos x 

414 sinh — Lt sinh Lt 1 ї 

“h->0 f cos (x+h) cos x h-0 h © h>0 Cos (x+h) cos x 

=1. 


сот Sec?x. 
о 


` 


d Е: 
хэ (tan x) = sec? x, 
(d) f (x) «cot x. 
f'()s Lt f (x+h)- f (x) Lt cot (x-Fh)- cot x 
MM. cpu Aga бр ИЯ 


11 cos (xh) cos x 
PH SR OH) sia x 


—Lt сов (x+h) sin X — cos x sin (x+h) 
ћ— h sin (4-0) sin x 

-и sin (x — x h) ¿Lt sin (— h) 
h>0 h sin (ХЕ) sinx h>0 h sin (x+h) sin x 

satt tinh 

ии h->0 Asin (x+h) sin x 


Lt sinh. Lt 


1 
2710 № во sin («+ за ` “їп > cosec?x. 


£ (cot x)= - cosec?x, 
x 
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(е) f (x) sec x. 
Lt m (x+h)—f (x) Lt sec (x-+h)—sec х 
h __ №>0 ћ 


1507» 
1 he. 


=H cos (+h) cos x cosx_ Zt сов x—cos(x+h)_ 
h 


~ h0 h cos (x+h) cos x 


Е м. в. : 
EE (+) sing NEL (-*3) 
h-0 В cos (x+h) cos x 1-0 cos (x+h) cos x 


9 sin x 
—= .l=sec x tan x. 
h>0 h cos x. cos x 1 
а 


4 (sec х) = sec x tan x 


(f£) f (х) = cosec х. 


совес (x +h) — cosec Х 


= B at er FOL o Д 
—Lt 1 211 
sin x —sin (x+h) 


Эр»0 sin (x+h) sin x_Zt 
А һ-0р sin (x--h) sin x 


ћу. ћ hy. В 
E 2 cos (x +5} sin (- 2) zT 20 сов(х--8 sing 
ни? FRET ET TI АЛГЫН ia, A L3 — 
—0 h sin (x+h) sin x 5 sin (+0) sin x 
АА 
Lt cos(x +H) ET өш 
700 sin (x+h) sinx руу № 
2 
ее’ cos X jei t 
Sin x sin 177 908—6 X cot x. 


2 4 
2% (cosec x)= - соѕес x cot x. 


trigonometric functions are positive and some are nega 
following may be useful as a good aid to memory. 


Note. Above we find that derivatives of some of the 
tive. The 
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Trigonometric functions which begin with со (such as cos, 
cosec and cot, will have their derivatives negative, Derivatives of 


the other trigonometric functions viz sin х, tan x and вес x аге 
positive. 


(iii) (a) f (x) Se", 

ОЛУ; fx-ch-f(x) Lt еб+ъ _ ех 
а) o "M REC “зу КАРА; h 
=U e%(e*—1) Selt е1 

һ->0 h>0 т 
[ Here x is a constant ] 


=e" |= ез 


Zeze, 
(0) f (x) &a* 


F= o 2-ға rd ge 


ша log ax Lt eh log a E 
h0 ХЕ ТЕЛЕЕ log *x1—a* log „° 


d 
dy (8°) =а* log P 
(iv) f (x)—log x. 


г) я 108 (8+) ов х 


log(*+4) ы? log 1+1) lóg T 
E NN жаш M uu = | : 
х 2 


х 
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d Qi 
2% (log х)= 5. 


Note. In this section we have found the derivatives of element- 
агу functions other then the inverse circular functions. They have 
been'discussed in Examples 5A and in 3 57 


We now give a list of the derivatives of the four types of 
elementary functions discussed in this section, 


1. Ze) ennt [ for all real values of п | 
d s 
2. (a) d Sin x)=cosx; (b) 22608 х)= —sin x. 
(c) 4 (tan X)—sec?x ; (4) 4 (cot х)= —cosec?x 
dx 1 dx 


d 2 
(е) 2 (eee x)=sec x tanx; (f) 2:6озес х)= — совес x cot x 


3. (a) “е-е; (6) ада log 2 


^d d 
4. 250198 = E 
554. Fundamental Theorems on derivatives, 


Theorem 1. The derivative of a constant is 0. 


Proof. Letc be any constant. As for every value of x, the 


value of c is c le, с has a value, so с can be taken as a function 
of х. Letc—f (x). 1 


. Зои f(xcB-jfx) Lt с-с 14 0 
oe dz E Ж UP — = - -0, 


h>0 h 7р-0 


Theorem 2. Ifc bea constant, then E 1 (3l 
x 


=ef] 109), at all those Points where f (x) is differentiable. 
x 


152 DIFFEBENTIAL OALOULUS 
Proof. Let ¢(x)=c f (x) and f (x) is differentiable at x. 
бү (x +h) — 50 
_ Then Це f (x)}= ан Aor En fn 


f (x+h)—e f(x) _Le f (x+h) —/ (x) 
= 7 ћ шэг [760-708] 
= {Leth re» [As f (x) is differentiable at х, 
o E ARED afo) exists | 


= 1 («= c f'(x). 


Theorem 3. If f (х) апа a(x) be both differentiable at x, 


then 217 (х) £g(x))— E 1 (x)}+ ҚАНЕ 
Proof. Let Р(х) у (x) g(x) 


5 РОК О d ase Lt o FEAR) 
=t Их) Af (x) + a(x) 
Зэр = (а 


L h)- (х4-1)- 
2229 feth Ў (а) үв(х+ - se 


НӨ? ГЭЭЛ 10) м &(x-- h) — g(x) 
и h>0 hr 
С (апа g(x) are both 


differentiable at x, 
So юм teth- |= f(x) 


and А ај -8(х) both exist ] 


лена —f'(x) +е'(х) 


Corollary. If fi 9), Р(х), fs(3) е 
positive — ] functions of x differenti 


(1) 4 а ло) +) 


> Ín (X) аге nfn is а finite 
able at x, then 


сас tf.(x) 


ERU GR А ua лор * 4 fao) 
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@ ісу f(x) же fala) tes / с ten fal} 
= e d лос, 24 ось 81 fy) ees + 


255 (<). 


Theorem 4. If f (x) and g(x) be two differentiable functions 
of x, then 


d ет. а 
ҒАНЫН СЫНУ ИОН 00446005 
Proof. Let F(x)— f (x)g(x). 
-Fl 
Zire Zuge, A | 
Lt (+ ас +) — /(Х)я(х) 
кН МЕСТЕ ТТЕРІ 


_Lt f(x+hglx+h) f (х) а(х +h)+f(x)g(x +h) — fo38 >) 
үг һ->0 ћ 


-8, 4 (КЕ) ЕВ) S [ge E = sey 


=, ах Ка) = MEE "ба f) 


Lt  gx-h)-g(x) 
#>0 lou 
[ As f(x) and g(x) are differentiable, so g(x) is continuous and: 
all the limits exist ] 
d 
= fea) +10) te) o (07 Gc) + ада) 


Theorem 5. 


If f(x) and g(x) be two differentiable functions 
and 2(х)<0, then 


d (fan se) 4. х 000)-70)-2 (809) 
809) leor 
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Proof: Let F(x) 
g(x) 


Ж 400). 4 из) и 1 я Біз) 


dx g(x) ах h- 
Дх+®) 169 
alt е) galt  f(x--h)gG)- f(x)g(x +h) 
kao р H0 ре 


hg(x+h)g(x) 


alt fath) a(x) - fi) g(x) +(x) g(x) — 100 g(x+h) 
h0 he(x+h) 3) 00 


Lt d fxh - fo) 6(9-Дхї ха-8)- &(х)} 
h>0 h g(x+hg(x) 


Lt 


Heo seth) #69) 
[ As f(x) and g(x) are differentiable and so g( 
fhence all the limits exist separately ] 
[а Лә) g(x) -f0» Ша» ) 
g(x) . g(x) 


af (x) g(x) -fix) g'x) 
HEN C 


Note. This formula is remembered as derivative of quotient. 
> (denominator x derivative of the numerator ) 


x) is continuous, 


— ( numerator x derivative of the den 
g ( denominator я 


ominator ) 


EXAMPLES БА 
Example 1. Find the dorivatives of the following funotion8 
from the definition. 
() уза (1) у=2° [H.S.'80] (1) уе: (gg "782 
(iv) у=-8 (8.8. 19] (0) 952949 ( нов 83] 
(vi) y=a?® | Joint Entrance 1980 ] 


+h) - f(x) Lt 20) Lt Дх), = 
һ->0 teth- = һ->0 42 "40 Му EE se) 


DERIVATIVES 185 
(D Let y=f(x). 


. йуу Lh ДЕФА) Ne) 
^ as (а) = 1 40 CY Жаны 


—Lt =+һ-= 16 h.Lt (1)=1 
— ћ—0 h . h>0 h ћ->0 "ae 


Gi) Let y=f(2) 


. ay Lt f(e+h)- fla) 
a md = le E 


ОТА (zch)?-z3 Dt 2° +9he+h?—2? 
__ћ=>0 ya» “Же 7000 E 


Lt  9hz-Fh* ТА  h(8z--h) L& * 2 
рд h зэ! -h pro (22+ = 22. 


(iii) Теб у= 25 


. ду 160 (2486-26 
s. dg ћ—>0 — В: 


h-0 


Lt —a5-F6z5A-d-15z*h? + 2023 + 10z*h* + 6215 +5 – 25 
h 


_ Lh 65-4-1624? + 205313 -15z?h3-F6zh5 +h" 
~ hoo h 


L5  h(6z5--15z*h--90z51?-F160z?h? + бато + h^) 
ћ—0 h 


- o (625 + 1524 + 20x? n? -- 16x? h? + биће + 5) 
=625, 
(5) Lt -2e+h)-(22)_Lt — —9z—9h-9z 
dz h-0 h __к->0 Е "Т 


— Lt —9h 14 
Sho p Thoo (де -а. 


dz 


2 ЭНЭ а, —9z 


20 2% --3z?h--3zh? 3-97 4- 9h — 5 — 2x 
һәб я — 


. 156 DIFFERENTIAL OALCULUS 


Li 3a°h+32h?+h3+9h 


h>0 h i 
Lt  h(8z?-F3zh-Fh? +2) 
A0. | h 


Lit : 
= 0 (баг аар ће) 
= 85? +9, 


л ду Lt (=+А)28 — 28 
UD эш эд во 


_ Lt 928 — %8 | where y=z+h; ,', h=y — ә and 
y уд when h-»2, then y—z | 


= 98227, 


Ex. 2. Hind the derivatives of she following functions from 
definition. 
() у= „ар в 2=2 | Joint Entrance 281 1 
8 


уе Эн Ч. 
(1) 2 at 2= 3 [ Joint Entrance '82 | 


ћ 
= (мажа V2 У9- + 9) 
h-0 Ма+Ћ+ 2) — 
TR 2Th—-2 14 Л 
"90 а-а V3) h0 Мау ма) 
„Пе 721 27285431 
һ->0 Ја+ћ+ J2 2/9 


Gi) Let /а)-а ? 


oe Ab 2209 
| y= lt f(3-F h) —f(3)_ Lt B+h)~ 3 3-8 
f __ћ->0 ћ ћ 0 о. 2 
1 ; d. 43 8 
NEM чі У — (3 2 
18 (34h)? _ D a eM. 


h30- h ЕЕ 
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Тв (82-202 - 55 G ei) лэ!) 
ас Ls % 8 
hi(3 +h)? 5 Hur AP + 37} 
252011 (8+1) —85 
hi 3--h)3.33] (8 -- h)3 +32} 
2168 274 21h--9h?--A? — 27 
CL = __= ~ E 
hi(3 +h)? 32 (3 rh)? +37} 
= х = A(27 + 9h+h?) 
эй 0 БАРД. ј >. 
hA(3 + 1)2.32Н(84+7)2 +37} 
2.14 91 -4-91-4-82 
AO (ваа, (а) 4-33] 
еў a cd 


33.38.0.38 849 


Вх. 8. Find f'(x) when 
(i) Ла)- Ус | Joint Entrance 1986 | 


(1) Ха) = ar 


NL. | 
; ЕТА) = ЈЕ 2201, V — Ју 
Lt (Уз-+ь- Ye) Је +" + Ма) _ Lt 2+1 к 
130” “аг ла 56m 


һ(Ух-+ `+ Уз) 
208 а ДІК с. 1 


ШАЛ вр + Је) 


1 
Oh КУЋА Ја) №0 ЈЕР МЕ 2, 

2 dba 

0) fert. FEM = fe) Da Neth ve 


h 
QD 4/2 =. - mh | 


218 (Je Vg Ry Der leh) 
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rz—-z-h 


= hile ЈЕ А Уа Мар) 


Lt -h 

CI раја JeF Ус). 

= Lt row INTO TA И 
T0 Va Vath lee dee Ма +) 9m Уа" 


Ex. 4. Find the value of Ғе) for given value of 2 when 


Да) ^ seo 2% ( =) [ Joint Entrance 1987 ] 


x ж 
rent A+) - 10) 


M вес 8( 43) ) -seo 9.7 “5 
__ће»о h oa 


1 ae 
os (7 +2h) оов cos 4 ~ оов (7 +R 
=t 1 1 - % il -“. A TE CM i 


LT НЕ ГІН ов 7 


т ніп + sin h 


o л 
а а З НӨ) „ 


—h-0 em h Lt ‘gin h 
h cos (7+2h) сов 1 шал 1+0 cos (7 +) ` қай, 5% 
9 m 
— n tan 41724211293 
7/2 


Ex. 5. Find from the first Principle the 


derivativeg of, the 
following functions : 


(i) f(z)—sin?z (№) f(x) gin 22 [ H.8, °4 1 

(iii) f (r)—e Ут [ Joint Entrance’ 79; '84] 

(iv) f(z)=see 32 [Н.8.'85] (v) Ха) = 4c [Н. 8. ӨШ! 
(vi) Да)-е 9%; ate=0 (H.S. 1987 ) 
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D у. РЕ) а) Іл  sin%(e+h)—sin?e 
® у=, gg ee 


„14 _ sinl(eot+h+o)sin(e+h—2) 
h-0 h 


Lt 2 Hh h_Lt t “sink 
= 0 вш (2¢-++h) sin =L g нь (Iz +h) Пе а 


=== 2z.1—sin 22. 


(ii) г@= d Ленд ле) Is sin (z--k)? — sin а? 


h-90. h 
itera prn 


— Li 2o00 202 + 2hr +h? sin два +ћ> 
h->0 2 2 


E 


=glt p E bases alu D Щщ ДЕ МЕ ИЕР wth) eu 
h= 2 h-0 ahh i 


20 +-h 
=2 cos ao lt 0 ‘any ) ola) 


‚ =2 сов 23. 1. 2-592 сов 2? 
[When А0, then a 2379) ~), ] 


(iii) fto) e feth Л) 


Va+h € 
m [= н 32154 Ме+ћ— Уш 
Wa-Fh— Ус ` ae 
(7 А90, Ме vexo] 


Diff-Oa1—11 
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14 pha, we Lt 


ЈЕ+ћ– Уз 
h>) Jzxk- ve h->0 h 


Now let /24-7-/2-5 and when һ->0, then b-»0. 


я EA NL "2 Lt QV th _„ Ме 
Зе “уураг Je о --- 


и. бе) Мх Lt 


4-0 4 кә тесе У до 
Also Z$ — МЕ+ћ— va 1 
h 2 Је 
Vara 
. , TRO. 
.. fel 


(iv) feat Деме Lt 980 (2 — во За 


ћ 
ЖЕЖ "а 77A 
- сов 3(z-Fh) сов 32 Lt сов 32 — вов 8(2--һ) 
h h cos 3(24-1) сов 32 
37, б:4-3), 
E 2 sin sin (era ) 


h>0 7, сов 3(z--h) сов 3z К 
3h : 
Lt f sin 2 | sin (tm) 
по m ров, Nha. 
L Ч j һ->0 Coos 3(z-- A) вов 32 


L] 
=8 | gin 2 sin 8 _ 
№0 “3h | cos За, cos 32 405 8534. бап 32 880 82, 
g 


=3 tan 32 see 32, 


„у Lt віп 4(a-+h)—sin 4 
= Ши с 


Lt 9 сов (42-91) sin 2h 
2р0 в. 
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Lt sin 3h 
malt, оов (tetak) Tt. (4828,3) 
ET Lt віз 9А _ 
=4. сов 4a, h-0 79% 21 сов 42. 


—9h 
wi) ro=H,, ia) о) _ alt ot 


E ын 2225 = a)} = -al py ey, 

һ->0 | 7h90 =h 

= –21= – 9, 

Ех. 6 Find from the definition, the derivatives of the following 


functions. | « 


(i) f(z)—taa7!z [Joint Eatrance'88 ] (ii) f(z)—sin-!z 
(ii) f(w)=log (воз 2) [Joint Entrance '88] (iv) Ле)==“. 
(i Let y—$an^!z ^ tany-sa. 
Ав z—r--h, let у> y+k. 
5 yTb-tan^l(z-d-A) or, c-Fh-tan (y-4-b) 
h=tan (у +k) — tan y 
‘and when h->0, then Ё—>0. 
dy Lt tan !(z-h)-tan 12 Lt y+tk—y 


CER ATI) ЫЫ ай h0, h 
шы 814 k 
h> h k>0 tan (yFk)— tan у 
= k и k сов (у +k) вов у 


віп (y-Fk) sin у “k>0 gin (y+) оов у — cos (у +7) sin y 
сов (QA) сов y 


Li 
QE obs (у +%) cos y 0-00 995 (y+k) cos y 
k->0 


ніп % Tm 
k->0 


sin & 
не 


00829... 1 NET ur 
1  Beo?y 14:00") 1445 
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(i) Let y-—sin^!z and y-Fk—sin^ !(z-- A) 
4. Ева“ (2+1) — во“ te and sin y— 2, sin (y+h)=a+h 


ІН ћ—>0, 5->0. 
Фу Lt  sin"(z-Fh)—sin^!z 
. Now a) ув — —— 
„і k LL k 
h>0 с+ћ—:% #>0 sin (у) — sin y 
-Lt 1 й: 1 
k->0 gi — gi 
віп Бр ву 7, 4 о (у sin Ё 
+) а 
Е k 
i ce ИДЕЈУ = 1 = 1 
№0 908 (v+4) Lt sin В боз .-L. ШО 
h>0 1 


2 
1 
MEI 
Ml-sin*y Jiz? 


(ii) Let у= (сов г) ana и оов (+h) 
4. №008 (2+1) – cos с 


4, When h->0, then 4->0, 


4 -— ‚ ~ 1-4 
Now 1, Пов (оов a] ГС 106-008 (E +A) оова 


mLt 108 (y+) = -logy 1; log Vk 
АО ix. Up ura mm “з 7 


Lt ад ai 


"h-0 
y 


log x: 2) 
1и Lt 
у бод — ВЮ sean) oos g 
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=== E m 2 sin еі віп C3 


h 
in 
103i AD ces 2. 
= E E ВЭО sin (eth) iyo к 


Бах sin 4.15 —tan 2. 


һә 


, Li — f(z--h)—f(z) 
(v) (= o et -fe) 


‘ +h) 
Паана 
wu ние о тик 7 
Lt seth) log (x th) „= log = 
һо h 


—a log & 
(28 урын log(z--h)—z log =n 
->0 5 
ЭО (2+1) log(z-h)- x log 2 


(2 +h) log(z-- 1) — a log =) 
ћ 


= og z* Li (2-52 (e-+h) 1ов(®- 1) – Јов = 
h-0l poc h 4: 


where = (a+) log(e +h) – 2 log 8 
when h—0, then Кк—0 


[ Here we have assumed log v as а continuous function ] 


Li eu = 
=a p Эр T s [ese log 2) 410g (241) 


=”, Цай, Ё + log ағ») 
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| 
2 . Я J | 
(5 log z is в continuous function, A log (x+h) = log х | 

| 
2% Р 11 +108 2 —a*(1-4-log a) 


“Ех. 7. 1 К) =2+1, where 270, then prove from the first 


principle that f’(1)=0 [ Joint Entrance 1983 J 
ср А-а 
fa), io = 


1 
Lt (ENSE У 


=һәо Т 
214 (L+h)?+1-2(142) 
ш (14-43 
alt = 1+2h+h?+1-9- 94 
Th-0 (1+) ~ 
Lt h 
—Lt h? һ->0 0 0 
A0 t EIS ` 
155728 B (Lex) 


Ex. 8. If f(x) is differentiable at &=1, 
Lt — (zh) Қа)-9һ flh) 
weh међе Сн. в, 1986 ) 
Ls (@-+h) а) 9h Kh) | 
gh Ca. 


„и = f(a) +h а) — ВАТ) —hf(h) 
zh 2-7 


find the value of 


Lt (0) += fi) -h Hn) ap, Fæ- h Kh) 
= Е та e ан, 


2h 


«| Лађ— Л) It (а -fh 
"za UT SMO p, pra] 


"ah z-h 8-1 
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aL Lt fæ- fh) Lt Li К-Ж 
шэн ви 13 DA h +; в K +в z—h 


= hf'(h) +h) 3- (h) =) + 2h /'(%) 


Ex. 9. Find au using formulas if. 


() у=ајо (№) y-'Js (iil) ут: (iv) = 


б) ya (v) у= 5/53. 
(i) 154 (219)=102!9-1 =1029, 


(i) Wad (Ya)=Ž (25) = “а 5 


4% dc 
c le 
Ба? 63 
4 1 
(ш) SIE 1 ez dpt Ta e 


2 Аа 
= —9х@х Miis 


б) Az da as)" =a E у о ES 


Ех. 10. Ii (i) y—sin(—2) (ii) у= cos? P find Ба 


() Uai {sin( а = { — на #} = -Ё (sin ша — 008 8. 


185 
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(ii) 2i = 4 (oos? 2) -2. {81+ сов 2)) 
-izo-2 (cos z)}=4(0 — sin 2)— —lsin т 


Ex. 11. (0 у-1ор,2; find 2 [ Joint Entrance 784 ] 


(i) у=1ов ог" ; fina 30 


(i) y=logse=log,x logge 
. dy d 


іу Ке EE 


d 
2242 (log ет logge ) —1og?e 33 (log,z) 
= log ec 


(Н) уш1ор|02"-2 108 1 (2==7 log,z log тов 


а 
d» ds (n log, 2 108 106) =7 108106 4. (108,2) 
=> log, 061, 
Буг” 


Ex. 12, Datermine the coordinates of the Points аб which 


dy = = 1 А 
dz 0 for the function gest Also write the geometrical signi" 
ficance, 


[ н. 8. 1985 1 


& и мн 11 
ах 


2370 or, 22—1=0 


or, = 1, when c= +1, then у= +9, 
At these two points the tangents to the graph of the functio” 
will be parallel to the z-axis and ths fudetion will haya maximum 


or minimum values. [Ss Ohapters Oas and Thraa of tha portion 
"Application of Calculus,’ | 
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Ex, 18, Find ay whan 
{i) узан +Ë (1) y=a?+267+3 sin z — 4 сов х. 


(1) у-4 вест (Н.5.1918) 00795080 (н. S. 1918) 
о 


Бли патка 
(у) у ее PES) ( Н. 8. 1978 ) 


O 4-2 (6) = -Дө96620) 


= re 6 
524 +6, Б =bat — P 
ш) 4 det 2. (аа +20" +3 sin 2 — 4 сов ©) 
= 4 (2) + 4 (9,7) 42 (3 sin æ) – d 
М )+ (26 tu sin 2) 33 (4 oos 2) 


= Gt) 4 34 (sin ш) — 4. 
9+9. 250 ) 35 (sin z) 422008 >) 
= 924 26" + 3 cos z— 4(— вір 2) 
= 20-26" + 3 cos z--4 gin т 


(ш). 


Wan d (oe вас 2) e 6*2 (soo х) ве 2 S e?) 
da‘ 


* geo т бап 048880 2 e^ =e" sac c (tan 2+1) 


mv 4 4 
(s) dy _ 4 (sin sn.) log а (віп 2) – sin т 320198 >) 
dz dz log 0 (log x)? 


log 5.008 z — sin zl 
жагыбыз Oe p.i. d log z.cos 2 — Bin т 
(log 2)2 | 


a(log x)? 
dy d 
ү “ыа. +9 Q4 2+9 
= а icm 


(a? +42 — 5) 2 (2-9) — (s-4-3) Чт - 8) 
~ бе GIANTS M 


- 


| 


168 DIFFERENTIAL OALOULUS 


(а? 4-4 —5).1—(2 +9)(22 + 4) 
л (25-42-5990 


2 4-42—5)— (22? + 82-8) | _-23+4%+13 
= (z?--4z — 5)2 (23 + 42 — 5)? 


Ex. 14. If fe) = 22 z» determine f'(z). Also find those 


values of т for mm J'(z)-0 


6—4z 
Де * ти 


[ Н. 8. 1984 | 


_(@+%+) 4. (6— 42) —(6— 42) 4 (1--0:4-922) 


(4 +22 + 99)? 
Е (6— 42) (2+4) 
(1+ 22 + 952)2 
—16—24=-- 852 
“Тав ад 


= 23—32% – 

(1-22 902) 

If f(x) =0, 8(®° — 32 — 9) 
Urr нэ 


(1--225- 9 5) 0 


Gr, 4%—8р—950 д 2-3% 49-8 за ут 


+ 


Ех, 15, Expressing fan 2 ag паш 


д? Show that the derivative of 
tan тін 88022, 


438 4 
i (tan a) = @ (ain шарь 008 @ = (sin ш) — sin Tap (cos а) 


dz 008 т 00822 
= 008 2. 008 Ф —sin 2( — gin а) 
= 208: 0100810728 
00872 
во822- 812250 | 2, 
ол 
6082 6083 
Bx. 16. ИУ 271 


RAE When 221 
-4 when 2-1, : 
find the derivative of f (а) аћ===] [I L I. 1679 1/ 
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г 2—1: ной zd 
when 271, №) = оез тов en 1(22—5) 2=— 5 
жуу, 140-29 


1 1 
—Lt EDEL 5 a= J 2 Құм”, 97,- ae 
hou mxws 7 p h 
2L 2h — 14 9 22 
“Рэй маћ—3)3 h>0 (2h—3)3. 9: 


Ex.17. A function f (x) is defined as follows $ 


2 
Ха) == -а when 0«10«20 


22 
=a—— when «Ba 
a 


Test the ite and differentiability of the function аб 1-12 


тым Це ашы 

D ap (OE (8-2 0-6-0. 
rs ушеу 7@)=0 

a Б faoa) 


^ Ха) is continuous at z— a. 


Again, f (a-)uLt. f (2+ћ) - f (а) 


h 
3 (a+h)? та-0 11 a?+9ha+h? — a? 
h-0- uem =h>0- ^ 22 
alt hath) Та (2a+h 
= h->0 ak “Эй n ) ә. 


(a+h)? р 
Е ОР а 
TRU 20+ h 


è 


8 
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?—(a?--2ah--h2) Lt —h(2a--h) 
a rd oath _ 10+ ah 

Lt 25, (=) z—9. 
еһэо+ а 


f'(a—)z&f (а+) 


f'(a) does not exist ian the function із nob differentiable at ~ 
2-2, 
Ex. 18. Letf (2+5) = (2) у (y), 1] 
2 (5)=2 and /(0)—3, fina f'(5) [II T. 198 
f (z4-) — f(x). Хи). 
Putting z—5, у=0, f(5 +0)= /(5). Хо) 
от, jf(5)—f(5). (0) f0)—1 152 Д5)-9 0 ] 
Now /(0)- Lg да+ Uu 2110) 


for all & and suppose 


alt 15). Ah) – (5) _ Lt af(h) — 9 
һ->0 h __ћ->0 h 


«әй fh)-1 Lt (h) — Хо) 
3-90 Т вр m 


72X/'()22x3—6. 5 
Ех. 19. If Ла) =a, f(a) =1, 9(а) = —1, g'(a)=2, find the 
value ој Lt 90) (а) — (а) (а) 

UL mem EE 


Lt 


[ C. F.I IT. 1983 ] 
Фа) Да) (ауда). 
>а 2-0 


alt gi) (а) — 


POM) = (a) F(a) + g(a)f(a) — а(ау((а) 
2a OSTEN у 


9 (2) = (ај (а) — g(aYf(z) — fia) 
а HUND) = дај (а) — fia) 


v~a 
= i>a (9-9 f (a) — gla) пала) 
Lt (2) — ga) КА 14 Ж j= 
nii аа), Tec 


=f(a)g'(a) Ж 0(0)/ (a) -2,2-(- 1). 4=4+1=5. 
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Ех. 20. Show that the function /(z)—1-- | sina | is not 
differentiable at 2=0 and с=> [GF LI. T. 1986 1 

f(z)-1-- | ша | =1- 0 z if sin 20 

—1-—sin v if sin 240 

So, when -5« «120, sin z «0, f(z)—1-—sin c 

when 0<2<z, sin 22-0, f(z)—1-Fsin 2 

when Са «дал, sin 2<0, f(z) —1— sin с 

f(0)—1-- | sin 0 | =1; f(m)—1-F(sin л)-1 


h һ->0- 


Lt l-sinh—1i Lt — Bin HE d 
h0-— h h0— h= | 


B fo-)-I4. . Хо-м-Л0) Lt =) 


_та f(0--h)—f(0) _ Lt 100) — f) 
Дашы aE oy “Эрэ 


alt 1588-1040 sinh o 
__ћоо+ Ћ h>0+ h 
и. 7(0-)жҒ(0-ғ). ~  f'(0) does not exist. 


fase D. с, Шан. 1+sin (x--h) - 1 


һ->0- 0- h 


E —sin hoy 
__ћ=>0 — h М 


LLU  cf(mkh)-f(x) Lt 11- 
Tet) o ИЕ ныг бина ыы) 


SL вш 
h0-- h 
и, S'la) 
Ex. 21, 
odd funotion. 


f'(x) does not exist, 


Show that the derivative of every even function is ар 


Let f(z) be an even function, 1. Қ-о-дДа) 
(у Di E Siis 
Now, Иоан а AtA- =) 


_ Li fle = ћу flx) 
һ->0 h 


[V Ко-Қ-а), So" f( — 2 +h) = Ли — h)] 
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Lt f—1-—f(z) 
= a0 =h 
= —f'@) 
~ f(-2)=-f'@) 


~ (с) is an odd function. 


Exercise 5A 


1. Datermine the derivatives of the following funotions with 
respect to z from the definition, 


0) v-z* (i) у--3ш (Tripura 1982 ) 


(i) y=? (v) у=ах? +240 (у) 2-5 
2. Find the differential coefficients 


of the following functions 
with respect to с: at the specified points 


(0) Қо- % (at 2-4) 


@) =E (а=) 


(üi) Ле)-3/р (at 2=8) 

б») f@)=a3 +2 {at 2=9) 

3. Find from the first principle the derivatives of the following 
functions with теврвоб to 2, 


0) у=но 5% (й) у= 00822 (іі) y=pin2 2% 


А x ( 22) 
(iv) у= {бап 5 (у) у=а sin (2) (vi) y= Viane: 


4. Find from the first Principle the derivatives of the following 
functions with respect to [A 


(0 fG)—29* (1) јао [ Tripura 1983 1 
(ш) Лед 


§ Find the differential ecefficionts др initio, 


Y > [2 42 
(i) 108102 (ii) log sia (2) (iii) log sin т. 
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6. Find from the definition the differential coefficients with 
‘respect to x. 


(i) cosa? (ii) sin(log =) (iii) 40089 (at с=0) 
(iv) sin 23 (v) совес 32 - 


7. Find from the first principle the derivativas of the following 
functions with respect to &. 


(0 2799? (4) ig (ii) zcosz (у) Баг 
8. Write down the differential coefficients of? 


() 56 (ii) = (іі) 47 (iv) 279 (v) 528 (vi) = (vii) = 


ХОР 4 1 ТЕТЕ PET 1 
(viii). 3/2 (ік) 57 (x) ao") (xi) 9/513 (xij) вв. 
9. Write down the differential coefficients with гөврөоб.бо œ of 
(i) -5 log @ (ii) log e?* (iii) «198 22 


10. Find the derivatives with respect to 2 (Ex, 10—Ex. 13): 
0) а22--95:4--5 Gi) (xz)"-- вт (ii) 4224-5 cos x 
(iv) 2+2.“ +3 log 2+4 sin z— 5 оов 2+6 tan z— 


7 cot œ 

+8 sec 2 — 9 совва c 

(v) (a+bz) (vi) (a—iz)* (vii) cu (viii) gp 
x x 

: 2? 23 24 (5 

(к) 16:42) ta агар (х) ./249д Ма 323 ја, 

11. (i) log; (ii) log а" (iii) log 24106 22 

(iv) log, t+log, z? +log, 23, d 

12. (i) без (1) e” sinc (iii) 37 sin 2 (iv) 5225 

(v) (0841) сон 2 (vi) x? 108 Ф (vii) аз log x? 

(viii) (1+2) в= (ix) (248) log æ (x) е log а, 

18. (i) 6% сов ®--вїц д e^ бі) 23 ее ооф @ 

(1) 6” ш cot æ log a (iv) 2 log z 006 с (v) (2—1)(а2—9)(@—38) 

14. Express sin дд 98 З біп ш cose and find бће derivative of 


Flog 234... log 219 


sin 2w. 
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" d шишийн 
15. Expressing tan 2 as sin 2 вес z ; show that 2 ian 2)= 860721 


16. Find the derivatives with respeot to 2 


о ұға 0 TE ay 9. qo mes 


log € z sin z 
32? + 9 > Jat Је cot x шу Binz 
(У) sin 2+ 008 т (vi) Ма— Ja (vit) х + в (ин) 2* 
1 с 2 
17. (i) Express бап z ав d (Н) seo z ав "T. 


4 1 
(iii) оовес x as gi; = 204 show that 


ёйва 2) = sec? =, 2. (вво 2) =880 с tan c 


ATE 2) = — oogeo 2 cot a. 
daz 


18. Find (Ех, 18—92) 
dz 


(i) ymo bz +92 (ii) y= as rti а ton 2 


(Hil)... om Bm? Та оов ELA 


14 сов 2 


(8) у= 92-008 20 СН. 8. 1981 ] 


—1l-cos к : — 1+ Ja 
18. (i) y= (ш) Ун 


90. (i) yer rael 


= Du 
талу 00 =, 
21. () у= др d) [ E. Bi 1980 ] 
(ii) 2 Bin z-Fcos z 


I= cose ature Bi Sn 989 | аст 


t sin z--cos 2 
1 — сов 2z--sin 92 


v) V^ iios Зе Баја 2 
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a Om a Gl 


Р ЗЕ 1 1 1 
(0 vo Turre pp puis ipae par 


23. Express cot 2 as E 2 and hence show that 
E (cot х) = — coseo? 2. 
: EN LE dy. а а 
24. ату Show that 22 45 y 


26. v and r denote the volume and radius of a sphere respec- 


tively ; show that o represents the area of the curved surface of 
r 


the sphere, 


26. fx)-5eo z--tan т; show that /'(zx)«f(z)seo т. 
27. А function f(x) is as follows : 
Ке)=<= when 0<2 <1 
=2-—a, 1<:<3 
—-92—z?, >38 
Show that the function is discontinuous 80 2-4, 
that the function is not differentiable аб 2-2, 


98. 4(z)91(?—a2),0&z«a 


Also verify 


Sosa 
ь 27-89), 25. 
2) 
Show that Ф (2) is continuous for every positive value of v. 


го. 0. ] 
29. f(z)23-F9z, -3<:<0 


=3— 2x, 0 4z«3. 


Show that Дс) is continuous at x 20 but /'(0) does not exist. 


[0.0.1 
Diff-Oal—12 
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In $ 5°5 we have discussed the formula of differentiation of ® 
function of a function. Here lot y 7 d(z), 


z=9(u), u=A(v), v= W(w). 


dy _ dy dz du dv dw 
Then dr dz du’ dy’ dw’ dz 
The formula ig explained with the h 


elp of an example. 
Let y=sinflog сов(в“)}. 


2 
Here y=sin 2, where 2=log сов(е“ ), 
2 
255108 u, where u= 008 («© ) 


27 
14535008 7, where ume 
v=” where 10-522, 


А dy. dy dz du до dw ё 
US da dz ди” 45' аш de 


= 008 1 (sin ve” Ie 


2 
= — сов | log оов (е“ y — ве" e? Зав 
008 (ez?) 

2 
= — 22 vos (log (aos 65 је вїп(в® Зав“ 
cos(a” ). 
558, Derivatives of Implicit, Functions, 


In chapter two w 


Function. 1 V be an implicit function of Ф, then to find 
dy, 
jx Le., derivative ofy with respect to 2 


After differen 


obtained, The following 


axample will explain the method, 


Examples 


dy 
(0 Ife? +y?=a?, find dr 
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Differentiating both sides of the equation 
22+? = а? with respect to 2 we set 


E (ал). 4. AE (а?). 
т Here у is а pu of 2 ] 


or 22+4 T 


dy , ду 
‚ WA = .. 2у—=— 20. 
or. 2+ Vis ) Yaz 22 
dy = 
Or, dz y 


(Н) ху=віһ (z-Fy). Find dy 
dz 


Differentiqting both sides of the given equation with respect-to 
2 we get 


d 
È @)= 2. {sin (24-07) 
от, уа AOL (y) = cos (c+) 2 4 (а-ы) 
а 
or, y. 14-44 = оов е-и| 27 
dy . 
or, тр ов (е4-) = сов (4-1)--у. 


ай E: {с — вов (z--y)) = cos (2 +) – y. 


бу ЧД сов (2 +) — y 
' dx w—oos (z-Fy) 


Note. Try to understand the differentiations done above 


d (ву 42 | 
In ease of 5 (02), y? is at the first instance a function of у and 
.then y is a function of 2. 
Во y? is a function of а function of ш 


| £y% =F Flu?) = зуби ЕЭ 
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i ds aids 3 ду. 297 , 
Bimilarly 2% ) ay V ) 42 Зу 35 


d. = а (ві dy _ dy 
a, ein y) à, ein y) d; 908 Vis 


4 (qu) — d (ovy dy _ vdy 
с ay ) dz | dz 


d ad du —1 dy 
à; 09 9) 24098 5 ас 


Again in cage of 2 {sin (40, 


sin (2+ y) ig a function of (z--y) and (с--у) isa function of 2, 
d,. 
Bo гізіп (@+y)} 


-2 (sin 2) [where г=<=>у] 
а,. dz 
d; ein 2) 2 


4 
08 fiU ЊУ) = сов (e y) 1-2), 


559, Relation 
functions, 


Y= f(x), we can себат 
functions Жа), ane $ (у) 
Obher. 


Let y=g3 +1 4, аЗшу-1 от, ш-%/у-ү 
If we sey, f(z) - 55-1 ana ¢ @)=%/у—1, 
then f(z) and $ (y) are inverse functions of 8808 other, 


Let y=f(x) and c=¢ (у) are two mutually invergo funotiong. 


From tho formula of differentiation ОЁ function of a function 


we got. 


мук ёл ја) = 
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d _ а а 
а or. e) 2: 


йу 4, ау... = 
oF к 0а]. 
dr dy 
fet Шу, 
4 ду ах — 
dz 1 
Corollary dy dy 4 
42 


$510. Derivatives of Inverse circular functions. 


(i) Derivative of sin^!z. 
Let y —sin^!z S. sin yc. 


Differentiating both sides with respect бо x we get 
dy dy 1 1 
сов у =1 o = а 
Va = сов У  Ji—sin*y 


` 


ог, 4 (sin7 12) = 


1-2?" 
(ii) Derivative of cos-!z, 
Let у = 00871; se Cos y=a, 


Differentiating both sides with respect to 2 we get 


— gin "ET от, L PE OM - azlan 
dz dx sin y М1- mo 
d = ik 
or, 22098 14)= - Wine 


(іі) Derivative of tan^!z. 

Let у г=ђап“ 12 ^ tan у=, 

Differentiating both sides with respect to z we got 
dy 


seo?y =1 о, CUL l _ 1 m 
dz de весу l-ctan?y 142 
i 


1+? ' 


~ 
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= 2 
(iv) Derivative of cot"! 2 


Let у = cot 12 ^ cof yma 
Differentiating both sides with respect to 2 we get 


d 
- совео” yg = 1. 


1 1 1 
oo van ЕРП т тыын рэн 
йт cosec*y 1+cot?y 1+2 
а Ч. 
Э  –—(сођ“12)= — —-_ 
a У а 
(v) Derivative of вес“ ta.’ 


Let у = вес lg 4. seo у=. 


Differentiating both sides with respect to 2 we get 


вес y tan VT ve das кше iu ha dt TESTO 
. dc dz вес y tah у вес V Jseo?y — 1 
or 8 (48:15) 1 
dz 


tag? —. 
(vi) Derivative of созес” 12, 


Let у = совест !z "s совес у = 2, 


Differentiating both sides with respect to © we get 


- вес y cot y=: 2, Чи. 1 
dz dz ^ —ooseo y aot 9. 


каба 11270022 
cogeo у V cosec?y —1 


а 
So 2 “Ш-- 1 
0, = (00880715) en 


Note. Ав gin-! x 08-1 g—7 


à 4 оға г) = (z-ai а) 
18-0696 


а = 
Bimilarly E воб! а) and ӘСЕ a) could be determine 
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¢ 511. Derivatives of parametric functions. 
Lot «=f(t) and y =¢(t) where # is a parameter. 


dy 
Фу а %0 
Then 2, ga 70 
а 


Example. Let х= 0 cos t, y —b вір t. 


dp 420959 ег 
= ОРОВ а і 
da 4а Я (а ооз t) T ы 


$512. Logarithmic Differentiation. 
In the determination of av from a relation connecting 2 and y 


sometimes it is found convenient or sometimes it is found essential 
to differentiate with respect to 2 the relation obtained after taking 
logarithm of both sides. (1.68 the index of a variable ін also а 


variable, i.e., у 18 of the form IO) Sikes ;in these cases logarithmic 
differentiation is essential (if, of course, the differentiation i is not 


* done from the first principle). 


Examples. 

(i) Let y=" 5; 

Taking logarithm on both sides we get 
log у = log a? а с log с. 


Differentiating both sides with respect to а: we get 


2 dV log х сов 24-8Їд 2, x 
y dz c 


iu а — v (ов & оов 24-80 2 Е 


ine (log сов с зіп 2 Le 
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(1) Find а it у=(2– a)z – Ь\(х— ој — d)(z — е)(2 — f)(« — g) 


у=(2— ay — bz — eY(« — d) z— e)(e — f) | 
or, log y = log((z — az — 5)(z — c)(z — а)(®— е)(& — f) 
; 7log(z - a)-- log(z — 2) + log(a = c)--log(z — d) 


-Flog(z — e) +log(æ — f) 


Differentiating both sides with respeot to we get, 


1:0у 219 l1 


2-1 
. 4411 Lie la | Sls seti, 
Ж. m LE MEE Ж текте Ч 
=(@-—)(@-— Ь(в- о)(а- да — }(ш— 4) x 
i 1 1 1 1 1 
P TENE 
§ 513. Differentiation 


with respect to a 
Ха) and 9(2) are two functions of г, 

If one hag to differentiate Жа) with respeot to g 
and ет, 


function, 


(2), then let y = (2) 


.'. We are to fina W 


2 
ду 
йу dz f(x) 
Now om D dD 
de 4: џ(а) 
daz $ 
Example. Tt 


У == х and 2=23, derivative of ging with 
respect to 23, 


сов 2 
dz 4: 4 7 322 
de 428) 


In this elementary discourse we sha 
geries or infinite product asked юа 
satisfies all requisite conditions to Ба 
have been shown in Examples 5B, 


ll assume that every infinite 
ifferentiate, ig convergent and 
differentiable. The methods 
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Examples 5B 


Example 1. Find 4 when, FL 
da 


(0 у-(72--11)191 (4) у=віһ 52. (ii) y=tan 4a, 


(iv) yoo” (v) у=оов (2-82) (vi) у=е8+4 


(vii) y=log (82-3) (viii) у- Јаз 5 (im) IA 
(x) у=%5/л#+х+1. 

(i) s MM d where 1724-11-55 

, ity dez. 101) @ 

7 ds dè dz -2 (en dz (1а+11) 


7-101520 {2 0342 1) 


7101(7z--11)!)99, 72707 (72-- 11)100 
(i) y=sjn 5z-ain з в=б5х 


· Фу_4у de. а 
Базаар las т 4. (sin 2) dz; (52) = сов а. 5 


= 5 оов ба. ^ 
(48) уе бай 4z—tan 2 where 2=4% 


. dy у dz _ 
"odes desde is ELEM 


=4 geo? 4a 
(іу) у= 68 = 6* where д2=2. 


d 
g dum ын "m For ж (20) OF, дш Ogre 


(у) у=сов (2 — 82) = cos 2 where 8=9— gg. 
d od 

d» ducis C) È (ав) 

= sin z (—3)=3 din (2—35), 
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(vi) y—65***—e* where 2=824-4. 


dy бу de à (ву 4 = 
Зз ^ de 48 dz dz jen dz бе 


=3 63888, 
(vi) y=log (22+ 2) =108 s where z—2z--3 
dy dy dz а d 
шаа 4. 
ЖЖ асл ДЕ da ds sce) Mag et 
1 15401523 
Эрс zs ee 9z--3' 


КУ) y= Jz?-F5- У2 where z— z? 4-5 


. dy, dy dz _ 
o ЕО agli) 4 2 (235) 


а ene o) 


261 
=h2 (90) =а i- 7 
3 (22) Ame. 


2 


; 1 1 
(ix) y2—— =з =. 
d „Ма? +a? „Ја 
. dy, ду dz 

ааа 8) 208369 


where 2-523-на9 


4| -1: ET. 
наш 


е» ве 
2 (22 + a2)2 


ај | 


| зү 1 

4x) у Va? palo (аа ут) wheretz=22+o44 
„ ду dy de d( X а | 

'" dz dz’ dz FAL ) dz (к*+х-Е1) 

275. (arpa mel ` 


1 
зк 
5. 25 9(2? + +1)5 
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Ех. 2. Find dy when. 
dz 

0) y-sinz? (ii) yz S % (іш) у-сов (в=) 
(iv) y=coa(logz) (v) у=1ов (sin 2) (vi) у=ов (e* +3) 
(vii) y=tan {Ф(ш)} (viii) у=Ф (sin x) (ix) y= ol) 
(х) y=log{ f(x) |. 

0) y-sinz?-sin 2 Meus g—g? 

«dy. dy dz _ 

“5 de ds de dz 


= 22 сов z?. 


a tah =). i (22) = сов z. 9z 


віп 2 


(8) yse =ef where pei т 
i Шы 24 PEE ds ~ P 2 (sin a) =е". сов гч oD ы cos 2 
(ii) у= сов (6%)--бов 2 where 2 = e", 
> 0-2 Ba Е 
=== 6° gin (65), 
‚ Xi) у= сов (log WES 8, where z=log т 
5 ын 2: ш-2 ag (508 8). 2 (log а) = —sin г 1 


= — віп (log c). 1 


(v) y=log (sin NES, z where 2=вір 2, 


. бу Фу 48. 
ч... B de 


@ (log ОДЕ а. (sin a)= 1 cos а= 098 im 
Bin 2 


(vi) y =1ов (e*-F3)-1og 2 where 2=654.3, 
: ду _ ду dz 


ЖА 1 * 
dz dz` de wi (ше 2 dz * hae, т 


(vii) y=tan $ e E where Ф (а) 


dy, dy dz_ 
5 хаах da b Mm ЖЕСЕ 22 Ф(а) 


—sec? { $lx) } 9 (2) 
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(viii) у--% (sin 2)=$ (а) where z=ain с. 


dy dy d 3 
сан dr т 2189) 2 Gin a) $'(2) сов œ 


=Ф' (sin 2) cos 2. 
(ix) пе) us where f(z) = 2, 
^ da d ата) Дилә boot ri) cuf до 


(х) y=log { f(z) | = T 2, Where zæ f(z), 


. dy 4у dz_ d ЕТ m 
dz dz‘dz dz ЯГ 3). 45179) z) ЛӘ 


Ех. 3. Finà when 
dz 


() у-віп? а (8) у= Noasa (iii) ЛЭ 


(iv) у = вво д (у) yao” (vi) у=в®* T2241 


(vii) y = 0082 y (viii) 


log tan 2 [ Н. В. 1983 ] 
() y=gin3 2 = (sin ed Where z=sin 2 
. dy dy ) 
оа ds » (29), 2 (in 2) =32%, cos 2 
728 sin? а сон a. 
(8) y= Neos a= ^/2 where 2 siens т, 
9 dy ау dz _ 
1! ds ds * dx йш ЖЕ. dz as (0082) = (3) (sin 2) 
ын а 2) = —Bin c. ein ш 
2/2 2 Joos g 
4 
(Ш) y= ten? c= (tan aji = 1 where tan z— 
. dy.dy dz. 
" de dz 2-5 %, 4 42 (tan а) = 14. вво? 2 


1 -- 
=$ (tan 2), soo? 2=$ “Jinn w вес? 2, 
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(iv) уснаа? е 0)5 = 25 where 2 = во = 


Ro» зе =й. 5 sec 2) = 52* geo c tan 2. 
dz dz ёс. E 4 ЈЕ Л ui 
=5 (seo z)*. sec c tan 2:==5 seo? д tan z. 


" = 
(у) узе“ =е* where 2-65, 


dy dy dz_ NECI a) 25 
dz ds а: 2 1420-1222, 


(v) ys t2°4+1 


• dy. -W de а Im m 
'"' de. де до dr > ag +?" += а" (423 4-92) 


==6" where 2=2% + 29 +1 


= (423 + 92) a? + 42241 
(vii) у= оов? X 2)2 = 2? 


s Фф dy йг d Ч 
'' de de йш ds 29%. дв (608 2) = 28 (—sin а) 


= 2 cos x ( 


where 2—008 v. 


—sin х) = — 8 gin & cos v= — gin Qa, 


Ex. 4 Fina 2" when 
dz 


(i) y Sin е” (ii) y= оов(е 88 Dy. qu) rrr (sin сур 
б») y=log seo (024-33 (v) log log log 22 (4) Vein (en) ” 
(vii) y=log sin (сов 2) (vii) y-log,tan = g ін 1988 1 


(i) үе! ын =e* Where 2 = gin = а Where 122452 
dy. dy dz du. x 4 4 
"dy d du’ do ds 20 a gs 22 AC ): 


sin ж? 


=e" 20080) 9y — 9m e cos z? 


(ii) y == cog (o 53 7) — cos H where g— 080 2 
. бу dy dz du. 


da dz'du' dz ds ЯС 2) ЕС 92 (бап 2) 


=e" where Цэг tanc. 


= — gin 2, 6” 8002 g= — gin (6055 2), бап а 
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Gi) y=flog sin (@?)}"=2" where z—log sin (2?) 
=log u, where = віп Tg (v) where 9-22, 
dy dy dz du dw, 


1 uy (in v) 2 z?) 
dz 4в аш 49 da. 2 Эн S E 


"-11 


== -.008 v. 85 
% 


— 9n flog sin ( ESI Y 


1 сов (z?).z 


= 2ng (log sin s cot (22), 


(v) у=108 sec (az-- 5)? = log я where 2== вео (az +b) 
-1800 ш} where SEEN ; where v— az--b 


. ду dy dsdu do _ 
“5 dz 42” dudvdz ds j; боё 92 du ш (880 42 (0S antt) 


ы 


ир tan ш, 327, а 


За à 2 
asc 80859) seo (ас +5)3} tan (аз--5)3Қа>--5)2 
=3a(ar+b)? tan (az 4-0)? 

(v) Let log log z2=z ; 5 log 22 =u, v=g? 
^% y=log 2, "log u, u= log т. 


ду -w "da du 49 
N 
942,7 đa ` du ` dv dz 


i (log 44 (log ч) 2. (log of (а?) 


171 1/058 = 
8 u v 
TRER en 1 
log log 22" log 57 zz 
log log 2? 2 log 6. w2 
Ї 1 3 


Slog log w- logh “R 


DERIVATIVES 198 
(vi) у= Vin (e?) 

Get z=sin (2%), u= e. 

^A у= Ма, z=sin и. 


_dy dz du 4%- 
Ngm — ds ' ди“ dz -Ж мдя. е (біп ЈЕ 246) 


1 © 1 (e* (3 
=== . сов 4,07 = — — —— . сов (6). в“. 
2/2 2 Увш (65) 


(уй) y=log sin (сов х) —log 2 where 2- віп (cos 2) 
-8in v where u= cos 2 

5% dy ду dz dul 3 
асе du^ 42 750008 u(—sin 2) 


= -- 


— — ———. сов (cos 2) sin v= —sin 2 cot (aos х). 
sin (cos 5) 


(у) y=log, tans = log, 2 where dd T 


Er 
=tan 4; where == 


E 


du 
а 


м d 
т dz 


(log, 22 (tan DES а (5) 


8 tan 2 
al 17 MEE 
= . = : =- — = довео 2, 
2 sin 9 сова 5 2 sin g 00s віца ^" 
a 
E 


Ex, 5. Еа where 


(i) y=log(sec w+tan x) 


(1) y=loge (2+ Nz? +a?) LES 1982 ; 285 ] 


(й) y=log. tan (7+) | H. S. 1986 ] 


196 DIFFERENTIAL OALOULUS 


du = 42 

or, 3(0° —az);- —3(ay = 27) 
dy .ay —z? 
.. dz y? — ar 


Қ : Ир 
(iii) Differentiating both sides of the given equation W! 
respect to 2 we get 


за +9у5 = 9 „ wit 


ах V 
tan J+ tang 1+ tan 2 
(iv) tan E +) = а 
1—tan Z 17 tan 2 8 1-tan? 
Fein 5 
— 
т т а © 2 а, 2 
сов > бов а * sin 5 (сов 5+sin 3) 
To; 


2 7 sin 2 ain © "ET 

е sin 5 cos 2 sin 4 (о sin 3) (cos 2+ 2 
IE 18 
008 = 
2 


Hos 22 то. д 
Gud ме tear =l+sin g 
сова 2 — sin? 2 ++ cosg 


2 


=800 ~+ бар 2, 
se 6" 2:890 z-- fan с. 


or, noone (вес @+tan т) 


d 
or, о m tec t tan z-I-seo?z 


bs au _ 800 2 (860 24 бал na). 


a gu 


S00 2 (seo z--tan д) 


880 T+ tankao 
7:880 v, 


у _ 2+0 tan vo 
(0 4 2—0 tan x 


a+b tan а apain e 
= Е 


008 т 
2—0 tan п Ec 


сов 2 


or, "= 
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= 2 008 o+b ein 2 
а cos 2—0 вір & 


а воз 24-6 віп z) 
а cos z—b gin z 


“. y-to | 
=log (a cos +b sin 2)— log (а cos z — b gin 2) 


dy. 4 is ues —b sin e) 
ес flog (а cos 4-5 sin =} dz {log (a cos 57 Шин 


= l ____ 2 (а cos z-Fb sin з) 
а сов z-Fb вір ш da 


1 d 
pw o. © x — b sin 2) 
а cos 2— b sin т dz дб " 


LI65inz-boosz. 1 
а cos z-Fb gin c а oog c —b Bin © 


(- a sin &— cos c) 


= _ 4810 z-b cos x, asin z--b cos c 
а сов z-Fb sin z а cos æ—b sin 2 


— a?oos z sin т-Баб cos?z-Fab sin? ш — 5? сов z sin т 


=_ +a? Bin 2 cos 2 + ab сов? аб gin?z-Fb2 cos æ sin 2 
(а cos + sin z)(a вов z — Б sin =) 
— За (вов? --sin?z) = даљ 
а? cos? z—b* sin*z a? cos?z — b? вт. 


Ex.7. Fina 2" it 
dz 


(i) s+y=sin (ғ y) (8) log (ху) == 
(iii) e@*%=ay* (ім) zy-cos (x+y) 
(v) e®%—4ey=4 [Н. 8. 1981 ] 
() s+y=sin (zy) 

d CET 
о, 2 (tues. fein (zy) 

dy 4 К 

ог, 1 A aa sin = where ту=2 


EL dz 
=a (sin 2) 36 
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а 
= 008 27. (zy) 


= соз (zy) |y + 54 


ду _ йу L 
or, 3, 5908 би, У cos (2/)-1 


or, суров сов (zy)) — y сов (zy) -1 
dz 
dy y cos (2у)— 1 

ЧЭ dz 1-—sz cos (ту) 

(ii) log (zy) ==+у от, 


log 2-Міор у==+у 
differentiating both sideg wit. 


h respect to 2 We get 


1414v,., | dy or, dy (1 _ )=1-1 
v ydr dz c 


ат\у 
or, [1-9 2-1 , 3, V[e—1 
D- 0—64 — = 
да! y z dz zM-y 


(üi) erty ay 


or, de (0092 (ay) Or, өт%у 


2) dy 
= + (1 20) 
EL" daz кше 


ду 
or, age —2)my — ety 


* dy у-и 


dz ову а 
(iv) ху= оов (ey) 


or, 2 (ri). deos (ato) 


d А 
or, 457 и —sin (6444) (6+) 


= -sin (+1 2-1 


4 . dy 
dz (=+-у) “stez . 
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‚от, а-на (e+u)}= – (у+аа (@-+y)} 


dy . _ytsin (t+y) 
dz c-sin (eg) 
(v) ө%%-4шу-а 


differentiating both sides with respect $0 2 we get 
Ян 48 а 

== — —(4 == 

220) 4:4) 29 


а а 
су =а = 
or, e EAS) 42 (шу) 0 
zy (dy dy = 
or, e (Z+) -4| 1-4) =0 


dz 
dy 
or, РАС - 42)= 4y — yomu 


ог, | ое = 4) = у(4 – езу) 


t+a-— Уз-ь G) v=log (Угтаа zb) 


(iii) logi o Notat Vb) (iv) logio sin z, 


d ж й = Ме+а+ ит 
Vata~ Jab (Veta~ Јеж раде Juss) 


= Vetat Vatb_ Ja јез 


(2+а) — (2 4-0) a—b 
d 1 4 —— ғыс 
2 ата (Vea Уа+8) 


00 DIFFERENTIAL CALOULUS 
9 
(1) p=log ( Jx+at Јх+5)=10р z 
[ where z= Jx+a+ Хх | 
. Фа 


А ET dx 098 2— 4 (log 92-18 rat 4589) 


F : (т ies) 
/х+а+ /х--5 2Jxka 2Jxib 


(8) 1081 (Ухфа+ Jx3:5)—log, (Vx-ca Ух Ыов с 
| dy 2 
5674 dx" logt o 4x log, | vera Jxxi)) 


[и 10810 is в 


ый 
==1овў% Е 5 (+ Ух 
[form (ii) above] 


(iv) a sin x=log, 


0 


від х 1059 
Eid ? log? o ) 


ҮД ( 2 

=102 5 E (log sin X)—logt, 2 (log 2) 
[ z=sin x (say) ] 

=logt, 4 cr ELE Ah 

logi; Hr log (23.771081, 224 (sin x) 

=1ов° 10 


in x 508 *=logio cot x, 
Sin x 810 


Ex. 9. Find = when 


9 posit (2 0) y=tan yx (ін) y-—tan^! (sec x) 
a 
(i) усыг! (9 —sin^! 2 where z € 
a 
"a а 12)= © [sin-1 „142 
"^ ES d (sin де ae 27: 


SCAN 


23559, 


E а8 dx 2n e. DN Ryu 
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(й) y=tan7} ух=тап“12 where z= 4x (say) 


s d д =} -15) 42 
= = (tan 12)= (tan Tx 


(Ух)= —— = 
SER A угз Я 2 2ух(1+х) 


(iii) у= апт \(ѕес х) = (ап! 2; z=sec х ( say : 


. - 4 -1 1 сх 
2202 (авт! 4 (tan әш тант Ч (sec x) 
1 1 
HU _ E c x tan x. 
= quus See х tan х= pps © 
49 1 1 sin х_ sinx 
1 ` cosx” cos x= 1--cos?x 


cos?x 


Ex. 10. Find 2 when 
dx 


(i) v=} sin 1.28. ГН. S. 1979 ] 


Gi) psin үс [ Н. 5: 1980 ] 


(ii) у-чар-! 50 х 
Ула тр; 


ЕТ [ Н. 5. 1981 5 Joint Entrance 1979 


(iv) yp-tan! ‚/1—СсозХ гы $: 
LIS ГН. 5.1983] 


(0 pocos! LÀ [ H. S. 1984] 

: ее 1+cos 2x 
(vi) p-ten | 1-005 2x LH 5 1986 ] 
0) Те x=tan 0 -— 
"o p-jsni 2 tan 9 


..- 1 =} 20 
10 ign"! sin 20=9 
14-tan?g РЫ 


—6-—tan^!x 


oru 
dy 14% 
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x 
s. РЕ —— 56 
(ii) y=sin- 1 ae sin 4 where 2 1 | 


К Pa 2 in !2— 2^ gin-1 dz 
z Gin z) à Sin^!z) 8% 


Wi-czi ax) 


(1х) 4 de 209- xd (1+х) 


ay c ла 


2м lx пл —х1— 14x 1e, 
Мах (у) М2х+1' (1+х)# 
= 1 


мМ2х--17 Ї+х` 


aX . 2X 
(iii) y-tap-1.C0s x 208 g — зіп? 5 
lis 


Теа у tan! TANTES E 
Cos? 7 gin? X 5 sinz 
g tsin 2+2 cos; sing 
х, 
(cos* + sin 3) (соз 2. sin 2 COS? – зіц 
=іап-12__9___ 2) 0085—81 2 a 
Хас х\ 2 RANT x x 
5 х Е 
( os3+sinz) cosg t sing 
; таап 
= ап“! —an^!qag(7.X|)..7 x 
1+tan* s 3 
Мил Ir 
dx 87 
AV) Gaines over 1~cos х. 2 sin?£ - 
v) y—tan тоох tanm 2 cog? = fan^! tan 4-2 
· 1 ) 
x 9 


ЈЕ l-tan? ө 
сов“1 = 1 
A) gen ix Rest i+tan à — 908: cos 26= 2. 
{ where *=tan? 0 ог, tan g— ух or, бал“ ! yx] 


- D dy d 
. = 1 x — = - 
nd у=2 tan АЛ .. 2 2, (tan 1 мх) 
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C AW ЧЕ 
1--х 2ух ,/х(1--х) 


(vi) y=tan7? 1+cos 2x n^ 2 cos? X – tan“? cot x 


+ t— cos 2x 2 sin? x 
—tan^! * o x|-T7-x 
tan^! tan 6 х): à 
dy 
wie --1. 
ах 


Ex' 11. Find dy when 
dx к 


() y-sin-'x-Fsin^! У1-х? [ Н. S. 1988 ] 
Gi) у-віп" (хе J1—x - Мх J/1—x*) [Joint Entrance 1982) 
iii) у=зш-1 (9-8 cos х i int Entrance 1983 
(iii) - y —sin kansi z) ' ‚ [Joint En e ] 
(0) Letsin"!x—8 зіп Ө=х ,', созе= J1—x? 

1. 006—009 УТ: 


Or, sin^!xzcos^! J/1— x2 


y—cos^! J[—x3 sin! Jj = =5 


. dy. , T 

о. | 
(И) у-віп” (х2У1-(ух3- ух JI- (089) 
=sin tx? -sin^! ух 


dj. A а (хз) - Ту ја. 


dx /1-х5 dx. WAS ax Vx) 
2x ти 1 


41-х5 wWi-x 27x 


iii) —sin-1(4:t 5 cos x "M +b cos x 
( NES б cos 5 =sin 72 where ETT ia cos х 


~ Ду 4 (іші 2) -4 sin~1z) 42 


, 


DIFFERENTIAL OALOULUS 


RE cos x 
"= ах\Ь- а cos х 


TU Joan соз хү? 
b+a сов x 
а 
(b+a cos x) x (a+b cos x)—(a+b сов x) A (b +a cos x) . 


(b+ a cos x)? | 
5 +а cos х 5 
Да соз з): — a-Fb cos ХУУ”? 
(b--a cos x)( —b sin x)—(a+b cos x) X (—a sin x) 
(Ф--а cos x)? 


Hol r 
2% vib? +2ab cos x-Fa?cos?x — а? 


—2ab cosx —b?cos?x| 


Sin x+ab sin x cos x 
aad sin Х Cos х 
b+acosx 


— b? sin х —ab sin x cos x+a2 


(a? — b?)sin x 


# 1 
V(b? —a?) — (b? — a2)cosz x ° 


Ь--а соз x 
x - 1 (a? — b2)sin x 
15? – а] — соз? ој] "Ба cos x 
и 1 3 (a? — b?) sin x | 
„(0° —a?)sin x^ b+a соз x 
2. МБ? —qz 
b+a соз х 


Ex. 12. (i) If y—e! cos t, x=et sin 1 verify that d? d* | 
қ 4 Y 


хо dy 
қ Ac ; H. S. 1983 ] 
G) p=et cost ; х=е' sin 2 i 2, 


dy_ d d. 
= ар (508 1) 3-cos tg 


— e*(—sin 2) +cos t езе (сос 1—sin t) 
| 195) 
— ==е* — (sin t)+sint,— (et 

е ( ) dt e ) 


=e! cos t--sin t e! -e* (cos t4 gin t) 
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24 4 
. dy di 6 (с05 1 — зіп 1) cos t—sint 
dx gx e'(cos t-Fsint) cos t-Fsin t 
dt 


X 
„ dk-db- et(cos t-Fsin 0)... cos t+sin £ 


ду | dy ёЧ(со8 t —sin t) | cos£— sint 
dt 


«dy dx. cost-sint cos f-sint | 
'" dx'dy cost+sint cost—sint 


1. 


(i) Differentiate y— x? +1 w.r, to x atx=3, Also differen- 
ttiating the inverse function 3 Jy — 1 


with respect to y at y —28 verify the formula 4,4 dx... 5 


i) yex5-1 dy 4x2 dy a а 
(8) y=x°+ EA 3x [2], 2.42 23:227 


x-My-i-(-1) 


sc 28^ =3(28 Re 


2x1 1: 234 dei 
3 (275 3:9 27 
, 9.47.1 
Ey аў 27 


Ex. 13. (а) Differentiate the functions with respect to x 
(i) 2x tan^!x—log,(14-x?) 
(1) sin“? J/x—1 


State the restrictions on the value of x for the second of these 
"functions. 


(b) Using differential calculus State the number of real roots 
of the equation sin^! x —2x, [ Joint Entrance 1978 ] 


(6. 4х шин тг 
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d - ald: 2 
= 2 {2x tan E 7 {log (1 +x )} 
d -1 ried sa dz 
=2х 2 (tan x) Ttan^!x ax (2х) = (log z) d 


[ where z=14x2 1 
=(2x) 


= 1 
iz = ttan 1Х2-2 Эх 


Up 80-25 =i 
== +2 (ап“1х 14x22 taniy 
(i) If x»2, Nx-1>1 ^ sin ів undefined 
Again if x «1, Ух-1 is imaginary "Ла »<2, 


Now, y= sin ! Jx -1-sin- 12; where Мх-1=2 (зау) 
5 dy _ dy dzo 


e ах @ geram. i (ва) (ух) 


ы 1 ЭГ Э да 1 1 1 

И ЕТ 1) 242-12 ұу 
(б) sin"! х-2, or, i (їп! 9-4 (2х) 
ог, ы 2 ог, 


рат} (3 -4 (squaring both Sides) 


| 4 ог, 4-4х2--1 ог, 4x? = 3, 


, 


ог, х3-3 ог, х= +73. 


х. 14, ша 4 
Ех. 14, (а) Find ах’ When 


() х-а cos 5 y-b sing [ H. S. 1989 ] 


(i) х=а cos 6, y—b sin 0 ЇН.8. 1980 | 


(ili) х-а sec? o, уа tan? Ө; when 0-4 [ H. S. 1981 1 


2t 
i y—tan^1 7 — and ха. 12: = 
(6) (i) у ге ШҮД Тато show that 4 Ж! 


[ Н. S. 1982 ] 
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(ii) If x=a(6+sin 6), у= a(14-cos 0), express ay iin simplest 


form and show that 2. -1 When в=8 и ІН. 5.) 


8 
(а) (i) х=а cos ту b sing 


dx d 4) ЕНЕРІ ТЕ 
87210 Cosy = =d. 5. sina 
ау d 


a" % (5 sing) = b. 1 а 60$ 5 9 


g T. T 


1 8 | | 
es 2 7A Јоу 3 => Ab cot 8 қ 
dx dx _ 1. 6 a à 


28 айд sin 5 


(ii) aaa (а cos 5)= —a sin 6 


9-4 sino b cos 8 
dy 
. dy_do__bcose __Ь 4% 
'" dx dx -азпб aide x1 Ani ! 
40 
айх gd. 
x-—asec?0 + = =—*(a вес? 0) .. 
(iii) e rs 8) 
= 2a sec 6 sec 0 tan 6= 2а sec? 0 tan 0 
poatanie. .’. dj d (a tan? 8)— 5d tans Paar o^ 
dy [i 


ду_ dg аб _ За tan? 6 sec? 9. 3 


ах dx 2а sec? 6 tan 0 | qns 
dà 
. A a2 а 253 1,3 
“alde У g nz gl-5. 
ex 
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(b) (i) Let t=tan 6. 


epee eae MAN TAA 8— р Чо. 
EA y=tan : i—tan? g tên" tan 20— 26. 29 
наға A E su, = | dx _, 
z сү “> SEXT KU E e 
zx-sin i+tan? о sin sin 29— 20 di s 22 
ду 
лан d. d 
40 
5, ‚ ах 
Gi) x=a(6+sin 0);  . da ^ «(1 + cos 6) 
p —a(1-rcos 0) ; E 228 – а sin 0. - 
| 49 
а) 
. _ a( — sin 6)  —sin 06 


d 2- i асе) 1+ 603 6 


-2 sin 2 2 208 


pos 5 0 
are 984 
. —2 cos? 4 


; 24 ыы л. = D3! 
Ж. |2 чате 1. 
д= 


bola 


Ex, 15. Find 4) 


(i) х= GRET 29: (1) х=а сов" 0, У=Ь sin? 0 


(1) ах _ + 42) (3at) — Jat di а (L4 ) 


—(1+:2)3а — За, 24 
Пат У и = 


За(1-+:2 —21?) За(1 — 72) 
(X89 Та ағ 
4 4 
2) "(3af? ~ За?“ 9 
dt (П3Ф ЭН: 


ду _ 


— (1 +13)баг —3at?. 2t 
(14-24)? 
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.9at(l-c-:? —1?) _ ба 
0-89 — ТУУ. 

ду ба! 
i 7 ны (1+2)? _ 
dx ах 3aü-13) gu. 


dt — (14-102)? 
(i) x-acos?8 ,', 4-2 (а cos? 6)= За cos? 6( —sin 6) 
у= 5130 |, 2-4 (b sin? 6)--3Ь sin? Ө, cos 6 
‘ore dy 


ду _ cadi s 3b sin? 0 cos 0 
dx ах | За cos? 0 (—sin 8) 8) 
de 


— === -9 tan 6. 
а 


: : in^ 22 
Ex. 16. (i) Гу-еа Y ang 2=е il ", then show that 
the value of 2) > does not depend оп x | Joint Entrance 1987 ] 


(Й) If у=созѕ-! (8х4 — 8х2 +1), find dy 


dx 
:n-—1 
4) ужей хи. [ ѕіп-1х= (вау) | 
PINE C Am C veda Lobe аниме“ 1 
dx 44 ах Ji-x? | ^/1 — х3 
4,0 COS! M А. 
$=е =e ; where = — 6081 x 
e 2 Ч 
" = 8. e = eh d (- cos“! x)= 4776087 ix 1 
x 
A 1- x? 
dy -1 : 
езіп 2 -- т- 
E dy _ dx — MEF iem x sin^! x--cos^! 
dz dz е cos” 1 224 е 08-156 
ах J1— x? 
Л 
=e 


which is independent of x. 50, the value of, 


t 


T ‘does not depend on x, 
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(i) p—cos-!(8x* — 8x? --1)— cos" 2x? — 1)2 — 1} 
— со87Ч(2(2 cos?0 — 1)? — 1} where x— cos 6, 

— cos"! (2 cos?28 — 1) = сов“ "(сов 40) =49 

—4 соѕ-1х 


л wi (4 cos" Ix ) =44 (cos-1x) == 


Ex. 17. Find Ë к. 
ах 


(=) у=х= 
(м) х3у+=(х+уу 
(i) у=х ог, log y=log (x*)—x log x, 

Differentiating both sides with respect to x we 


1 dy .d 
vase ds (log x)--log x 20) 


get, 


=x. t +log х.1=1 +log x 


. d. z 
^ а; УП +108 x)= x*(1--1og х) = хор e+log x) 


=х°(1ор ex) 


|) у-х% ог, log y-—log(x* )—x* log(x) 
Differentiating both sides with respect 
1 dy 


~ == 


to x we get 
4 tss xa а (х= 
а a (xt) 


L2 1 © | 
=>. x T logx.x"(log x+1) [ See (i) 1 
Ев x(1--log xf 


d 1 
d. Hog x(1 +log x} 


=x" + [Lio x 
= х 1108 X(1+log 3 


(iii) x"—»" or, log(x")—log(ye) 
or, У log Х=Х log y. 


„8 
/1- 


ii) x"—y" [ H.S. 19851 
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2. both sides with = to x we get 
4 (2) 
+ 4 (ов 342 х log х=х dx (log y)+log у as 


ог, м- "T log х= Ay 2" Hog ул yl 
dy ору 
ог, d» (los x 2) logy P. 


or, 2p log e —xlogy-y 


x 


x log у-у 


 Ф___х y (x log y—y) 
E dx y log x-x x (» log хх) 
[4 


Gv); x8y*=(x+4y)7 | Joint Entrance 1982 ] 

ог, log(x?p*)—log(x--y)* 

ог, 3108 х+4 log y=7 log(x--y) Л 
Differentiating both sides with respect to x we get, 


SS = Ss ae (e+ +) = 


"кірі +2 
26-7 = =з -3 
4х Ху! x+y хо 
ае а Ty| 7х-3х-Зу 
' @х\ у(х+у) x(x) 
ду(4х-3р | 4х-3у 
ах\у(х+у)! х(х+у) 
dy y 


ог, =, 
^ dx х 


Ех, 18. Find 2" when 
dx 


Хх 
0) y=29"2 [ B.S. 1979 ] 


a) Jan [ Н. S. 1980 1: 
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(6) y=(sin x)!°8* [H.s. 1980, 8з] 


(i) у= 17 ІН. S. 1984] | 
(v) p?=(sin х)-% [H. S. 1987] 
(vi) p”=sinx [H. S. 1987] 


(уш) р--(1--х)% [Joint Entrance 1989] 


(viii) y=sin(log „х)- 098 * 


[Joint Entrance 1981) 
(їх) x%p* = ety 3y 


[Joint Entrance 1983] 
(х) у= (ап х) * (со x)tan * 
(xi) jin ГА n x 


(xii) p= е8087 i 


[Joint Entrance 1980] 


—1 [Joint Entrance 1984] 
Tx vx (Joint Entrance 1986] 
* sin 2 

(i) р-х or, log y=log 4?! 2= вах Іов х 
Differentiating both Sides wi 


ith respect to x we get, 
d ) Ше es ) 
£ (ову = $n 5 log x 


1 dy. 
or, Р dx sini 


+ (ова) +logx КАТЕ 2) | 
=зш 2. ТБ x cos Х „1 | 
=! sin ғы log x cos E 
О8 Z -»( sin ы log x cos 5) 
=з (lin gl log x cos 3) 


(1) Кра, ог, log у= log (+ 


1)*=3lo8(x*-+1) 


| 
2140 g(x?— 9 | 
dífferentiating both sides With res 


pect to x we get 
1 dy... 14 2-1 2 
y di “тд (ова + )-1 tz і D} 
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=l. 1 x2 1 d |... 
Пат дыр ue руз та ^ 1) 
= 

ШЕСІ (2х)- = 44x 
2 ы x9"-x—-z!-x хо 


#41 2-1 (4169-0) ж—1 


(ii) у= (віп хо * or, log у= тор (вод 08 5 г, 
=log x log (sin x) 


differentiating both sides with respect to x we get 


dy 

pdx DOBX* 3. 2 біп х ) +log sin x 24 d (ов х) 
=1орх. с Бә; (віп х) +log sin х. 1 
j sin x dx x 
=log x. d. e , I8 in x 

sin x 
> dy 
^ = {пов x) — 2 ввіз ЫН 


sin x 
== (sin 2108 Ч cot x log y + loa x |: 
(у р=х Х ог, log p logo х) sin x log Х 
differentiating both sides with respect to x we get, 
» 95. dl j — (sin х 
р a7 (ып x log x) -sinx 4 (овх) #1082 2 2( ) 
=sin x. 1 ов х . COSX 


R= ES х 4 cos x logs) =x" 1-5 sin X + cos x 108 5) x) 
x] 
9 » E x)* or, log y?-logísin хуга – х 108680 ) 


differentiating both sides with respect to Х 99 get; 
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d - -Б 4 (log sin X)--log sin x (5) } 
ах (2 log p)= dx dx 


1 = 1 3 
ог, 2; % at cos x+log sin ха) 


ог, Ф = - со *+log sin а) 
(vi) y"—sin x ог, log(»")—10g sin x or, 


y log y=log sin X 
EO ит both sides with respect to х w 


е get, 
dy. d i 
i »i ү Ке; dx dx (98 sin x) 
1 

or, 2 tiog У: 2 sin x COS х 
Or, PING = со x б. dy. cotx | 

dx dx 1+log y 
(vii) y (14-x)s Or," Лов y= [ор (1 +х)==> log (14-х) 
нр both sides with Tespect to x we get, 


2 (log y= 4 ах 4 108 (1--х)) 


1 dy _ а ‘ 
Or, pdx 108 (1+5). 249% 2. log (14-4) 


=log (145) sd: 
ов (1+x).1 +x a 
Ay ae овај =} mos (ымен =} 
(viii) y= sin (log Vx) +2008 F 


$ ү 
у ЁЛ 


Бин (log үх)--х 208 4) 


2 (sin (log ух) 4 Ze Pos *) 


Let u=sin (log sat log x) 


2: di. d =— {sin (log Маје d Эс х зіп (1 log x) 
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2 sin 2 where : log х== 


а. dE d (1 EH T 
22: (біп 2 cos 2. 1ов а) eos (5 log x Zx 


28 х 08 х (вау) 


log v—1og (х 


008 х) сов х 108 х. 


differentiating both sides with respect to х we get 


4 , sä 
dx (log »)= 22 (сов х 105 х) 


ог, 


(ix) 


1 dy d 
vdx 908 Х ax 7 (log x)-rlog x is (cos x) 
шингэн — (log x) sin x 


ду cos x 
dx = x 


—sin x log x } 
i. 3) EN * {208 > — sin х log x} 


dy 


СЭЭР 5 а а 
x"y*—e*"—3x ог; p =, (ез — 3х) 


4 гуур = је 
For dx VY), letu xVy 


log и=у log x+ x-log y 


differentiating both sides with respect to x we get 


d 
ах (05 и)= 5 (у log +L log y) 


«ог, 


1 ди _ 


=> ду 
е ж Gxt og ул 


ду _ 1 cos €Xfcos X __. 
dx 598 (tos x) Le z [£95 — sin x log x 7 


vd. 2 (бор 2) +1ов xB A (log y) +-108 255) 


216 


DIFFERENTIAL OALOULUS 
r Muf dy 4277 
. Av Ч(У+Н1ов x a, di 89| 
=x d +log х® „дуу ») , 
ГЭЭЧ 4х уах 
d (ету — = _@ (ету шод 
axe у — 3х) е ) >= (3х) 
=e (xy) - 3. 
= = ду Ж 
=е "у 3 
. “(9 ду х dy -— dy m 
А хуу (ов dr dx 198 ») e («2 +») 
ду Б ex) s 
ог; БАБ (оғ «+®) хе з) 


x 
тек (P нен ») 


gie ins) 


ху" (log 19) — Xe*v | 


(х) p-(tan x) cot *+ (cot x) tan * uy 


Where u=(tan х)@0 x and v=(cot хул x 


Now, u=(tan х)@0 * 


or, 
differentiating both Sides, 


қ log u=cot x(log tan x) 
with Tespect to x we get 


d EN" 
% (log u)— di Ícot x log (tan х)} 

ldu _ d d j 
or, za =log (tan x) dx (cot x)--cot 5“ (log tan x) 


—log (tan x) Cosec?x-+ сој х 1. sec? x 
> tan x 
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^ diu {cot2x вес?х- log (tan x) cosec?x] 

= ufcosec?x — log (tan х) cosec?x] 

=(tan x) cot X cosec? х(1 —log tan x) 
Again, v=(cot хуул ог, log v—log (cot x) tan x; 
= tan x log (cot x) 


differentiating both sides with respect to x we get 


d ad 
dx (log ђе {tan x log (cot х)} 

1 dv_ d d 4 
ог, спутал Хас (log cot x)+log cot 22 (tan x) 


=tan pe —cosec? x)--(log cot x) sec? x 
cot X 
= — soc? х +108 (cot x) sec? x. 


2 4 yfsec? x log (cot x) – 1] 
dx 


= (0 х) tan X scc? x {log (cot x) — 1} 


—(tan Р Xcosec? х (1—log tan x) 


+ (cot х) tan X sec? x (log cot x — 1). 


| cos Х 
(xi) Let * sin Jy and” У "=v. 


d (sin Y „со 
+ џ+у=1 00 als +y 55). 20 


а du , dv_ ; 
ог, d; 6+0=0 ог, ахай? E) 


Now, и=х зіп У ог, log u=log(x зіп Y). да p log 5 


differentiating both sides with respect to x we get 


d -4 
EA (log и)= dx (sin у log х) 
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or, 1 ди = —sin уй (log x) +108 х4 (sin p) 


_ эт y ЧУ 
= "x +108 х Cos y "s 
. Зиг [sin p oj 
кы iuf? iog х Dos 
— ут “== a 
x х Flog х cos y 22 
Again, у= у 603 x or, log v=log 008 X. cos x log p 


differentiating both sides with Tespect to х we get, 
ЕЙ (log ”-2 (cos x log y) 


1 dy 
or, | d; 7098 xd (log ¥)+log уў — а (сов х) 


= Cos хау ae Нов X(—sin x) 


ду соз x dy 
Or — = 
* dx ујео yas — log y sin x} 


dv “сов х [соз x dy 3 
ог, 9» xb 
ах У EE > dr -log y sin x} 


Б A from €quation-(i) we get 
ЕСІ 

a У о: X cos'x 2) 

dx 


+ рбов х раа х ду E 
p y dx 198 У sin x)= 0 


ог, Ф аш Улаадан х-рубО8 х cos х) 
x |y 
=y 008% log y sin x—,,8i0 y sin y 
= 
у У 9% * log y sin х- у sin y 
. dp х 
oe dx Sp. lo X 
х IB P tog x сов x+y 008 x cos х 
p 
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(xi) уз А y Ух uty 


where, "—— 'Х, ® =x vx 
„ wid du , d 
"о (и+9)= Яу ах dx 


-1 
Now, u=er® T 


. du d cos"!x| _ 6091 4 (сод-1 
ага enses dne 
A RI 

vcf У1-х 


UB or, log 9-08 Х Мх. үх log x 
differentiating both sides with respect to x we get 


d d 
)= 5 log х 
F (log У) (Ax log X) 


б; 1 dv_y ext (v+ vx 1 as 4. (ов x. 
y dx 
Neue ax. 1 
2үх x 
un 0 1 log x+1) 
UE ($ 105 
3, 4, 4 (1108 x+1) 
dx 3 
Е. Эн 
а (og /х+1) 


. dy_du dv, LR T 3 х 5 
оета Ange" ‚бов vž+ 1) 


Ex. 19. (i) Find the derivative of х5 with respect to x? 
(i) Find the derivative of sin x with respect to cos x. 


(iii) ТЕ y=tan-? са and x—sin7! , 


a 2t show that 
t? 


2 =1 [Es 1982| 
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: х 2x 

(iv) Differentiate зш-1 2. ‚а With respect to tan`! 1-x? 
[Joint Entrance 1982] 

ivati М1+х2 — J1-x2 
Show that the derivative 01.5. “ый. 

Ч У1+х2-+ J1—x2 

with respect to /1— х jg NI- € E 23 [Joint Entrance 1984] 

(vi) Find the differentia] co 


Р п -1 
efficient of (30 x 
sto sin^!x 


with respect 

[ Joint Entrance 1987 ] 
(vii) Differentiate tan-: Mits? with respect (0 tan”! 
(i) Let y—x5 апа 2= 72 


50, we аге to find 47 
dz 


(i) Let p=sin x and 2 = cos x. 


‘So we are to fing Y 
dz 


dy СЭЛТ ) 
· Now, dy, dx _ах el 


ur e 
dx dz (cos x) 


й) Let, t—tan 6 


cos x " 
—sinx ` Cot x 


о 
.. Уп jane —tan^! tan 20—20 


i-1 2tan @ ! : 
X-sin^! 1+tan297 5107) біп 20= 26 


ду а 
T VÉ. (20 
э в ах dx d 9 
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x 
div) Here p-sin^! = 28. = 20 and z7=tan™ a2 


1+ x? 
| Putting x=tan 0 as in (iii) above ] 
'So we are to find dy 
dz 
dy 406 
Now dy... do d Ж 
" dz dz d 9 ) 2 
40 49 
(v) Let x?=cos 0 
2 p= /1--х2- У1-х2 J1+cos 6— J1 —cos 8 
АХ? + М1 x? x2  V1--cos0— V1—cos Ө 
9 
42 cos 2- /2 sin 5 == 2) 


T M — ——— усној pue mme AC ER сай 


0 

1 — (ап ~ 
= 2 — tan G- 

1+tan 5 


Again, z= М1 —x*= У] -— cos? 0=sin 0 


ар Stan 5 (5-9) 
,. Required differential coefficient — 4) _ do. 


‚жю (- e (7-9) C3 d sec? нэ 5) 
^ coso cos 0 
ENDS LU E. sl 1 
2 cos? (z - 2) cos ө {1-+cos 211-2 he 
rb w 1 = 1 


1 + сов (5 га (1 sin ө) x2 


1 
{I+ V1—cos® x? ПИ 
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_ 41-x*-1 


= _ У1-Х%-1) 
Слет x*— 1} x? (1—х*—1)д% 
_ М1-х5-1 
x 


(vi Let p= Жэ S. and zZ—sin^!x 


sin^!x) 
Now log y=log (x —sin- !x log x 
тық both sides with Tespect to x we get 


2 (log y= 4 (sin- 1х log x) 


14) dis. 
or, Mea ы2 (log x)+log Жы (віп-1 х) 
Ssin!x, log x 
m x umm 
л Чу y[sn"x | log x = Sin“! fsin-1x, log x |4 
Шаманы ы PI EL 


аа” 8-1 23 Т 
“Урин (sin^1 x)= 


i-i 
dy sin-1x fsin-1 x log x 
гама * { x MES 
d£, dz — eis mm 
E И 


= 1872 Duca -ай Sin^!x--log xj 
x 


\ 


“ (vii) Let y-tan-1 Зе с and 2={ап-1х 


Or x=tan 2 
је = 
тА an? z— sec 2 — 

~ p=tan ac ME E E =tan-1 005 2 
5. sin 2 
COS 2 25527 

2 sin? 2 
aleco €082 n 
z3tan 


sin z 2 
2 sin; cos 2 8 


DIN 
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Now derivative of TE WIE dnd. with respect to 2 
x 


=% а= =1 
2 4219) 8" 
Е 2 ау. logx 
f =e -----2% 
Ex. 2С. (i) If x =e*-¥, prove that — dx (ов ex)? 
[ Joint Entrance 1983 ] 


E dy. sin?(a--y) 
(i) If sin p=x sin (а--у), prove that dx sina 


[ Here agénz, п=0, 1, 2, ' “1 ІН. S. 1982 | 


(iii) Given that cos у =х ‘cos (a+p), prove that 


ду _cos* (a+) where а(70) is a constant. 
dx sin a 


(iv) If Ji- 54+ J1— pt —k(x? — y?) prove that 


dy xW1—y* : 

—= i ‚ [ [Joint Entrance 1986 
ах y J1—x* 1 
(0 If ут-х2+ Ji—y? —k(x— y), prove that 


dy. 1-р? 
dx \1-х? 


(v) If ауур) —0, prove that 
dy _ ы 
dx (1-+x)? 
() g=" 
a log x¥=log 657" ог, ylogx—x-y 840) 
differentiating both sides with respect to x we get 


iw log x)= = je -» 
d dy d ,)_ dy 
or, У 4 (log x)-Hog x = ај = 


У dy... dy 
xu 1 = 
08 x ЯЕ 


от, he: (144108 х)=1-7=%-У 
х х х 


Diff-Cal—15 


984 DIFFERENTIAL OALOULUS 
4 == х ^ 1ю8е=1 
or, 42 (ов ех)= вх [> Іове=1] 


now from (i) we get, 


ЕТЕ ТЕЕ ol 
у ов x)= + 14108 х log ex 


ex “ dx (log ex) 


. dy )=108 x  . dy 1овх 
УУ Gy (log ex) Тор ех 
(i) sin yp=x sin(a--y) 


differentiating both sides with respect to х we get, 


соз р gawd ау +sin(a-+y) 2 (x) 
=x cos(a+y) 29 dx * Sin(aty) 
ог, 2 {cos y - x SORGE ati) 
or, 2 [os E ша) соз(а- y) } = sin(a-k-y) 


['.' sin y=x sin(a--9) 
бе Dinats) 208 y — cos(a +y)sin y) 


sin(a+y) }=sin@a-+y) 
ду . 7 
ог, dx Sin (a-- y — y)— sin? (a 4.) 
or, Ф 


ть dy. .sin*(a-4- y) 

ах Sin a—sin?(a--y) or, ах amat 

(ii) cos y=x cos(a +y) 

E both sides with Tespect to X we get, 
4 (со8 »-2 E xx cos(a 4-y)] 


dy d 
or, -siny oxi TAH} cose) d. (и 4. 


--х sin(a+y) % dx ова + у) 


«ог, 


(iv) 


dy 


dx 
dy 


х (соз(а +y) 


ду 
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b sin(a-- y) — sin У) =cos(a+y) 
{ Sos y sin(a+y) —sin y}=cos(a +y) 

[.' cos у= х соз(а+у)] 
(917022020 у — cos(a +у)ѕіп У] =cos(a+y) 


dx 


cos(a +y) 


2 sin(a + y — у) = cos?(a-- y) 


dy 


dx 


dy _cos*(a+y) 


' 
сэрэг : 
sin а= cos" (а Фу) ог, 2. uy 


JETER уз Hx? у) 0) 


dy _ 


ля —х*+ 1-у5 уз 2 o га) 


а а 
4 vi ырс. 1 02) 


1 4 -x*)4- 1A rds (1 2:917 


(—4x3)+ 1 сау» 


1 
= 4. 4y?— 
Oh aicut v 2/1-у*\— ах —— 


dx 


kxVi-x*- x? ПЕТ ЛЕН 
V1—x* ky J1—y*—-y5 

ху k 1 xh x? 

ЕЛ 
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Now y* —x*=(1 — х) – (1- y$) 553 (ii) 
.. From (ii) + (i) 

y*-x* _(1—х*)—(1-у4%) 

K(x?—»?) УТУ — уз 


ог, — (+) = ШУТ ут. 


zys 
ог, KkJ|]—x* ЖЕ Jplys-y2 
О kVi-x*t4x? _ 
лесу 


‚ Фу xvii 

dx У Ji-xs 
б) У1—х°+ ЛУК  - 0 
UE ds both sides with respect to x we get 


d. e E ig VI—y? == {k(x-p)} 


d р 2. 
МА тен uc Ww + (- 2,2- к-К? 
‚ dy 6. m 
^ п, 


НУУ! “уйу p Ipaq 
or, керге == T -2)- 1-х 


ог, :Ф. Лу? „Е.-х 4x 
dx УТ kJ1-ys-y' 

Now, (1-x2)- (1 

From (ii) + (1) 


У1-х- У1суз-- (сэ) 


—y?)=y?2 — x2 (ii), 


ог, kVi-x? -k Ш туз 
or, К Ух =k Ji 
Edu Л, Фра 

kVI1-ys-y Z- Угсаа 


ih def] 
-у?-у 
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1 
(vi) ха+уј (14-330. 
1 1 
юг, x(1+y)?= —W1+)? 
or, х®(1+у)=у°(1+х) [squaring ] 
ог, p2(1 +x) – р.х? -x?=0 


SS pe E Манах (+) х? JxS(x3 dx +4) 


2(14- x) 2(14-x) 
QX*ix(x42).2x?-2x ог _ 2x 
2(1+х) 21-х ` 20-2) 
- . y 
х ог, +x But ужх 


d .d 
(1+х) p^ ni x (+x) 


(а opa X. веб WL 
1+х ах (+x)? 
-üxo0-x.. 4 


(1-х? (+)? 


Ex. 21. (i) Iff(x)— (gt + cos x, find the value of f" (0). 


G) ff (x)= ue b+2x show that 


FO= (лов 24577) (44> ссу.) 


(iii) If у=е“ snot + (ап х)”, find 2 [I1 T. 1981] 


8) f(x) atx)" +cos X 


гана н 


Now let, и= (e 


й а+х 
РЕНЕ | =) = х log (а+х) – x log (b+) 


differentiating both sides with respect to x we get 
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4 (ов =F (x log(a--x) – x log(b-+x)} 
dx 


d d 4 
ог, 1 nta. log(a-t x) +1ов(а + x) ds (x) 


d d 
— 51, log(5 +) – log(b4- x) ж (х) 


арх log (ax) - Бүх log (b-- x) 


Lora 8-а. =] 


b+x at+x)(b+x). 
Заты. tae 
~ fü) (Ех) fio E-r- т D |- —sin x 


~ јо= (2) "(ы 4) -Біп 0= log 4 Б 


0) їе 9-4Дх)- (553) а+ђ%ох 


log ja (4:53) а+ђ+2 3 


7 (#5622 ов (rr Халх) )flog(a+-x) — log(b +x)F 


differentiating both sides with Tespect to x we 


get, 
Ч (log y) = (4--5--2х) 4 


= log(a-^-x) — 5. log(b ғә) 


+{log(a+ x) — log(b + 3H (@+b+2x) 


1 dy а 
ог, S dy =(a+b+2x){ 1- "Ryu toe ate 2 


ae Дениза } +2 tog ets] 


REI 
“„\_ (а + 
or, f 23 Ha js ТЭХ аав нэх) (250 


+2 log 4351) 


DERIVATIVES 
Of oL (2) ы [анны Бе: а) +2108 4) 
ие А 


(4) p=e* S 2 4 (tan x)” 


. ауа ех sin x?) dq а 
" dx dx Заа 


Now 2188 sin x °) = ох sin x8 4 = (х sin x?) 
dx 


ај Уа. s í y 
=е* 80 {2 (sin x?) -sin x 29] 


in x? 
«е^ SI x {x (cos x3).3x? + т x°} 

Again let, 

u-(tanx)* 1, log u=log (tan x)*—x log (tan x) 


differentiating both sides with respect to x we get 
d Tu 
da (log н {x log (tan х) 


ldu_ da 
on ae "d 2 flog (tan x)}-+log tan xf (x) 


l d 
шу + бэр 
TS us (tan x)+log tan = 


=S? 222-Х ор tan x 
"tan 


. du sec? x 
ee ams, Ferrey t 
dx 22-35 я х) 


а " sec? | 
ог, 2% (бап x)"}=(tan х)" {х {x tu * Flog tan x} 


- d xsinx?[. 3 
©: е PORY {зх (cos x3) + sin xs} 
+(tan x) Uum г" = -log tan х}. 
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sin x 


Ex. 22. 40) Find the derivative. of 108 os x 


with respect to x 


Gi) лов, (x+y)=x?+y? find Ф when x=1, y=1 


[ н. S. 1981] 
(й) If tan? y= toos 2x, апа Z [ Н. S. 1985] 
(iv) »-х P EL find 9. [C.U.] 
(у) у=хг RII COS X ; find а қ 
(i) езіп х Хлор, sia ар они > 
log, cos x 


х а 
Я 4 (ов sin и =, log cos х2, 108 sin x) — log sin хас а (log cos ® 
(log cos x)? 
_% со: —— 
8 cos х) ш ге EOM x) — (log sin x) GI А 2 (cos х) 
inl. n. OX dé: — 
(log cos x)? 
1 
М. 08 cos x) a + соз x-+(log sin ae «sin x 
(log cos x)? 
= Cot x log (cos x)+tan х log (sin x) 
(log cos х) 


(8) log, (хр) = x? + уз, 


d 
ог, 7 тэ 
Жи а T (x3 + у?) 
о LT dx е ћу)= -2х%2у2. 


ff в | == 4 
"n (+) 2х+2у ie 
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y ха = ze s 
т, Tx rem 2) e x+y 
Да 1-2xy-2y* 2y? — 2х8 +2xy—1 
| еру ^ x+y 


л aye 2x? +2xy— 1 
'* dx 1—2ху—2р°` 


~ when х=1, y— 1, 
ETSI, 3271 
dxr1—2-2. 3 Е 


1 +соѕ 2x 22 сов! X. cot? = tan? (2 – +) 
—cos2x 2sin*x 


(iii) tan? ; ›=ү 
S. tan у= аа -3| or, у= + G- ) 


• dy. AN EN 
БУГ 22-20 ђ==1. 


2. logy—3 log x+} log (х +4) – à 108 (x? T3) 


0 4 4 
del (log ))-2, {3 log x +} log (x2+4)— $108 (x? -3)) 


1 dy 3.4 (log x) +32 thos (8 4) - 8-7 4 Пов (2+3) 


Sb rds 
ex ОЛО Я 2 «ей 
%; 2 E dx Hb жр х +3 Fn 
1371 
wu = bin (2x) 
222) кор EL. X 
CX x4 х*+3 

, ду 3 XA ux 

dx "t a oi 


> NS Rate Е 
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tu ч боз 
ЕЕ 1) 
* та. 1 8... -41 (х2--х-ь 
or, log y—log x°+3 log (x? — x -- 1) — 1 log E oz boda 


d _ 4 14 25x41 
me ae (log ») => (2 log x) +5 = flog (х2-х-1 


ld d 
-3 PAL (x? 4-x-- 1) + ii (log cos x) 


13:42 (12:51, dea 1 
UU pde x 239-xi31dp 7 8D) 


XL шы Рт ВЕЗИ | 
Зогсоол E (x? -x-- Moe dx (cos х) 


22 
Ни 


1 Е 1% 1 wed — gin X 
др xn Пе) Ох pio 
dete аву 4 әу Ми 
22025 Дарс X +54] tan x} 


зэв E Fi cos xa. 2x-1 


he Mus 
ХУАН x 2x + 2(55--х--1) } 


Ех. 23. (i Find the derivative of sec-1 
fo VI-X at x=} 


(ii) Find 


1 ; ct 
(555) with гевре 
[ I. I. T. 1986] 
pect to x of the function 


foes) foe it 2) io ( 2.) хул 


Сат. T. 19841 
in -у (2х-1 ле D ау 
(1) If y=f (21) and f" (х) = sin x?, then find 2 


the derivative with res 


[е f. L T. т. 1982] 

(iv) Let y=e* Sin x*-F (tan x)”, 
па 2 8137 

Find dx (1.1. T. 19 


1 Бэ: 
(i) Let y=sec7! (5) 2= МА =, x-— соз 6. 


DERIVATIVES 
1 1 
Л y=sec™) L——.— — —sec! —sec^! sec 20— 20 
у= 5ес 2 cos? 0—1 sec 2% Sec 
z= J1—x?-— J/1—cos? g=sin 8 
dy d 
dy di d _ 2 _2 
d$ «dE .й 3: cos9 x 
20 dé (sin 8) 
20 P mad at z=} 


[Here derivative of вес”! (z 


=) with respect to 41-42 


233. 


= 2| 


; sin X cos х 21 ( 
(ii) (log cos 3) 3 98 sin x | ein ia) 
= (log Sin а -( 2{ап 0 а) tan 0= х(ѕау) ] 
| 5 cos х ( sin ar жіп Тап? ol | 
cos X 

А Өү а 38 in хү? 
= (ов cesa) ЕЗЙ 1 sin 20— (ов aa +20. 
S. sin x * 
= (о х) +2 (ап“!х. 
əs derivative E. the given function. 
—2 log Sin x) [log sin x 2 

(ог cos X/ ах Mog cos х tip 
=2 (о sin ME x log (cos x)--tan x log (sin x); 2 

Б cos x (log cos x)? аы 1+x2 


—2 108 


, derivative of the given function at x= 


2 
“+e 


1 s Л 


43, 


ыз 


sin 2 cot? log (сова) "tan? log ( sin 4 
cos 1 4 Б. ( log m ар 


xe 1+16 


234 


log 2132) — 
т 
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2 
2105 (55) 


2 32 
=2+ -24--28- 
1-7 16--л? 


(іі) р (1) ра [-2u (say )] 
d dy dz 


22—1 
dx dz dx = {tre 22021 241 


а 

о 2+1) 4 (2x —1) -(2x— D (x? + 1) 

Re aS 
=) (Х® +1).2- (2x — рох 

(x? +1)2 

Е 258 T2-4r Y 1, о 
= (sin 28) 2832-4830 x E /'(х)==зїп (x2)| 
=sin { (Qu 1 x 2(1+х — x2) 


P ALSO сыш ey 


D 


Ex, 24, Find 2 when 


€ p=}x Маз —x?+4 a2 (х) 

а 
Gi) ye М8 + х - x*)--3 віп-1 t 
(ШЧ) p-sin-!(3x- 4x3) 


(iv) x-cot I усо Маус 


rara X Ja? — x3-F a? sini 9 


= 2 Ма? — х°+ СЕА) аз 4. sin"! 7 


4 


[] 


DERIVATIVES 


= y 4 (arat) deii 


а: Ха 

2 „Ја? — x* 
а? 

2 Ма — хе 


== (—2х)+ Ja? – х? 1-2 


Тө 2х)+% Ма? х2 + 


х 
E. 2 „Ма? —x3) 


- + Ма = х? MATE асла 


за Ыы ЊЕ, 2 (a? – х?) 
Ja? —x? .0* Jas x? 


Ф. d(.. JEFs x+} sinn? 25-1 
(8) ах zl- J(84-x — х?) +5 sin e 


= уд? –ҳ? 


ы з а с 2Х-1 
A(84-x— х?)-++% ах зіп 3 ТЕБЕ 


из xti p а (sin! »2 


1 


d 2x 
бё == (8 2 
"E Au d = азы УЗУ 


IIT AN cep an) 
33 


г 1-2х дэгээ ee 2 
72/8--х-8 ЕЕ 4х° +ах-1` „33 
N33 


= 2х-1 1 
248-cx—x?  432-4x-—4xX3 


a Ex 1 —_2х-1+1 
ШЕПТЕР ЖЕТТІ -x? 2J83x-x* 


Aut à 4 sin"! v [а= 8-2. 2 


= ( say ) 


'235 


36 DIFFERENTIAL CALOULUS 
| 


"2х CRGO 2 
ЕЕ J8--x- x 


y-sin^! (3x —4x°)=3 біп”! x 


(iii) 
ARE LIT "d C MN 


(iv) Let t=tan 6 


-il-tan 0 = (а 
2 = а и t7! tan 9 
2 xX-cot l-tano °° 199) 
dx 
E № MA ---- 
=cot cot (7 e) rie ^ pH 
у= cot^! ( 13:2 - 1) 
—cot^' ( /T-Ftan? 6—tan 6) 
2 1 sin 2) 
MM 4 1% of SING) 
= 00171 (sec 0—tan 6)=cot (=, COs 6 


е. бү? 
: (cos£ sin 3 
1—sin 9 — cot 2 9 


= соі! 
сов 0 rear; 
cos? 5 — sin 5 
| созӣ — sin 8 1- tan? "RO 
тэсор1 =cot7} =со{ 1 21 -j 
06,20 8 4 
cosg+sin 5 1+tan 2 


ere 1 cot (+) -15 


| dy ` 
oe do . 

ду 
'" dx dx -1 

а . 


Ex. 25. (i) From the formula 
Р 1-x"*i 
1TxTx?-e-x = iE 


find the sum of the series I 2x + 328 4 и, = 


, 
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(1) If (1--x)^ 2e, Феј х Не ха osx" 

Prove that со +26; +3ca + (п 1)e4—(n4-22^7! 

(iii) If S, and г respectively denote the sum of the first п 
terms of a geometrical progression and its common ratio, then 


Show that 


(r- = (п — 1S, —nS5-i 


A = РОА оди 

(0) Бата а аа = 

Differentiating both sides with respect to x we get, 
а 2... n md pe 

ах (1--х--х2---4-37)-5 ЭР 


Or 142x43x24 пх") 


 q-22ü- заг НЫЙ 058 а-а) 


(1-х)? 
– = а – обп +1) х" +(1—x*1) 
(1 =x)? 
—(n+$1)(— хх" +1 — xs! 
(1— x)? 
-(п4-1)х"-Епх""! 


(1-х)? 
(8) (1+4) = сос, х со? +: + сх" 
Differentiating both sides with respect to x we get 
n(1 +x)" =c; 2e5x F 36 2 +------пс„х"-1 
Putting х=1 


п.2"-1--сү + 26, +3еа +" фис, _ + (уу 
Putting x— 1 in the given relation 
2%= сос, с. +! + Са. ... (2) 


From (i) + (ii) we get, 
» со +2с1 36s +: +(п + 1)e, — 2571 4:39 3 (n+ 2)2"7* 


a(r* — 1) 


(8) 5а= у СЗ (r - 1)8, —a(r" — 1) 
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Differentiating both sides with respect to r we get 
(r- Etts, шаш 0) 


Again S,7 5-1 tar" [= а" 1] 
% пы =п83-1 nar") л. паг" = п = 08-1. 


2 From (1) we get 
45» 
(r- 47 S, n8,-7nS,-, 


1) 45» is 


or, (r- ar TO 08. -n$,-, 


Ex 26. (i) If о infinity, 


Provethat x d PW p: 

dx 1-у1оёх 

(8) y=(sin x) (біп х) (sin x)--to infinity 
prove that Ч — P? cot x | 
dx 1—y log sin x 


0 » x% (to infinity) 
=x 


j +s log y=log x"—y log x 
e EMT d 
dx 989) 25 (у log x) 


1 dy 

or, = id 
у ах Z log ха? 
dy(1 


or, dx Vy 1 ов х = Ly 


dy (1=y log x) | 
9% TETE 
Фу. у? 

95 dX жа- p log x) 
be (sin х) Хо 1 4 

(1) у= (іа x) (sin x) )'"to infinity 

—(sin x)" 
ог, log y=log(sin x)" геу log sin x 
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d yaad 2 
52 240198 == (у log sin x) 


14у а 3 dy + 
ог, - ==] У 
"p ax Р (108 sin Tx log sin x 


1 dy А 
= у—=— e» | х 
У cos БАР og sin 


dy [1 : 
ог, = 25, =} 
^d ( log sin x ) у cot x 


dy |1—y log sin x 

ог, —[—— —— —— ју ot x 

dx y ) ag S 
2 

or, Z= 2 ote 


ах i-ylogsinx , 
Exercise 5B 
Determine the derivatives of the following functions with 


Tespect to х. (Exs. 1—10) ; 
1.() (x--1D5 (i) Qx- D!* Gii) (3-5х)9 (Iv). „ах? bxc) 


1 
y) === a 
( ) Jax? +bx+c 2 
2. (i) sin 4x (ii) cos 5x (iii) tan бх (іу) cosec 7x (v) log 8x 


з. () 635 Gi) (e^? (ші) ед? (iv) 26-34 (y) e1% bere 


4. (i) sin x? (ii) cos x* (iii) sin(3x+2) (іу) tan(5 — 2x) 

(v) &99 * (vi) зе (vii) sec(e*) (viii) sec(e?"). 

5. (i) sin? x (ii) vsin x (iii) Лав 2x (iv) бес? x (v) вес! 2x 
6. (i) log(cos х) (ii) lcg(tan х) (iii) log(ax? bx +c) 

(iv) log(2x +3) (v) log(3 - 2x) (vi) log(x* +5) 

(vii) log(1--sin x) (viii) log(log x) 

7.0) 95 Gi) АА” (8) совје 0“ 2х 


б) оо [692° =) em (^ (vii) log. 


| (iv) sin(cos x?) 


sin X 


у е (ji) (cos JXlog sin x (iii tan x? 
& (em (ii) (cos JX)log sin x (iii) T 


б) 8 үе 


Diff-Cal—16 
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() «ОЛОВ ) + tan(log x) (i) сое) 5 log(ax* +b) 
9. (1 


10. (i) logísec x —tan x) (ii) log(cosec x — cot x) 
(iii) 3 log,(x+ ,/х2- а?) 


x dy. re 
11. Find dx if (Exs. 11—13) 


ESI 


2 2 

O 25445 их (ш) 2 
2 2 2 
(iv) x9 4- y$— q3 (v) 3x* —x2y+42y3=9 ІС, U.] 
(vi) ax? 2hxy + by? 2gx--2fy-- c0, 
(Уй) x4+4+x2y2 фуре [C. U.] 
12. (i) xy=sin(x+y) ( 
Gi) y=sin(x+-y) 

13. (i) pa es 
14. (a) 


li) х-Еу--(ап(ху) 
(iv) sin ах=соз by 
sin bx (ii) Уез 


-* 
y Xi > that the valtie of y co 


and [2]. x 27 


(6) 


responding to x=8 is 3. 


For the function p= Ме, 
r the func ion y x4-4 Prove that 


dy _ 
XY - y). 


15. Fing 47 
Find ах When, 


(i) y=sin-1 NEZ (а) ` (ап! (8 


(iv) зес(кап“ 1) [C. U.] (у) fan"! (sec x+ tan x) 
(vi) cosec-!(cosec х + cot x) 


Gi) совт Jax з) 


16. Find the dorivatives of the following functions with 
respect to x, 


"A Б Қ” ue 
0) cos: іт (ii) зес-і t 


Ген 


1--х 


хеј (ІШ) cog-i (4x3 — 3x) 
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(іу) tan-1 1 - 3х -—x 
Уәлі [ C. U. 1 (v) tan 1-3x? 


( i) tan^! 2x i 
ii = с. U. 
1 > (vii) tan 7 2 [ ] 


(УН) tan-ı 4165 (ix) cot"! ( JI -*) 
b—ax 


Y 2am (ја). 
-х 


17 : Р 

^ Find the derivatives with respect to Х. 

{i) si cos x—sin X 
in"! a zt -1 

n-! Dax /(ү—аїх*) (8) t9» соз x-+sin х 


99 sin (2 ада 4155 (v), tan"! 5: tan 3} 
-x 


oti = 2x1 
an VIS (уі) (ап?! (е x J 
(vii) E. ocu | : 
WA T (viii) sin"! == 
497 > 
* Find ЧУ 
dx if 
{1 ele 5 
(i) У=(ап-1 AIFs- MER (ii) ycsin! ETT 
Ух 1-х ETA 
ЧЧ) (ап y tan tseo 1 
tan x —sec x1 
19, Find dy when 
! р i 1 – cos 0) 
| *=at?, y=2 ar (Ш) х=е (o-+sin 9), у=а ( 
lii 
) X- at, р=? (iv) х=а sec) 0, у=ђ tan 0 
У) и 
20 “seine, y=tan 0 
" Find Фон” 
dx » 


(Qr ша ин EU 
Х= ес т у= (ап 1--а! 
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2 
1412 

(ii) х-зіп (22У1-09), y—cos-!(1- 242) 
Gv) х-віп” (32-413), y— eos (8:5 — 8: +1) 


21. Find the derivatives with respect to x of the following 
functions. 


Е O 


1 у= віп `1 


Ei 
ДЕ арта 


1-+х+х? (iv) её 


(у) (sin х 90 > (vi) (sin х)@05 * 4.(69¢ P P 


(iii) x 


(vii) хє? (уш) а (ix) (x*) (х) (log x95 x 
22. Find 2 when 

dx 
(i) ух" (1) xvy*—1 (iii) тнт xm ys 
(iv) (cos x)'—(sin p)*' (y) Sin У ysin х_ 
23. Шх-е іх 


Independent of x. 


1. 
Tha isi : 
pee 99 * show that the value of g is 


E 
24. у=1+— + а,х 


а.х? 


у ар zt 1 
x-a; (х-а ж-а;) (ха) — а„)(х—аз) 
Show that, 
ду_уј а а; ‘ira i 2 
CAR aiti.) [ Joint Entrance-1987,3 


25. Find the derivatives of 
(i secx With respect to ж; 


ЁС те 2 4 
(ii) соз-1 E with respectito tan-1_2x_ 


1-x2- 
QU c M Ra e Ма. 
У=1ап ame xc Е Show that 
dy Gm 
dx 2 


27. If Ј (х)=1ов AJ (a -- bx) ву: NCE bx) 
| Y (45 Бх) (а - bx) 
p v 
Show that Fe willbe €qual.to 0 when : 


х=0, + (| с 


DERIVATIVES 5 


28, Show that, 
() If у=х dfx? +a 


d 
“> =2 VQ a?) 


зура? log («+ эр a) then 


4) пудов ЕЕ 14х45? + EE 
y=log re ed Coo J3 tan 71- x? 


show that Z=. 
dx Р 


sin e +3) 


29. If sin x sin (x) sin (2 а) 
— щих | > 
2n-p Show that 
Sot x сот (es +cot ges JURO 
n n | 
c. U.1 
+cot 1.) = n cot n* | 
n- 
3 E Ееее FR 244... then 
0. (i) Show that if y= Vx Txt dat эс" 
dy. 1 ; 
r dx 2y-! 
| y 
b. шава EE. TT. .., then 
| 8) Show that it y= vlog #+ МОЕ улов * : 
dy 1 
dx x(2y-1 
(2у ) 54, + 7 E ІҢ ees then 


em „с Е 
(ii) < Show that if y= sin x vsin ¥ + sin x 


(2y -1) ду = cos х. 
dx 


CHAPTER SIX 
SECOND ORDER DERIVATIVE 
561 We have seen that the derivative of a function у= (x) 
of x, when it exists, 


is denoted by? or f'(x). We have also seen 


that 2-9 is a function of x. This new function as (а) 

х 
may be differentiated with respect to x once again. The derivative 
enoted ag 47) Orf'(x) and is 


dx? 
called the second огаег derivative of. P—f(x. so Фу а { 4) 
or 7х) ој. 


ах“ dxldx 
) dy ,, 
defined. acf 


of Ф —f'(X) when it exists is d 


the first order of y— f(x). с à mM Ty ог f(x), fiv), --- 
Л) respectively denote derivatives of third, fourth,-....., nth 
order of у= ftx). a oe, 2? etc. are also. denoted- by, the 
Symbols уу, ул, р, etc, 

Examples 


1. Ret f(x) (5 


^ P'O sess 


fg dd f ind {5x*}— 2028, 


FG) d уча 


dx {20x3}— 60x2  * 


fi "Gud Utt) E {60x2}= 199, 
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по) Ен = $ 120$} 120 


19-4 ro = (120)=0. 
Clearly 79 *(х)=/°*** (x), Soest 
2. Let y=e%* 

Bn уједе") = ае" 


dx 


oy 4(2)= ее) (e°*) 
ть 
d*y | а (4?) _ az d (ат 
dx? ЕТТЕ ах Aa деч d х © ) 
= а%,ае“==а3е%“. 
3. Let y=sin x Re Pa cos x, 
ау d аы ә 
dot эс (cos х) = -sin x. 

Examples 6 


Example 1. Find the second order derivatives of the following 


functions with respect to х. 
0) sin(2x 4-3) (i) x*5* (іі) sin x cos 3x 


(i) х5 log x (у) e?* cos 5x 


() Let у= віп(2х+3) 20 99-52 сов2х-13) 


ағу. а (а) 4. 
ауа а (ае 4. 42 соц2х-43) - — 4 sin(2x+3) 
(4) Тебу=х%5" -. WY Sons) 


= 42355 + x^5* 1ор,5 = 5 (4x? + x* 1085) 
азу d (dy 
Ly а (B) = 4 45°(4x* + 102,51 


5" E. +x 1085} 5“(12х2 +4x8 1085) 
—5"(log,5(8x? +x* 1og,5)--12x?). | 
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і =4(sin 4x —sin 2x) 
(1) Let y=sin x cos 3x— 1.2 sin x cos 3x z(sin 4 


. d —1 (4 cos 4x —2 cos 2х) 

те. с} 

d*y .. d (2 = do Cos 4x — соз 2x) = — 8 gin 4x 4-2 sin 2x 
dx? dx Mx ах 


(v) Let p—x5 log x. 
. dy 


77455 log x dogs log x 4-1) 


• ау ай 


+1) 
cA = 8.54 дуз 5 log x 
dx? dx ae) = te (5 log "Ds x ( 


=5%5 +4Х3 .5 log X+4x5 = ,3(94-20 log x) 
(V) Let у=е2= cos 5x 


nee Pe, sin 5x) 4-227 сод 5x 


=е>(2 cos $x —5 Sin 54) 
2 d'y. d dy Ed. 2% X= i 
23 259) 3 {e2*(2 cos 5 5 sin 5х)) 


=e?*(— 10 sin 5х-25с 


os Sx) 4-2e2*(2 cog 5x —5 sin 5x) 
= — о?2 


(21 cos 5x-4-20 sin 3x) 


Ex. 2, Find ян when 


Ч ^ (uy х2 у 
@) (tymin ynyr (ii) a taal 
(i) (рут уту» 
ог, т lop (ұлу) у 
ог, (m+n) Пор (х + y) =m log x+n log y. 
Differentiating both Sides with reg 


1 dy т п ду 
(mtn) (142 ytd 


(8) »=tan(x 4 y) 


йх\х+у yl x+y 
dy ("У +пу пх =) =X +my— my nx 
ыг 116597) (77 ARE) — 


ог, 


DERIVATIVES 
Т к i 
дхЇ/х-у)) xx +y) 
d'y 12 х@-у wy 
= 2%- E s CUPS 
уу 
20 
x? у? d MN y? =) 
RT жир ab 
9 
aa tp da ae 
DU B де аб 


сүр 
d'y а (2) = d b? х <) = p? 9 Хах 
dx? dx dx| ах а? у 


?x 
b? »-* (- д) хэ b? цэ)? kb 


арт Ра TU a ауз 
b2 a?b? bt 
az: ays ~ азу 


(iii) y=tan(~+p) 


dy . dy 
dr seen [o 2j 


or, дур — sector) set Ge) 
x 


or, 


ду. sec? (x+y) — Llttan?(x y) _ 


dx i-sec?(xcy) 1—1—tan*(x+y) 
2 зээ... xul Ty? 
ЕЗГІН y? 
Ф» 4 Ly d 
dx? a тн) 51-1 p? -1)2 


— (езу D ys, 


241 


DIFFERENTIAL OALOULUS 
248 


TY- -25 
Ex. 3. (i) Ify=4 cos 5х, show that 4 28 | | 
= ІН. S. 19781 
Gi) » S=sin 44-2 sin 7t show that 
1 


27-33 sin 41— 495. 
23 


4у 

0) у--4сов5х 4, dx zy. —20 sin 5x 
Фә 4 (20 sin 5%) = —100 cos 5x 
dx? dx 

= — 25.4 cos 5x — — 25у, 
() s=sin 44-6 sin 7t 
es t— 5.7 cos 7t 
di 74 cos 4t — $. 


—4 cos 4t — 6 cos 7t 
d?s 4(4 d $ 
а ў 2) = а Cos 44-6 cos Tt) 
= —16 sin 4t 4-42 sin 7; 


733 sin 41-49 sin 474-42 sin 7t 
= 33 sin 4t — 49(sin 4t— $ sin 4t) 
733 sin 41 — 493, 
Ех. 4. Find 7 49 


(4) Х=а cost, р-р sin? $ 
(8) х=а Cos 2t, р=ђ sin? 


У when 


t 
() х=а сов? Mon X — 3a cos? — sin t) 
у= sin?t =35 sin?t сов 
dy 
s ЖЕ 4. 3b sin?t cos ¢ gb, 4 
dx dx За €os?t(—sin у) 7 qan 
4 


Ж ы. asl sm) 
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ub Jd p 5. 1 
b tan) 4 —= rag us 


dt 


bod 1 
а cot?t За cos?t(—sin 1) 


_ 5 А 
= _— sec*t cosec t 
За? 


dž 3g sin 2t 


(И) х= 287 
х--а cos “ш 
у= зіп 4's d 2 sin t cos =b sin 2t- 
dy 
s. а bsin2t Ls nbi 
dx dx  —2a sin 2 2a 
dt 
. Фу he b 
. 3:79 % 2a constant] 


Ex. 5. If x=/f(t) and y-«(0, then prove that 


ay /уфа- $1, 
dx? A? 
where suffixes denote differentiation with respect to #. 


| Joint Entrance 19897 


х-Л) .. Sah; 790 Ж Pot 
dy i 
‚ dodh 
dx dx hi 
а 
· dy_d фу) i (P1) 4 


dx? ах =) - 47, ах 
е ү. вел 


Фә fadi 1 
Ју" 
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Ex. 6. If x—cos ¢ and y=log 1, prove that at => 


аэ + (Py = i 1985 
de У) [ Joint Entrance ] 
ad : 
x==cos t .. d —sint 
. dy 1 
улова 03, ЖЭ 
ду 1 
dy dt t о Эхэн 
dx ах“ —sint їзїп 
dt 
аа 


5 8-440-41-44--411:18 
dx? dx dx| dx t біп г й\ sin zl dx 
SU NAA 1 
(t sin 02 dt ( sin £). dx 
а 
sal е (sin t-- cog 1) =" 
(t sin 1)? —sin£ 
= Bin f--£ cos ; 
ІЗ sin? z 


Ех, 7. If F(x)=f(x) Ф (x) and F(x) +" (x)= 
Р #24 
Ff + f$ 


НЭРТ 520 
where шаа and Бар TO [ns 1984 | 


f(x) f(x) $ (x) 


а (a, constant) 
show that 


DERIVATIVES 


log Fix) log { Дх) Ф (x)}=log f(x) tog $ (x) 


differentiating both sides with respect to x we get, 


Fat ++ or, F= un +z} 


о, Ре 
od а ли цаана 
5 zir)- zc $+f¢') 
or, Роја tie f 


= afer Iori p. реј) 


ог, је = 


А 


ог, = t, 
Ex. 8. Нах? +2hxy+by2=1, show’ that 


Фу = 092. Joint Entrance 1980 ] 
de Бу? | 
ax? + 2hxy by? — 1. 
differentiating both sides with respect to х we get, 


dy Фу. 
2ax hx +267 di % 


ог, 2 g (hx+by)= -2 (ах +hy) 
ду. _ax+hy 
ах ће by 
4». 2112 2 ЕР _ ах +ћ 
ах? дели) ах\ hx+by 


(ax-+by) 4 (ах 
> 9) - (ax thy) 2 (ob) 


(hx-- by)? 


85% 
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(xb) (а++82) – (ax) (+24) 
ма (hx by)? 


m ~ 
(ahx+aby — ahx — h*y) +2 (h?x-+ bhy —ађх – bhy) 
(hx -- by)? 


(ab - i?) +42 (р — ab) х 
(hx 4- by)? 
_ xd 
(h? - ab) 0 x») 
(hx+ by)” 
ах rhy 
(= ау -*(- 2241) 
\hx + by)? 


hxy by? +ах? + hx; 
11722 рит n 


(hx + у)? 
=. (h? — ab) (ax? -E2hxy + by?) 
(hx 4- by)* 
_(83 –ађ), 1_ h? —ab 
ЕСІТТІ ЕНЕ (пх + Бу) 
Ех, '9, 


0) у=х sin x, prove that 


«Су» 4у 2) у=0 _ 
Ead Get +x )» 0 ІН. 5, 1980 | 
(i) Шу-аетғ--ь Cos mx, show that 
23 +m? y=2am2en= 
(Ші) If y—a cos log x+b sin log x, where a, Б аге constants, 
2) а; 
show that x? Dx 4; y-0 


[ Н. $. 1982 *86 ; Joint Entrance 1987 ] 
(iv) If x=sin i, "BER kt, show that 


(1- x0) 8-4 4 2 pk? у= =0 (k=constant) [H.S.1983] 


DERIVATIVES 863 
(v) If y—x"-! log х, prove that 
xip,-F(3—2m)xy,--(n—1))p—0 [Joint Entrance 1987 | 


Б 1 ==} 
(vi) И2х=уб-+у 2, prove that 
(x3 — ру. ху. —25y where у, = -25 
Г Joint Entrance 1982 | 


(vii) If y—sin(2 віп”1 x), show that 


d?y dy _ Е 
8) 23754 4у [ Joint Entrance 1983 1 
(viii) If y=(cos-! x)? prove that 
dy _ 3 
а- хау xU [ Joint Entrance 1986 ] 


‘Hence find the value of а) when х= 0 


(ix) Ifloga y—sin^! x, prove that 
15522832 ГН. S. 1989 1 


(i) р-хвіпх .. B= sin х+х cos x. 


dy У х cos x 
dx x 
Фу (У x cos x 
2820 ) 
4у 
= - 2+ соз x—* sin х 
x x 


Of, 


3 аг 4 
Ar Il da--yt* UP Cos X — x3 sin x 
F pt xB ы, 22 -y -x° sin x 


о 
2225 2y —x?. x sin x 
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2х0 — ry - x?y 
dx 


or, sd 2x2 +(2+х°) у-0. 


Gi) р=ае"=-+5 cos тх 
92 9 = ате" — bm sin тх. 


. = 3 <2 = пт? е"* — bm? cos mx. 


— am? e^* — bm? cos mx + 2am? e" 
= —т?(ае"* +b cos mx)--2am?e"* | 
—-—m?y-r2am?eg"* 


$e ФУ Fm” у = дате", 
(iii) у--а сов log Х--0 sin log x 


. dy_ asinlog хүр cos log x 
"" dx x x 


Or, 2- —a sin log x+b cos log x. 1 


eee both sides once.again with respect to x we get, 


dy _ _ „соѕ (log x) ,sin (log x) 
хуб еже 
A ка) -= — {а cos (log x)+b sin (log ger -р. 


а?у, ау 
=== у= 
Fe аи У ~ 


(iv) x-—sint ,°, а =<08 1 
p=sinkt +. Pa =k ccs kt 
dy 


Я dy. а К cos kt 
dx dx cos f 
а 


DERIVATIVES 
4 
cos 12 =k cos kt 
dx 
2 „(ду 3 +e 5 ы 
4. 008 (2) =k? cos? kt | Squaring both sides ] 


Ог, (1-віһ? ШЕ Е га (1— sin? kt) 
54 


БУЛШ: 1-9) (0) (1-р?) 


differentiating both sides once again with aes to x we get 
1-25) 2% aye 2«(@ 2) -e(- 2% 


ог, (1-х зуу - e 


dy 
[dividing both sides by 225 
(У) p=x"-? log x. 
dy T 
о = у 
T, 2% x 


14 (n — 1) x"7? log * 
x 
or, х0 = x"71- (i -1) z"! log * 
dx : 
=х"-1+(@-1)у = 0 
differentiating both sides with respect to x we get 
ау | dy ,- "-2.L(n—1 dy 
xat dx (1-1) x"7* 4-(n- 1) 


d*y ү ЧУ 4-1 ума (n-1) х 0 
Or, xx T az (n—1) 


Hd dy 
or, хэ = (n- 1) x 1(n-2) х FA 


=(n- {x2 -(n- ) yp -2) 23 


2 
ог, x92 — xB (n- 1+л-2)- 
"ФУ 3—2 
ах? 2057 


| From (i) ] 


(1-1) y 
Poi. у-0 
or, x]y, (8-29 хуу-(п-1)3 je 
Ditf-Cal—17 
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or, (3 x21 


ог, Ух Jx2—1 

1 
or, log (p5)—1og (x+ Jxz— 1). 
or, } log p=log (x+ Ух? — 1). 


differentiating both Sides with respect to х 


we get 
114%. 2 
5 p dx xx Лат! 2 Tea} 
1 xt Ax? —1) 
xi Jm /х?° —1 } 
=+_ d 
Ух —1 


or, pjed 3) 


Bae or, (x2 9 1) pyi?-25y? 


differentiating both sides with respect to x о 


nco again we get, 
(52-1) 29, p, --2xy,9— 50yy, 


or, (x*-1) p, xy, =25у. 
[ Dividing both sides by 25, 1 
(уй) y=sin (211 x) 


de. os (2 sin^! x), 12015 
dx 


1~ x2 


DERIVATIVES р 957 
or, ү1-х? dy. in-l 
4 dz 2 cos (2 ѕіп-! x). 


differentiating both sides with nes to x once again we get, 


J1—xs 2 Uy dy 1 2x Й 
xa T dx 3" dic x? in 5” 
: 2 
EO -1 
= —2 sin (2 ѕіп-! x) TET) 
‘or, ; Pp. "de № 
J1-x* dx? ха 41-39 
юг, (1-х2) 29.99. 
атт: 
(viii) y= (оов“ 12)? 
5 1 
: = л em Tc 
Я вов ( ==) 
ог, ,/1-аз Waa сов іш,” (i) 
ду 2 -1 g)2= 
— 2) (59) = =4 
(1-z n FA) 4(aog^! 2) y 
[ Squaring both sides 1 
differentiating both sides again with respect to 2 we got 
a а и - E NUM 
> dr fia 
а?у _ бу — P. 
ог, (1—z?) 247” 2 (ii) 
а 
1 dividing both sides by 254) 
Now putting о == 0 in 
. d? 
i) |7 = 
equation (ii) ЕЕ” 2. 
(ix) Іор,)-віп”10 or, узе Sin" ly 
. dy вш 1 | = 
AE mh Л-а "b Vica % NU 
т 
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differentiating both sides again with respect to = we get, 


ау1 1 — 22) = du 
41-48 yat а! 82), T 


3 4 4 = 4 
-or, (1—2?) duci ey | Ji-sz? Way) 


Ех. 10. If у= (sia^!2)?, then find the value of 


H. 8, 1985 | 
ах“ а | 9 1 
у= (sin 12)2 3 

. dy _ -1 1 2. 
.. d, 2 8 SEN TER 
ог, 41225 С аі 1225-2503: (i) 

d dz 


Squaring both sides we get 
2 
` (1-23) (# = 4 (а “ 1ш)? 


differentiating both sides with respect E 2 we geb; 


а-а dy 22-98 @ у =8 sin” lg 1 


1-2? 


Матау sts ia 
ог, (1—23)9 as m =a% [ From (i)] 


or, (1-22) 4 Ie - а =2..... (ii) 


| Dividing both Bides by ot ! 
dz 


= 258 и _ „йу 
oe а?) аа 2254-2-46, 


Ex. 11. (а) эе gin ү and y=et 


008 $, show that- 
d*y а => („59 _ 
дд? (2+0)? => (еш i) 


[ H. 8. '67 ] 
(b) Ifz-sin t, y sin 91, then show that 


0. (1-22)(24)* = 4 v 
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G) (1-22) £9 09 лун 
( аз) 2% tagt 0 


(а) ш-өіб sint .' Wiet sin 14-65 cos t=6* (sin t+ 008 3) 
2 


у=е* cos t ES ай. Let gin 14-85 cos = 2 (cos і вів 0) 
dy ! 
Ж эй = £t (cos #— sin 1) сов t—sin % 
~ Fi в(вов $ + віш i) cos t+sin t 
$ Е 


SQ 9. d. а) d (erst 
dz? ds dz! da (сов 8 +в f 


-H dt 
dt пов t-- sin t| 42 


Та 
NI t+sin t) E (cos t — sin 9) — (воз t — sin 9) ai (cos t-+-sin 4) 


(cos t+sin t)? 


ES 
de 
di 
(сов t+sin 8) (-віп #— 008 1) — (cos t — sin t) (cos ¢=sin t) 1 
5: (cos $ sin t)? 27 
di 
— (сов : + sin 1)2 — (cos % —sin ВЫ , four AN 
y (aos в ¢)” ў e! (gin t-l- aos t) 
_ Z 9(oog?t --sin?t) — 2,77 s PORC n t 
= e! (cos віп t)? 23 Қаов t-- sin t)? 


3 де" 
m И 
{е (сов t--5in 0} (008 #+ в t) 
M TENUIS 86! 
(@ вов t40" sin f) (eos taint) (уа) (144850. 
2 
nn en Е a ; 
de cos і--віп $ 
5 dy е 
Again a- ЈЕО sin ¢ 308 tsin ё. 
У ын вов їп 2 08 ) 
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¿ (sin # оов #— 8112 ; — 0052 #— Bin % сов ) 
= ( cos t+sin ¢ 


19 t 
— ва: [Bin? t+aos й ar% 
= 26 (= t+sint/ сов 64-81 n 


. dy 2. dy _ 
> g C+) =9 ( Ex и) 
(b) г===4+ i а cos 2 


. dy 
== 9 “. = 
y —8in at 2 cog 9 


dy 
. ду Sc 2 оов 9; 
“ЕТ d сов ¢ 


dy = 6088 9; 4(1 го 
ы Ё Ї rn Ec ED 


? Чуүз 
~ (1-22) (dv 
( ) dz 


(1752) 9 dy Tx Es dy. 
i dz 


Or, а =g?) ay 


Zkt 
Ех. 12, Мама, 8 сов (pite), show that 


а=, ? 
pes ја tk ai "== [Joint Entrance 19841 
А, k, р, с are constants Where 52 


- 
шеа Де 2 сов (pt-- 9 


TD 
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AES то 
.. —= — 202 2 
di^ ~ 406 ^ 908 (+9446 © (Lp gin (pt 9. 
m 
Во 2 {5 cos (рі) --p sin (pt-- 9) 
к Фе. E т сов (pt +) + р sin (pt--9)) 
== 
+ 2 {-# gin (7+) -p? cos (ш--ә) 
Е 


=4 3 ЫГ сов me. sin (28-89 


+# 2 sn (pt+:)— p? cos (и+9ј 


11 Ё 
= ле (е-е) oos orent sin (н) 
5 4 
. 4% йа 
13 aut" а 22 + па 


-м 
=? (Ё -p) сов (pt--c) + pk sin (+) 


– а 
758 Е cos (pt--«)-- pk sin (pt--9)] шил 


—ki 
ds 2 [(2- ”-5) сов +] +725 
a. 


Zkt 
=-4 3 (+з) сов (+) п 


= — n? Fn? Б (ё +») =] 


-0 
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| Я | 
=- and y=f(x), show that 
Ех. 18. Их : and 7 : 
2 
ау ы» dY 4 d?y 
за ds 15 023 
1 Z=- Y dz _ Ж ЧЕ: -- „2 

үк UD E" az 2 


Ех. 14. |+ y == (a+ У1--23у», 


» PrOve-thar 
(1+2?)y, “Нау, = 709. 
d the value of A 4 


у=(2 + М Баз)" 


Hence fin 


dy cue Г | 1 
5 = 7 (24 ТА ут-14, 
АВЛА дый ы "ааа 
= m(a-+-. 1-е )n-1 (2+ Virg лан) | 
У1-->2 
ту 
^/1- 22 


— (x ar 1+ 22)т 
hee 


or, Ji + zz ou 
Now differentiating both sides of the relation ad 
41 + 22 di my with теврвоћ to y We get 


ЕРИ 2 


=m Ф 
4 Ја as. 22 da: 
y 


aided MEN 
от, (14-22) ite m Ml gs 


ту ` 


T | 220) 


218 41-52 = 
йд" vita? 
d? dy | 
Or, (14-47) Tan ema Seo ** (ii) 
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Now:when 2=0, 


у=1, dy о 0-1 [From (i) ] 


^ (1+0) EE У ot? 0, S e т?.1 [From (ii)] 
ay 
о ФУ Барақ” 
5 = 0 |" 
Ех. 15. If p? = a? cog?6-- 9781 79, ghow that 
d?p  a?b? "I 
Du 23 


02 = 1200820 +b°sin? 0 

id E = (а?0в?0-+ b?sin 9) 
ар 
49 


= (02 ~ а?)вїп 26. 
g both sides 0109 again with respect to 2 we get 


or, 2p —-—-— 9? сов 6 sin б -- 2b?. gin 0 сов 0 


differentiatin 
2 (82) | +2р эз 8, € 9(b? — и 20. 


Y pt? СЕ а (62 — a?)cos 20 — (8) 
ЁТЕ ад 


oe =(1—о°) өш 20- (в) +p? 


Ux Ее сов 20-Fa? cos? 04-59 gin? ши 2)" 
=}? (cos? 0 — sin? 6--sin? 0)--а" (cos? 0 — сов? 04-віп? 0) 


(% 2 
| ад 
(b? — a?)? віц? 9g 
: 4 05 
= 
2 g — (627) 4 sin? 0 вов? 0 
= (а? 2 3 ын 
=P іп? 0+0 E | 
(a? cos?:0-- b? sin” 0) (a? 
— (b? M HEMOS E 
sa — Ио sin? бао д 
р? 


=? сов? 0-42: pin? 6 — 


= 5? cog? 04-05 sin 


ге нон] (e-a cate) МЕ а чо 


ЯГ 5.0 тм” 
8: “10 

re err - unc 
“408 Әм 2 09 qoodgoz цу gODI? доц 8арувцөлөрүр 
iy. ^ салат iis ze 


| (1) 204 ја = 


290.2 
(294+) 8op 2—2 801 2+7=` (20) AEP кар" 40 


2 Зог24-2-(24--9) BOL 2+ AT "Eg ‘10 


2801 TID + (297-7) 80144 ` 


“gos eA т 0$ goedsed 49125 вера 49909 — 83 
(1) ES xæ 801 2=1-+(29+7) gops ‘10 


a Зор=+ (29+) Зор “ло 
а 801 = #9 зот- (29+?) Sop ‘20 
n 
j w= {09 (204-9) Зор ~ w= go (249) 
* ^ 
БХ МА 5®Р ш 
( eset 211) „(6-2 a ip 

gery воца 2е-ө (qp?) М "LY CT 


мар (E). = 
. 2? «ЮР өр С 
ын («1-1 $ 
s (521) ci D %- je em Да = wes 
‘ (2—1) #6 — = 
эру моче ite лиа ү) = zB кер e 
P (а) 90-08 ара 
8-0. «2-І Түр P\IP 570 
во =| ca a = (јр ар 09 


996 - gHAILVAIHHG 


= sp 1 
Те (54-1) UE ?p m 


Zll tez?) alI +, кө) T+ Б 
42% чаи, 1557 –Тен—т mon 


«Сы е), (I+, хө) -EA 
459% #596 (Т— 859) — , 596 (1-9) 7 
«(Т+, .2) sp 
= ee NE 
qun апа) qe RU p 
шаг tg Phe 9 ++) 
Т: 


1.69 (0-1) = 0%т) “10 
= 


22741 E 


2 B= (5) BO[. до = Зог 5 =; usy 
10-41) er - (а + твој к (aa) Вог Exe 
ie p) -= (8) EE 9) 
“впогфвТәд omg 3upaorror 944 
уал опеч pue kem E өпүшлөдөр а (= 9 ха 


а а 
8 [4 
TO 3800-49 оша) о 


4 
2 
(6 5800 9 ще gg +80040 (48) 4,2” 


5 = 
SUC EET NN 
9 z500 0 зщ (59+ 50) + (0 „80040 5018) „95 
24 ) 
9 58090 „018 z(s9 —4,7)— 
9 5800 0 еше (0+ #2)4+(0. 8004-0 „шв) „959 


ватаолуо TVILNHHHAZIG 796 
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Е! 2540 
Ех. 18. Ш/Х) ==8 sinz when ; 


=0 when z-0 show that 


f'(0)—0 but /“0) does not exist 
` From definition, 


1 f(0--h)—f(0) 14 10) Хо) 
KOA а 


h) — f'(0) 
Again, f' БУДА FO) FO) 


in (1 2а 
att 3h? ми eei 5) 0 
| gut Bh? sin (1) 20 вов (2) 


4 


т (н) ty 


clearly thig limit doeg not ‘exist ag et cog () does поб exist, 


(0) does not exist 


Exercise 6 
1, Determing the secon 


d order derivatives of the following 
tunotiong with respect to x : 
(i) e2*48 


(i) өте (ii) aog(3— 72) (iv) 456 
(v) sin 4g сов 3z (vi) 10% (vii) сов(Іор 2) 
(viii) log(sin 2) (ix) аза 


(x) а? loz г, 
2 
2. Find oy when 


Га 3 = dag (ii) y —sin(z-4-y) (iii) 23 фуз 
G у 

1 = 18-1 
(iv) B Rd (v) tan y 


(vi) sin etoosy=1 (ун) шал 


$ 
$5 
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3. Find 43у 
n 423 when 


(i) ага, y= (1) w=at?, у= 2at 


(iii) ж-а(0--віп 0), у= a(1— cos 9) 
(iv) а=/а(вов 04-6 sin 0), у —a(sin 8 — 608 8) 


(у) s=a(t+}), у=а|+–1) 


(vi) == 3at 3at? 

à 14025714 
4. И 2=9 cos 9—00820, Y=? sin 0 — 81120 show that at. 

Em 

eg uim 2 


5. у= а) Фа — bz), Show that 
dy аруа +t" (a ba)}- 


2 
6. у=5 віп 42 Show that 820 +16у =0 


аг 
7. И хес sin wt, show that am —w?c 


8. If sye s (1-2) prove that Уг is а constant 


Е, d?y „2log &—3 
9. If у= ——, prove that =, dz Е 


10. If ах? + Фу + by? +292-+2fy-+c=0, prove that 
а?у abc 4-9fgh — af? — bg? — ch? нм 


«аа ыз) ^ 
da? ha+by t f)? 
11. Prove that 
у 


5 2 
(i) It yo ,e™ +02? тё, then dud m my 


(i) Ity«tan-ig, then (1--а?) 47% 
ағы (+0?) 2.4 +20 We 


(1) If у=(е-9)-1, then 29. 2 


==. © Ry 


42 (ш—0у5- 


(iv) If y=? oos x th d*y 
| on a cie Hortem 
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43у РЕ 
(v) lf y=sec = then зас =y(2y 1) 


а?у T 
(vi) If ya sin mz--b сов mz then, dm y=0. 
(vii) If y=sin(log 2) then 27, +=, +у=0 


d? 
(viii) If y=cos(log x), then 22427 


йс +240 2 yo 
(ix) If у= совео z--cot z, then | у а =o 
(x) If y=sin(sin z) then, 1 ый) +y cos?z = 0 


(xi) It y—z-Ftan с than 00822; pa Fm =>2у 


(кі) If y = eos(m 81071) then (1-22) ay dy Jo tm?y=0. 
(xiii Itymsgez: sin bz then Yor 


204, +(a?+52)y—9 
(ziv) If ya i sing 


then азу. cos z 
юуг dz* ч сайн ж)” 


: rM 
(xv) If ?-—sin(log y) then (1 — =) 4 PAS — 


“ти z= cos(log у) then (1 


~e) Фа dy 
аз) 4 vy У=0 
12. Ifz=sin р 


» 95549 prove that 
чи, – 90 
If y— (tan- a 


а +m2)2 4 


mn » Prove that 


dg 320 eat) d о 


4?у дуу? 
8 —g dy 
14. If 25:11 › Prove that 2 di (v = 90) | 


2 
15. If ky 


TEM 4% ва constant) proye that 
ду _ _ zw 
dy? „У 13 
16. Ify=e* log 2 prove that 205 — (8g — 
17. If y—46 "т соғ(рі4-6) prove that 


у, + 2ky,-Fz?y- 0 where пара фра каде. SU sus 
Jenote difierentiation with respect to t. 


Iyi t (s — 1)y — 0. 


DERIVATIVES 269 


18. If y-ain(m sin^!z) prove that (1—23)ya – zy1 т?у=0 
18. If y-az"-!-Fbz-?, prove that z2yg— n(n--1)y 
L LI 
20. If 9к--у"4-) ", prove that (z? — Пу 2917? y 
in-i 
31. If у=„ 58 2 prove that (1—2?)ys —zy;-— a?y = 0. 


22. Поре cos 4 (4) prove that (23 — туз ту: —m?y =0. 


8 dg 222225 а?у 1 
йу dy? йз ч 


Ed 
we 3 


Hence prove that if у == gin(a+y), then 
d?y _ 2 sin?(a-- y) cos(a-- v) 
dz* HERE = 


94. If cos z—y cos(a4-z) then show that 


2 А a 
=з sin а sec?(a-Fz) tanla+2) (Е. S. 1986] 


25. It Jat и Ja then show that 
азу 
да): = ас = 


:96. Да) is a twice differentiable function and 
Р) = Ка) 5 f'@)=9(@), hlæ) =[F (z)]? + (9 (2)]° 
And #(5)=11. Find the value of h(10). 


27. Ií(z—a)?-r(y— 95)? —r?, prove that 
3 
ЭГ 2 
0-(2)) 

d'y - ig a constant 

da? | 
: 1 ч . 
28. Да)--ж? сов = when 2740 5 5-0 when gg, 


Prove, that /7(0) does not exist, 


й, SSN TRY Ud 
© E П Ра 
ж À «еже abs xq 398. DAE м] л... : 
| % ae Ly LS ~ Дэ UC "ew Ww : 
=: NERSE 243 z | 
, М ау 7-42 УРА 


Фар ЭХ: a : n 8 
> PA E 4 "К dao A x 4 а y 


^M 


НЕ - ue T 


Au 


а W эк 


құр мэн жүн 


mm s 
2 P э уу, 4%. 74 uem 


ANSWERS 
Exercise 1 


1. (i) correct ; (ij) correct; (iii) In-eorreot; (iv) correct $ 
M Correct; (yi) In-eorrect; (vii) In-correct. 2. (i) irrational 

recurring, (Hi irrational, (iv) infinite. 4, 1°; 1°6, 1°65, 177. 
шэн Possible. 7, 3855 11. 170. · 12. Not true 13. (i) 
1), 


(0) rational ; (уі) rational if 2759. 14. (a) (i) 1« «5 
EL coc (iii) a—1«z«a-1 (у -92«z«3 


15. (y 12-41 41. (8) [2-1] <6 (Ш) 1246 | 45 
[nsa | Ше за» 


17. (Qao, (4) 2=0,) (ili) a0 (iv) ё«1:(9):16:48 

00. аро а (vii) (8941) 5 [ n0, +1, +2, ++ 1 

18. (B) = dior wise ы” (О) сатады. [ In the question. 

“о, 18 read all less than signs as less than or equal бо signn, ] 
Exercise 2 


1. (i) - о << co(zz41). (i) - œ <e <o (3) 
-2<2<9 (iv) —--«z«5. (v) All real numbers othar 
than those given Бу 21468 (v) — со «2 (gpl, 9) 


(ш) 


Wii) шшс. 10.22- 32—24; 11. 1 12. Hy) = и. 
13, f(—-5)—4& ; f(6) undefined. 16. Not indentical, 18. 0. 
19. 40491. 25. (i) correct ; (ii) In correct ; (iii) In-correat, 


(iy) In-correct ; (v) In-correat’ 26. (b) None of the two, 
31. Funotion (i) even (ii) monotonic. 82, 0) у+ V5 
ж 


0) y=-2+1 or —1 (Ш) у=+ Ja? д3, 
! 2-1 
A 22 2 
33. 6) as tps (ii) wy? —(x— 5)2 
94. (а) c= + Му—3; No; Domain of def 
function is 0<-<о. 
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35. Bounded ; lower bound: - 4/2; upper bound: + V2. 
36. lower bound 5; upper bound 3. 
37. (i) discontinuous at 2-0. (ii) discontinuous at 2=1. 


3 „2 
(iii) continuous. 44. yisafunotion of z. 45. 4- d т 


46. у=5 when 04206, у=8 when 05 <а<07: уги н 
071<ш&09. у-14 when 08«2:411 y=69 when 49474 
[yin rupees and zin kg.] 47, y —(a— 22)? .z, 
48. 2=75t when 0« «17 

=526 when 7<t<12 


2526 — (2—19) 70 when 19 :«19 5, 
(Та the question read 595 instead of 520 ]. 


: 2п-+ т? 
49. (D) 50. GFE 


Exercise 3 


10 4; (i) $ (i) -5; (iv) 5 b 
2. (i) 1 (ii) о (iii) 8 1? 8 (у) Ек. 


8.0 1 (00 60 
4. (i) © 5 002 5.0) == (8) 


“457: (4) p (tv) 2 (0) 
9 01 (ші qmi 7,0) 3, (i) ava 
8. (i) 2 (i) 3. (іш) 4. 


ХЭ tam 


% (i) 15 (ii) & (ш) 75 (iv) ja? 

(у) 0 (vi) 8 go. (vii) 5 (viii) —4 (ix) 625 2 % (x) gast? 

10. (0 2 (Ю «4 (ші (iv) да (у) 5 1, (i) 55 @ 2 
М-Я 

(1) = (уі 12, () 3 


180 о (it) бој (уз 60 У 


ЕЈ 
18. () 2 (ii) 0 (i) 3 (iy) 0 (y) $ (vi) а (и) Cs. (уп) 10 


(ix) 1 (9) > (xi) 1 (x) 1 (xii) -1 (xii) 1.' 14, (i) 1 (iD 24 


ANSWERS 213: 
ш) i (iv) 0 (у) v3 (vi) – (724-1) (vii) $ | In the question read: 
75? д),] (ин) — (ix) 1 (5) 3. | Read (ix)— (xi) эв (viti) — (3) 
In the question ] 15. (i) 5 Gi) } G) m (191 
1, 0) 4 (ii) 3 (ш) 3 (у) e (у) 65 (vi) 1 (vi) log 3- 
V.()1 qp 2 (ін) 1. 18. @) 0 (ii) 0. 


1 $ 
% The limit does not exist. 20. The limit does not exist. 


21. 
1. 22. The limit does not exist. 


28, а 


Lt у 

гэд 09-05 P5 Лаје1. 29: 0. 
Ü(when т ig nob an integer); 1 (when тін an integer ye 
-1 when |œ] <1; 0 whene=1. 1 when |2| 71. does 


31, 
32, 
not 1 

exist when а= — 1. [Herero]. 34. 0) т (1) Ја 
B. бу 2 Gi) 5 86, (i) log 4, log 3 (ii) 842 сов а. 


Exercise 4 
1. Discontinuous 2. Discontinuous 9. Continuous 7. 8 
8. (у 2=1,2=9 (ii) z=0, w=(2n+1) 5 [ 2 is an integer. | 


944): continuous (ii) discontinuous (iii) discontinuous. 
lv) continuous 11. continuous 12. continuous 15. 0. 
19, go 128-і 22. discontinuous 23. continuous, 


Exercise 5A 


ОЛ ГЭЖ 8470 (iv) 88255 (y 2008 
2 (92-3) 
(т) “ы 2. (4) L5 (ii) - 5 (iii) ts. (iv) 13 ( ) 
3. 
00 боба 00 unas (80 asin 4, (iv). -2 зада 5 
V. $ вес? 
2, 


z вва? 
өреде; 


4. (i) 8685 (i) тө (ің) gina 


008 œ 
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1 uf 1 z 4% 
Л 12,7 
5. G) 108102. (ii) 2 Өк (iii) соба 
6. (i) —22 ніп «2 (ii) 000 а) (іі) 0 (iv) За? cos 23 


(v) -3 coses 32 cot 82 7, (i) 4708 (n 2 ыг х log 2 


а) - 


ЕЕ (ili) | 008 z—z sin е (iv). 32-3 8, () 0 


00 10) тае (8) — (г) ағ (а) аз (vii) ="? 


(viii) == (ы) — 


Ry (0 ome! бирд өд 


-13-1 А 5: 
Қай) -18 Wars 9. (i) 7: 008 (и) 2, 
TRA Seb) (1) neal (ну 82 — b sin =, 
: = 8 
(v) 1+2 жн сов 24-5 sin 2+6 вес22-7 вовво* 24-8 goo 2 082 7 
+9 cogeo 2 aot t. (у) 3a?5--Gab?z + 353,2 (vi) — gab 4- 29 
1 Е + 
Неа 2,8 ШЖМ 
(vii) zs 39x (ун) "tL (i) Lethe +i 
1 
(x) dye У Мааја 11. () logs el (1) Ы (ш) 55 
т 
6 
Gv) log, "2 18.0) «(аза ба) (ну іп 0+ дов 2) 
(iii) 3"(log, 3 Bin. æ+ сов а) (iv) 5" (log; 5 25454) 
(v) “2 оова (а а (vi) 92108242 (vii) 3(2- 2 108 a) 
iii) « 3 e249 
(viii) в“ (2+ ) (ix) Ё +22 log ©; (x) ge (ог +1) 


(08 82) — 00880? 
(iii) 675 cot «(1-9 log 2+5 1ов)— уз 


18. (i) 26“ cos œ (ii) 2 


00860? mlog ш} 


(iv) (2% Z [ов т cogeo? 2)--log ж oot t (у) За2-10:411 
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9-1 (061 -02"71 |. ба a cos e—sin т 
14. 9 оов 95, . 16. (i) таў оре и 


(log x)? сн 
i қ . sin 2 log er 
AR Bin 2 — 2 cos т Я 5 
Уа арыг (log 29% 
(у) (біп z-Faos z)6z? — (823 +2)(вов а — а ш) М Ф 
(sin Ф- 008 2) | 
igi — соваоз ак: +e”) +(1 + e") cob 2 
(vi) . ша 9? — (viii) 200880 I 
(a+2—2 Jaz) (æ+)? 
(уң) 2“(вов aik a loge 9 із, (i) E 1) в 4-0 


(i) аа-а оова бе te 6603 m titan 2 
81532 


: з = T 
(10 102--T (oos а— а ain 2) 512" 808 2— Be ein а) 
19. 7 За. ,. 1 um = 2 
0) (1--сов е)? (i) Az(1— a)? (iii) np 
20. (i) 2241, (8) 423 + 823 +92+1 & 
$1 (5 y[.329 8 ее 
Фу 2-4 g == (ii) (т cos z —sin z)? 
vA 2 2 1 
(iii) OG US Gv) seo? @ —22.(i) 0 (i) 0 
80. Not differentiable at 2—1 but differentiable at mmo. 
91. (i) continuous but nob differentiable 
(ii) continuous and differentiable. 


Exercise 5B 
1. (1) 5(2+11)* (ii) 22(2r — 7)10 


(üi)-. —45(3 — ба)е 
© алар 
eae tbe Naz? bs. ді 
2. (1) 


4 cos 4% _ Gi) –5 sin 5g 
= Тавовес D cot Te 
3. () 863% (н) 8685 
(у) «0224-524- 


: E (iii) 6 вес?62 ; 
(iv) Gd c di i ; 

Ф 
(1) geset 
(бог--а) 


(is): -8,68-85 


nis: Gt 
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4. (i) 322 copa? (ii) — 423 sin z* (iii) З cog (32-3) 

(v) —2 вв02(5— 98), (v) -7ang (у) вова) (2) 
(vii) 4% seo (4%) tan (e7) (viii) 2632 вап (527) ta (527) 

5. (i) 6 sin? z cos z ( (у RESET 


22 
= jj) 200? 2 
шин нін g (ш) tan 92 


(iv) 7 вео" æ tan 2 (v) 14 в8079с tan 32 


D Rh 2az--b 

6. (i) — tan z (ii) вас 2 совва 2 (iii) EE е2. 278 Ei: 

008 2 | 1 
па Gi) 


2108 2 
7. (i) — 322 4008 аз .Sin(z?) (i) СЭН Ға) 
(Ш) —4 sin (ofan? аку tan? 92; 


(я - гэ: (vi) As (vii) 


tan 228602 95; 
(iv) d (sin 25) оов (oon. (=3)} 
(у) E voseo? | fin? он (vi) > өз (vii). =a 
in 27 (біп ш — ЕШШ с 3 
8. () 82276 т 726 оов (81) 
(ii) (cos Jz) сов a Hn Ја log sin = sin ш 
ij 22° (2-5) аја Za бап (23) |. -8 
(+5) бу) (54-8)254-3) 
. (i) = 1,0 +в P еар 2) (8) -«(соввад ё5)-- 20az* 
agt +b 
| 10. (i) -ввв (1) сове 2 (ш) Al 
/ T 5 "d 
| по - е ) 2 ayy. S (iv) -А” 


92(6%2 —y) 5 “ant hy + 
(у) ey (9) 


A +9 


i 2 : 
Вов) (ҮШ) о 
ов (z--y)— У вер? (zy)... 
MET 6) 09) ~gemas 
18. (i) `6®° (b cos bz-Fa sin bz) (ii) 


вав (а воз nr; sin bz) 


1 1 
60 eta uin (ш) 7 = (авља) Уе +3 
1 
ЈЕ ИК дк 
2 cA Үнің беу». 
16. (i) mos ) 0) “үх ).- = У —1 
1 
3 2 ю (vin 
Cte а, 25 1+ 
: 1 1 
99 bike Ле — лд, 
8 у _= an =) 
17. (1) та (i). -і (ің) jns (iv) Sa Eb сох 5) 
2022+ 1 2 À 1 
5%) ет (vi) стра (vii) ман 
т. BEES о 3. 


СО (v) (нд) 868 (1 ввоз х log (sin z)y 


19. (i) 1 (1) “tan 16 (iii) -Ы (iv) 2 cogeo 0 
= @) 1 (m) d w -4 
21. (i) 9 log с, a 108 2 — 1) (ii) пене мы) 


(V) у чвозе comen 8... 20, (i) 


1 1-і 


2 
(іш) gt beta (ac^ 1) log ыы 
т 
EDD. т уа дува ввоз log Эр" 
Gi) (sin 908 T (cog Я cot &—gin y log sin E 
+ (сов узіп "feos * log cos &— gin а tan а. 


+1 iii а“ 
ms s) ОНЫ atas log а(14-106 а) 


сэн. cose 1 
z log i^ log (log ә) 
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уз ii) _У А — рова) ,. у 
28.20) 21—19 log 2} 00 . £'(1— log y) (ttt) 2 
y tan 2--108 gin у 
(iv) log cos 2 — 2 oot у 
@) ШТ Гын y 

шаға Yy-log æ cos уф ум =, a) 
25. (i) sin z (i) 1 


sin Уа у та 2 log У cos z) 


' Exercise 6 
1. (i 462543 (1) m2gmz 


(iv) e" (362* + 4828 + 19,9) “) 
(4) 10°(юв, 10)2 (vii) "in (og 2) 


(viii) - совеог 2 


(іі) 49 sin (3 72) 
7 3(49 sin Те- ив д} 
— 008 (log т) 


- бк) (84 соғ 92 — 


() -4 mgp а ова 
2. (i) -59 ii) — sin (24у 

Ён (8) [T= eos (2 + js 

(ч) — 4402. 


(02 — ад)з | (iv) Чаи] 


(z—1) 
сы 0 in2 
ener AU EE sd EE 
9 
$09 26 0) тн (ii) 1, 9 (iy) 883 0 
4a а m 
(у) - 4 


442 
асатыны бау 21 +:2)8 
есь (vi) dai ny 26. 11 


=. 


INTEGRAL CALCULUS 


CHAPTER ОМЕ 
INDEFINITE INTEGRAL 


$11. Aim of Integral Calculus. 


The term Integration means “finding the sum of". The aim of 
integral calculus is to find the sum of special types of those infinite 
series, each term of which tends to zero as the number of terms of 
the series tends to infinity. In fact the subject of integral calculus 
came into being in the attempt of finding the area enclosed by closed 
curves. In such an attempt, finding the sum of above mentioned 
infinite series was required. Integral calculus has another view-point. 
This view-point is to find the original function (primitive) when its 
differential coefficient or derivative is known. In this respect the 
process of integration can be regarded as the inverse process of 
differentiation. These two view-points have been bridged by the 
Fundamental Theorem of Integral Calculus to be discussed in a later 
Chapter. т 

Integral Calculus has various applications in Applied Mathematics, 
Physics and other branches of science. You shall find applications 
of Integral Calculus in the determination of area and some other 
problems discussed in this book. 

Historically Integral Calculus was discovered from the first view 
point. But we shall, in this book, discuss first, the second view-point 
ie, we shall first discuss integration as the inverse process of 
differentiation. 

812. Integration as the inverse process of differentiation : 
Indefinite Integration. 


You know that я) 2х. This is also written as [2xdx=x2 


which is read as integral 2xdx is equal to x? or integral of 2x with 
respect to x is x?. You know that differentiation of x? gives 2x. 
The inverse process of getting x? from 2x is called the process of 
integration with respect to x. 2x is called the Integrand and {2xdx or 
x? is the Indefinite Integral with respect to x of the Integrand 2x. In 
[2xdx, the quantity dx is the differential of x. Аз the operation of 


differentiation with respect to x is indicated by the symbol 25 so is the 
x 


process of integration with respect to x indicated by the symbol |4х. 
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2 
As S cin x)-cos х, 
Example. br x 
,. [соз x dx=sin x 
d is -— 
Def. If ==>), then f[g(x)dx—f(x) 
Hence by definition, if feGX)dx f(x) then, 
d 
2 (лод =в0), or, j£ C)dx) — а(х). 


813. I ntegral of a function 
unique : Constant of Integration : 


Let f f(x)dx— g(x). 


With respect to a variable is not 


d 
qx 209 ft). 


Again, 4 {8(х) еј = fo) Ге, is any constant] 
2. By definition, f Лх)ах= g(x)-- c, 

So, 8(х)- с, is an integral of 
Hence, integrals of аге more than one. 
‚ be two integrals of f(x) with Tespect to x, then 
g(x) and A(x) differ by a constant, қ 


For, since | fG)dx- g(x) and [Лођа == h(x) 


ЕО and аль, 


TEON- ФИО, or Fi) - Надо. 


“- 8—1) is a Constant, 

For, you have learnt in differentia 
ith respect to а variable 
be zero, if the function is not 

Now, it is clear fro 
integral of f(x) with resp 
will also be an integral o 


l calculus that the derivative 


Or the rate of change of a function cannot 
а Constant. 


if g(x) ђе an 

> Where c is а constant, 
f f(x) with respect fo х, Бог different values 
of c, one can obtain different integrals of ©). When с=0, the 
integral g(x) is obtained, Hence Ete is the елер form of 
integral of f(x) with respect to Х. The constant c is called an 
arbitrary constant of integration, The Бепега] form of the indefinite’ 
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integral of a function with respect to a variable is expressed by adding 
with the integral of the function, an arbitrary constant of integration. 

From the above discussion it is now evident that every function 
possesses more than one integral with respect to a variable. So, no 
function can be definitely called that, it is the only integral of а given 
function with respect to a variable and hence the name Indefinite 
Integral. 

Note. For convenience of printing we have not added in this 
book, the arbitrary constant of integration on many a occasion. But 
you must always remember its presence. То find the indefinite 
integral is to find the general form of the integral. If the constant of 
integration is absent, then one cannot get the general form. 


$ 14. Standard Forms : 
(1) ја" х= =z +e (n#-—1) 


хээ! E er x *1 d 
Proof, = arit = (= )+ о 


n+l Z nie 
т f(x )+0=- Их" =х 


n Xt —1). 
fx dx e, (п —1) 
Examples. 
1. {х5 die фон eo. 


жн 3 
2. { Узах=| йак GNE о 


= О 
3. |4ах-«|1.4х- |х94х-- Tito heme 
(2) fx^!dx or, |45. ов х-Ес. 

а Lag 
Proof. 4 ( log x--c )=1, a БЕ х-ке. 


„> 
(3) (езіле е, 


“. Ву definition, | 
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Examples : 


1. Jet*dx +6, 


9 е-58 е“5= 
2. Тары. ле +с= 


(4) [ата 1 


Proof, 


m ers 
(aum ате 2. 
d. т 10859 


т сор. (а 
т 105,“ dx 


Examples : 


5а 
1. |25“4х-- 2 pte 


(5) 
o [4 


Gi) 4 


Bate 


a dx 


z=) 


me) 46 


а" дуг la"* 


-&О+де 


ea 
ше a.e"? )= eae ^o fet?dx — +c. 
Да. x = 


T qe 


) 


g 
1 а та" log, =a". 
х mlog, : 


m log, * ^ 


Integration of Trigonometric functions : 


(sin ax) =1 а COS ах==<05 ах 
а 


сов ах dxcsi ах |. 
а 


а ) ~ 
a Я (cos ах 


1 : 3 
=== a sin ax)=sin ах, 
а 


qi) 4 


dx 


. J sec? ax dx= 


“. [sin ax dx= — 908 


EE. ах), 1 4 
а а 4х 


tan ах 


Cos ах 
——+e 


£ (tan a=! ~a Sec? ах=зес? ах 


"Ре, 


INDEFINITE INTEGRAL 


: 4 ( _согах ak 4 
(iv) 4 = )= шарсээ ах) 


- -1 (—a cosec? ax)=cosec? ax. 


. сої ах 
.. | cosec? axdx=— Y Tc. 


(v) af косшы ax) --1.4 (cosec ах 
dx a a dx ( ! 
= - (-а cosec ах cot ах)= соѕес ax cot ax. 


4. f eosec ax cot ax dx= 9050010554 
а 


у а (ѕесах\ 14 
(vi) 4( = )=tE ве ax) 


1 
= (a sec ax tan ax)=sec ах tan ах. 


SS f sec ax tan ax 4х--560 9X 4. c, 
a 


Cor. Putting a—1 in each of the above formulas, 
{ cos x dx—sin x+c ; | sin x dx= —cos х+с. 


f sec? x dx=tan x+c ; | cosec? x dx= — cot x+e. 


f sec x tan x dx=sec xc 5 f cosec x cot x dx= —cosec x-c. 


Examples : 
sin 5x 265 


: 5 - 
1. f cos 5х dx 5 


2. [sin (—3x) dx= — £05 (-3х) 
f sin (—3x) 2 eei 3% 4 
Examples 1A 


Ex. 1. Integrate : 


LG | @ [сек 
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x-5*1 -5 


1 
-6-1 -5 5x5 


(а) [xe dx= 
Ex. 2. Integrate : 


@ 12 @ Vade (шу |4 


Jes 
К а. Ж -6z | 
(i) [ale х + C= – кара C 


.. — - % 3 z 
(8) f Wes dcc ан” eret ccr c 


(іі) | ж-е “е^ em -2-L үс, 


Ex.3. Integrate : 

(i) 17° dx (ii) § e* dy, 

(D gs а= с. 

Qe dm e Стен [и log?21] 
Ex. 4, Tntegrate : 


() f sec? 4x dx (i) | sin Ө 


соз? om 


(i) f sec? 4х dx ERE С 


T sin Ө 
Gi) [am 6 99--1 sec 6 tan ө 49— ес 9--с. 


Exercise 1A' 
1. Integrate : 


(i) ( x100 dx (ii) | x? ах (iii) (dr 
tx 


@) ie 09 јаз уйк бй |4 (шу | 


liv) fx-*dx 


dx 
n-i 


x n 


INDEFINITE INTEGRAL 


2. Integrate s— 


(i) ferrde (i) Jett dx (iii) Jede (iv) f Bax, 


() f меё ах (у) {e770 dx (vii) ЕЕ (vii) | e109 “ах, 


3, Integrate 8- 
4) f374x (9 Sde (8) Ja dx (v) f 62* dx. 


(У) f10*dx (у) 6194 dx. 
4. Integrate 2- 
(i) | sin 7x dx. 
(i) |соз(-4д4х М! cosec? 3x dx. 
(vi) f —cosec 2x cot 2x dx. 


(i) f sin (—2x) dx. (Ш) | cos 6x dx. 


515. General rules of Integration s— 
T a.f(x)dx=a.ff(x)dx. (а 15 a constant) 


Proof. Let ff (xidx=alx) t с. 
(soe) efe, өв as (st) of 


or, а (а) -лә [~ 2 4eo=0 | 


Now, (авон) (аб ) n 2 


(ас) 
-а4( g(x) ) +0=а/х) 
f агодах=а.8(х) +а.с=ад\в(х) + c] af f(x)dx. 
Сог. LetfG)—l, .'. Јадх=ајах=ах+ с, 
0) Дх) a(x)}dx= ах + fg(x)dx. 
Proof, Let, {f(x)dx=h,(x) and fe(x)dx —h,(x) 
a(n) Ло and 2 (1,69) =). 


ын вы) һо һо 
| {f(x) £a(x)}dx=h (x) (х) = Лрдах f alxdx. 


8 INTEGRAL CALCULUS 


Сог. 1. By repeated application of the above rule, it can be: 
proved that if each of [fiG)dx, Глан, ffa(x)dx can be 


determined, then 
SALAM) ЕЈ (о) x f(x) + “7500 4х. 
= (ах (х) р (дах 4 "ул (ах. 
[ п is a finite positive integer 1 
Cor. 2. From Cor, 1 and rule 1 we get that if each of 


ГЛ одах, | fa (x)dx, "9, Рах, can ђе determined and if 41» 
22; *** а, be constants (п is a finite positive integer), 


|| а; 7109) ae fo(x) + Uta, (х) ах 


= tai (7 (хјахжа, $ fo(x)dx + +a, f fs (x)dx. 
Examples : 


1. | (ехе | x2dy. f edm pen to, 


f (x3 + cos X)dx =] X*dx + | cos x dx + sin x+e. 


[Әх 4Х:52 | xdxeen, remate 


$ 
2x)dx- | —sin 2x dx — f sin 2xdx. 


205 2x 
ER) жеш, 


4. fsin(— 


. 5. . | 
f $16. Determination of integrals of powers and products of 
sine and co-sine functions of a variable by reducing it to functions 
of multiple angles. 


From the formula (i) 1+соз 2Х==2 cos?x and 00) 1—cos 2х= 
2 sin?x, cos?x and Sin?x can be expressed in the forms 3(1+cos 2х) 
and 3(1— cos 2x) respectively, 

Hence f cos?x 4х--| ЗИ + cos 2x)dx= 


sin 2x 


3f dx--3f cos 2xdx 
=4x+ “Эрт Tc. 


Similarly, | sin?xdx=jx— 2х 5 


— 


INDEFINITE INTEGRAL 9 


(1) sin 3x—3 sin x—4 sin?x 
'.. sinîx=}(3 sin x—sin 3x) 
cos 3x Ta 


ог, | sinSxdx=f 1(3 біп х—5їп 3x)dx= — Joos x+- 


(ін) Again, cos 3x=4 cos?x —3 cos x gives 
соѕ3х=1(соѕ 3x--3 cos x). 


or, f созЗхах= 1 (cos 3x+3 cos пак sin х-+с. 

(iv) Products of sines and co-sines can be integrated by 
expressing them as sums of sines and cosines by the formulas 
2 sin А cos B=sin (A--B)-- sin (a—B) etc. Follow the illustrations 
carefully. 

Examples : 


1. | cos 2x cos 4xdx=J 3.2 cos 4x cos 2xdx 
=H (cos 6x+cos 2x)dx—1 f cos бхах + 1] cos 2xdx 
1 sin 6x41 sin 2x , „_5їп бх sin 2x 
налж шалдан g ја 


2. § 4sin 2x'cos 3xdx=J 2.2 cos 3х sin 2xdx 
=2§ (sin 5x— sin x)dx=2§ sin 5xdx —2J sin хах 


zx cos 5x Y. (— = . cos 5x 
-2(-%%5%) 2(—cos x)-- c 2(cosx 5 )+e 


Examples 1B 


Ex. 1. Integrate : 
() S2—sin xde (i) fG29?dx — (8) Год 


(iv) /(х+2)(х-+3)4х (у) (ел mos 
x 
(v) fx*ü—x9dx [Tripura '78] (vii) [(2х-1) "ax 
5 х 


[Tripura 7811 


от) |(2+1) ах [Tripura 7821 


() J (x? -sin x)dx={ x?dx— | sin x dx 


28 xs 
“Зар (—cos x) te= Ecos х-ке. 
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(i) |(х--2)24х--( (x? Ax 4)dx— [ x?dx4-f 4x dx -- | 4dx 
=! x?dx-F 4j x дефај бе БАЛ aee 


aE ED ds dc, 


Gi) (2-5) 2 х--| (8-+12х+6х-+ yg, 
=f 8dx-- 12x dx4- f 6х20х--| хзах 
=8) dx+ 12] x 4х--6| х24х--| хзах 


Ва ELM 


=8x+6x2+4 3 ++ c 


Gv) f GC 2)--3)dx == | (x? -- 5x E бах 


= 2 

д ine 5x dx4-[ бах= | X?dx 4. 5[ х 4х--6| dx 
=% x | 
5, e onus $x? 46x46 


1 
(у) [ee Мах =] (атар хаха 74х 


3 
x 
pee. 


| (vi) |х (1 ~x)2 дх--| E 


(1 =2x+ x2) ах. 
=f хах) f хз dy 


§ x4 ах 
3 4 5 3 
m rcd qi LX* x’ 
. 3 29:25 КЕСЕ zty +C. 


1x2 
8 
““і-«-ізс 


еш [(х+1) asp xe ШЫЛ det (Lay 
x 


= tortie 
3 x 


INDEFINITE INTEGRAL Пп 


Ex. 2. Integrate: | tan?x dx 
J tan2x dx=J (весах —1) dx=J sec?x 4х- | dx 
={ап x—x-c. 
Ex. 3. (а) | (8+ eS) a Ken c2 7s 
— fe? ах+2] dx+J е? dxze* 4-2x —e7* +С. 


(5) [a х= [Cre ease ettam рс 
n 
Ex. 4. Integrate: је n log х= 108 х 4х--| x" ах 
x"t 
ve when nz: —1 


=log x-Fc when n= —1 


Ex. 5, Integrate : 


(а) § sin 3x cos 2x dx. (Tripura 1986] 
(b) j sin? x dx. [Tripura 1983] 
(с) | J1-sin 2x dx. [Tripura 1981] 


(а) { sin 3x cos 2x 4х= | 2 sin 3x cos 2x dx 
=> | Ken 5x-+sin х)4х--2 | sin 5x 4х--4 | sin x dx 
= — yy cos 5х--2 cos x-c. 
(b) 1 sin?*x dx=} | (3 sin x—sin 3x)dx 
3 f sin x dx—1 | sin 3x dx=— cos х + 3g cos 3x--c. 
(с) Г am Jsin2x-+ совех + 2 sin x cos x dx 
=f JGin x-Fcos x)? =f sin x dx+J cos x dx 


= — cos x-Fsin x4 c. 


cos 
Ex. 6. [sin x9dxz [sin 2 is 22-15, 
180 
180 
NEUE = cose ^T — 1800s х9--д 
cot x 
Ex. 7. IE dx=§ cot?x ах=| (cosec? x — 1)dx 


= cosec?x dx — | dx= — сој x—x-c. 


Б 
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2 8ш3х--3 сов“Ха | ( 2 sin?x +_3 сов х )а 
Ех. 8, [299-3 costs ЖЕРІ 


а 7 
sin?x cos?x Sin?x cos?x " sin2x cos2x 
=f (2 sec x tan x+3 cot x cosec x)dx 
—2j sec x'tan x dx--3f cot x cosec хах 


=2 sec x —3 созес хс, 


Ех. 9. f sec?x созес?х ах=| dx 


Ex. 


Ex. 


Note, dx j 


Ex. 


TU - 
Sin?x cos2x 
in2 2 
= | cd ЗА (sec? x ++ cosec2x) dx 
Sin?x cos2x ы 
= { sec?x dx- | созес х dx=tan х — cot х+с. 
10. | 08 х-Раш хүү 2х)4х 
COS X—sin x 
605 x+sin *(sin2x+cos2x 
cos x —sin x 
соз x+sin x ( Е 2 
= Cos ~ __---— | cos X-—sin x 
| cos X —sin x dx 


—2 sin x соз x)dx 


=] (cos x-+sin X)(cos x— sin x)dx 


(cos?x — sin? x)gy == [ cos 2x dx= шон ^ 


dx l+sin x 1+sin x 
Di ee UICE En —-=йкш —— 
ls —sin x Jat х)(1 + sin x | со52х ~ 


28 1 sin x ) 2 
(безше dx | (sec *+sec x tan x)dx 

= sec2x ах + f sec x tan x dx—tan X-Fsec х-+ с, 

l—sinx 

соза = | зесех dx — | sec x tan x dx 

Stan x— бес х+с. 


1+sin х 


91+ gita [9.97 +3 45 
12. Је ојача, 


x 
= 9.32% 4.3.32 = [3%(9,32 
ы) ата 


= (9,35 +3) ах 
79] 3®4х-Е3] ахо, 3* 
i dog, 3 3e, 
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: x log 2,4, (log 252. — VP AE 
Ex. 13. [e ах= e deo pra ee 


1 је ЭРЭ (оёх д (Үгээр cepta 
` Jsin?x sin 
MA 1 (cosec?x —2+sin?x)dx 
sin?x 
=f cosec?x dx —2f dx--1| (1 —cos 2x)dx 
= — сої х- ыы - te, 
=—cot х-фк- ИЕ be, 


Ех, 15. | сов x. cos 2x cos 3x dx 
=4{ (2 cos x cos 2x) cos 3x dx 
=4) (cos 3х +с05 x) cos 3x dx 
=4| (cos23x--cos 3x cos x)dx 
= 2 cos?3x dx+4f 2 cos 3x cos х dx 
=} (1--cos 6x)dx-F1f (cos 4х + cos 2x)dx 
25505 +30 6x , sin 4x , sin 2x 
= x bee 5 КО 
Ex. 16. . (сов 5x4-cos 4x 
X. 16. Integrate : | ЕЕК ах 
_ [cos 5Х + с05 4х 
Pit г| 1-2 cos 3x en 


== | sin 3x cos 5x-- sin 3x cos 4x е 
sin 3х--2 sin 3x cos 3x 


[ Multiplying both numerator and denominator by sin 3x ] 


и | 3x cos (3x-+2x)-+sin 3x cos (Зх+х) gy 
sin 3x— sin 6x 


-Fsin 3x cos 3x cos x—sin 3x sin 3x sin x 
asin 3x cos Эх cos ¥— Sin 3x sin 3x sin x 
sin 3x—sin бх dx 


2 sin 3x cos 3x cos 2x —2 sin 3x si. 
3 


BE: 3x cos 3x cos 2x —sin 3x sin 3x sin 2x 


n 3x sin 2x 


+2 sin 3x cos 3x cos x —2 sin 3x sin Ax Rn 
dx 


Sin 3x —sin 6x 
2 sin 3x cos 3x(cos 2x 
-4 


+2 sin 3x sin x) +005 x) —sin 3x(2 sin 3x sin 2x 


sin 3x—sin 6x dx 


13 
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sin 6x(cos 2x + cos x)— sin 3x(cos x — cos 5x-- cos 2x —cos 4X) 
=] sin 3x —sin 6x 


A (ва 2х + cos x) (sin 6x —sin 3x) --sin 3x (cos 5Х + cos 4x) ёс 
=} sin 3x—sin 6x 


=-3 [© 2х- соз х) 4х--1 |998 5%-Есоз 4х ах 


— 1{5їш 2x 1 
a(i 2 Мат x) сы 


DE -4(2525 sin x) +c’ 
or, І-- -(252 ны x) +e. 


Exercise 1B 
Integrate 
1. (а) () f G?--3*) dx (ii) | (24338 dx (1) у [rolas 
+х+1 
(9 Stere (у Дате ае) (и) 121-2.) 
(vii) f cot? хах (viii) f (2 cos X--tan?x) dx 
(b) (i) f sin x sin 2xdx 


(ii) f sin 10 x cos 6x dx 
(іі) f 2 cos бх cos 4xdx 


v) f sin? хах (у) [ cos? 2xdx 


М) f cos? 5 dx (vii) f cos? хах, (vii) (3 3xdx 


(ix) f cos x cos 2x cos 3x dx 
2! 


(X) f sin x sin 2x sin 4xd* 

© ГОх-1)(х-2Мх (4) f 8/5 (50-2), 
x? 

(ш) [(х+2) (e Das v) [tta Б 


[ C. U. Int. 601 
я (Х3—7Х+12 : 3 2 
3. (i) XS ds (i) (%2--3х2--4х-12 
[sa а di Раева, 
ко feu а ее, 
66%--1 6 5 
f - feosx?dx, 4 f sin2ax dx. 
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8. f cos?6x pe 9: јр“ зах. 10. Ј cot? 2x ах, 


11. 25225 12. | 3840 


рапа sin? 6 
13. |2 sin 3x sin 4x dx. 14. ) cos 4x cos 5x ах. 
15. f sin mx cos nx dx. 16. | sin? £ dx. 
їй "ах 1а | S08 
cot x sin?x cos2x 
19. (i) f (tan2x--2)dx. (i) | (tan?x --2) (cot?x + 3)4%, 
20. || _itsin 2х ду, 
sin x+cos x 
{ act 1)? А аз“ +a* 
21. (i) | (get ax (ii) | 225 dX. 
: ах u dx 
22. En 11 
>@ Ies 2x Gi) |i ees 


23. | sin x —cos 2x5, 
1-sin x 
24. | JIFcos 2х ах 


25. m Ed ; where Ө is a constant. 


cos x— cos 0 
26. | (віп%х--со56х) dx. 
27. (i) || cos*x dx Gi) f sin*x dx. 
28. [sin ax sin bx cos cx dx. 
29. [sin 2x (1 --cos 2x) dx. [со о tak 1 
30. f (cos 3x—2 sin x-- x?) dx [cu 4050 1 
1 2 
зі. eet mae 32 [dcs сме те 


cos 8x—cos 7x 
142 cos 5x 
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CHAPTER TWO 
“INTEGRATION BY SUBSTITUTION OF VARIABLES 


$21. You have seen in Differential Calculus that there are certain 
general rules for differentiation of functions ( of course, which are 
differentiable and most of the elementary functions are differentiable). 
But in case of integration, there is no definite rule for integration of 
integrable functions. The processes of integration is mainly tentative. 
So integration is more difficult than differentiation. In chapter one 
you have seen that many functions which are not of the standard forms 
have been integrated by expressing the integrand as the sum ог 
difference of more than one integrands of standard forms with the 
help of Trigonometric and Algebraic formulas. But all integrands 
cannot be reduced to standard forms with the help of those formulas. 
In those cases different other methods are followed. In this book 
we shall discuss about two methods, viz., (i) Integration by substitution 
and (ii) Integration by parts. The subject matter of th 
chapter is integration by substitution of variables, 


. $ 2'2. Let | f(x)dx=g(x) 


22 efe. 


€ present 


Now if х= F(z), then er F'(z) 
2 


а 
a 691 G0). у) P) = лека 


.. Ву definition, g(x)2j яға) F'(z)dz 

or, |Лж4х-| fiF(z)F'(z)dz 

Now the variable of integration is z instead of y, | Hence the 
integral (if it can be determined) will be d 


T expressed in terms of 2. 
Express the final result in terms of x from the relation of x and 2 


А ах. i А 
Note: You know that GE the ratio of the two differentials dx 


Emm d 
and dz. .. ее Қа) or dx F'(z)dz and Use of this form is more 


convenient. 
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Ех. 1. Integrate: | (2x+3)5dx. 
Let 1=| (2х--3)5ах, 


. a 5 
ж=@х+3) . 5 
2 -2-3 < “1 
Let 2x+3=z, ог, 225 Di 4 52 
dI dl dx | 27 
Мом, dde; 9*9 Ё ний 7 


6 
1551 254:--1(:54:--1 T temdsOx4 3) +c. 
dt 
Ex. 2, Integrate: |— 7^ _ 
В | tr —1 
Let t=sec@. 2, a=% d6—sec Ө tan Ө 46 - - 


and t Jr? —1=5ес Ө „зес20 —1 —sec 6 tan Ө 


dt sec 0 tan Ө 49 
516 > э|------25- = | до= 
[rj | sec Ө tan Ө | Эсер 
Now, 7) secO=t, 2. Ө=8ес-1; 
si j dt весь Ес. 
tr —1 
Sometimes variables are substituted in the form $(x) =z, 
. 21 . 4: , а Ly az 
SAR BW), 2, dem E 
Now from $(х)=2, express f(x) in terms of z and also dx= dz 


1 $'(x) 
2. J f(x)dx will be of the form 7 e(z)az. 


-Ex. 3. | sin?6 cos Ө do, 
Letsn@=z, 2. coso 49-24: 


D 8 А 
and | sin?0 cos 9 де = Ис 


$23. Rules -of substitution : There is no general rule for 
substitution of variables for integration of functions, Variables are 


generally substituted by inspection, In the next few articles we discuss 
some convenient rules of substitution of variables. 


a INTEGRAL CALCULUS 
5 2:4. Integration of integrals of the form | f(ax--b)dx 
Ex. 1. Integrate: | sin (ах+5) dx. 


Let ax+b=z. 2, adx=dz ог, ах=— 


“. Пвіп (ах+5) а= |1 sin zdz=1/ сп zd == 207 


= соз (ах+5)_ 6, 
а 
: 4х 
Ex. 2. Integrate : as 
Let 3x+4=1. 2, 3dx=dt or, а=. 


E [зу а= [£- 14-1 log 1+с 


=} log (3х--4)--с. 


825. Theform: [íf(x)^f'(x)dx 
To integrate | (f(x)]^f (ах let, f(x)—z 


Ne Л w=% ог, f'(x) dx= 


Hence рї int ='|2" ECT 23 
е given integral ГЕ dz REDE [Е nzz—1] 


and—log z-Fc [ If п= —1] 


Hence given integri ЛЭЭ. (їїлж-11 


and =log 1700)-ьс [If nz —1 ] 


Example For, integration of (ах3--ьх 
that if Дх) = (ax? -- bx + c), 
integral is of the form 


I леду Gase UC (ш + bt Я 


+e)3(2ax+b)dx notice 
then f'(x)=2ax+b: Hence the given 


$ 26. Theform: | H fO} (х) ах 
| qf f. $(xdx=a(x), then, | #{ fx}. f 'G)dx- gi fix} 
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Proof. || ДХ / (х) dx=J Ф(2) 2, [putting z—f(x), dz—f '(x)dx.] 
=8(2), [' | #(x) ах=(х) 1 
=g{ f(x}. 
Hence if the integrand be the product of a function of an integra ble 
function of the form $(f(x) and the derivative f'(x) of the seco nd 
function, then substitute z for the second function Лх). 


Note. The form |{/(х)}” f'(x)dx discussed in > last article isa 
special form of |Ж f(x)}H{/'(x)} dx. 


4 Qn x 
Example 1. Integrate : | Е ах. [C. U. 1939] 
Let tan^! x=z, C 
ШЫ EL 


“бид 
4% Given integral Je? dz-e* oun Ye. 


Examples 2A 


Ex. 1. Integrate: f(4—3x)!99gx, 


Let 4—3х=2 02, —3dx-dz, .. 4х--. 
à dz 19:101705 
. 2 100 = — Í} 100 2223065 
T NOT АС ЕО 
LECE 
303 
Ex. 2. Integrate : 
x?—5x-6 (х-2(х-3) !\х—3 ze 
== - | 
~Ix=3 )х—2` 


Now, let х—3=и and х—2=> 


<. dx=du and dx=dv ( Iespectively ) 


и È . = [4и (а 
.. Given integrales |24. (40 tog u—log »--с 


= u = x-3 
log tc log туы. 


(a) Letax-cbzz. /. 


Alt. method : | kb sry |92 
а 


4 ах+®, [p 
et]. 44-7. eda: Бэх: 
a | ax+b a dx 
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Ex. 3. Integrate : 
la) 


dx 
ax+b 


dx. Tb. 
0) cmm о [2 у [22а Ђ 


adx=dz or ах=® 


dx _(14 141 

еі РЕНЕ =] 2198 ze. | 
! 

=! log (ax--b)--c е 


(b) Let b—ax-z —adx-dz ог, ах=— 


a 
So, | 2-1 =— | log 2+ с 


= -} log (b— ax)-- c. 


(с) Let ax+b=z анна xci 
a 


a! 2—5 , 
СЭ xb. a эше? 4; | 
ax-b 4 2 Эрс | 


аатай тав 


-4, а' ab'—a'b (dz 
a? 25524 | ЕР |8 
зараад a'b 
a2 


log z4-c' 


= 0 dax в 


P tog (ах+5)+ с’ 


= 


a'b 
log (ax+b)+ c 


[ TM (say ) 


х--ь 


ах--ь 
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= 42 а (san 


ax+b [22 
а ab'—a'bt dx 
=Z хаад а Is 
-Фха08-269 log (ах--5)--с [ See (1) above 1 


Ex. 4. Integrate: (a) GL. (b) 263 y 


ІН. S. °84, '87) 


(а) Letx+a=z ,", dx=dz and х=>=—а. 
со$ x dx = [505 беш [eos 2 cos a+ sin 2 sin а 
cos (x+a cos 2 cos 2 


А i 
—cos а | dz--sin a [шш dz 
1с08 2 


=cos a | dz—sin a [Hesa [ às d(cos 2)== —sin z dz ] 


=z cos a —sin a log (cos z)--c' 
+ =(x+a) cos a+sin a log sin (х+а)+с' 
=x cos a- sin а log sec (х+а)+с 
[ as a cos a is constant, a cos a+c’=constant=c (say) ] 


(b) Let х—4=2 . dx=dz and х=2+«. 


e біп ж gy х= [sin (2+5) 
sin (x—«) sin 2 
sin z cos 4+cos 2 sin 2 sin 4 5, 
етт авы 
Ecos xj ізін Tu 242 
Ж : d(sinz) ,. р 
=cos 4f dz+sin « [Ena Г. d(inz)eocosz dz] 
=cos «.z-Fsin « log (sin 2)- с” 
=(х—4) cos «--sin « log sin (х- -«)--с” 
=X cos <-Евіп « log sin (x— «) 4- c, 


Ex. 5. Integrates { x? Ухз--1 ах. 
Let, x8+1=z. 2. Зхбах=ар o х?ах=®, 
52% 387 


22 
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dz 
So, the given integral | Ма =: zd 


"13 


Ре + с, 
% 


Note. 


E] 


Here if we take f(x)=x3+ 1, then /’(х)=3х?. 


But in the given integrand we have x? in place of 3х2. We сап 
write x? —3.3x?. 


(a) Тере"+1=> 01, e"dx-—dz, 


(b) Lete®+e-®=z 02, (e*—e-2) dy=dz 


Ex. 6. Integrate ғ 
xdx x ах 
a — — (Н. 5. 1980] (b (H. S. 1978] 
Ч алга мэн агч 
(а) Let, 3x2+4=z 02, 6x dx=dz ог, Sen 
Ө Given i = hls) 
. Given integral— = =}f z 342 Ее 
=} Jete=} ва ж. 
(b) Alternative method: Let3x?--1—22 - 6x dx=2zdz 
ог, х4х--1242. 
“. Given integral= [242 dz = dz=}z+c 
7 =} J3x? Fite. 
Ex. 7. Integrate 2 
e*dx 2 
(а) |54 (5) је 65а [Tripura, '84] 
e2* 4 7 
(с) ны а 145 [Tripura '85] (4) A [H. 5. 1985] 
е? 4х 
: e^*dx d 
Ө [Zr Es. 1983) (у) [== 


,. Given integrales |“ = о z4-c—log (e* +1) +e. 


So, given integral | = =1ов z+c=log (e* + е-=)-+с. 
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(c) e ie [Sere (Ееее 


Je29 —] e*(e*—e-7*) Јез—е i 
Let e"—e-7*2z, 2. (е%--е-%)4х-- 


... Given integral | tog z+c=log (e* —e^*)-4-c. 


(d) 23 =| е “ах =| 


e*+1 Је“ (e+) 11--6-5 
Let l+e"*=z ., —е“=ах=42 ог, e~*dx=—dz 
'.. Given integral - [== —1og 2+с=—102 (14-e7*) + c. 
(е) Lete*+1=z. /, e*dx=dz and e*=z—1. 
??dx [е“ е"ах _ ((2—1)42 
N e -jjer БЕ 
ЭН fort етері | 2 


=! а | =—1ов zc 


=e" 4-1 —1og (e* -- 1) - c'— e? —log (е +1) - c. 

dx e-?*'dx е-2° dx _ [e-".e-" dx 
(0) I tere ё-55(ё2:01)3 = Г (1-е-%)% 
Letl—e-*-2z .’. e^? dx=dz. Also е7%--1--2. 


[2411 -Ё 


“. Given integral= 


= _1_пов 2+с= orem (1—e7*)4-c 
2 = 


=- = їов(1. 2 "he 


ез 


ез” е 
і-ағ +198 em 


12% 


—log (е%-1)-Ес. 


Ех. 8. Integrate: (i) { tan x ах (ii) f cot x dx 
(ш) J sec x dx and (iv) | cosec x dx, 


() ftan x dx= [Sin 54) 
008 x 


Now let cosX—z. 2. —sin x ах=а2 or sin x dx= —dz. 


INTEGRAL CALCULUS 


-. Given integral — | “= —log (2) +с= —log (cos x)--c 


—log (cos x)7! +c=log (sec x) +с, 

T —(cosx, [dz 

ti) f cot x б |82 [82 
[where, 2=5іп x 22. dz=cos x ах] 
=log z+c=log (sin x)--c. 


(іі) f secx de= Fe X Geo stan >) 


Now let sec x--tan Х=2. (sec x tan x+sec2x)dx 


=42 or sec x(sec X-Ftan x)dx=dz, 


f sec x dx=(@ =log sae (sec x+tan x) + с 


dx 
Alternative method : f sec х dx= |5 3i 2 (+ ) 
cos x sin 2 -x 


22147 4х 
=|; sin(=+3) cos Gu) | $ E ge 
| . fan (3+3) 
Now let, tan (3+3) =z 
$ sec? (1-2) dx dz, 


So, цагын log | z | +c 


=log | tan (54 +3) | +c=log || iun 
ng 


iv cosec x ах= [4х _ dx 8 
(3 ) [ a perdas (3 sec ?$ 


tan 5 
$ sec? 5 dy о 


Now, let tan §=z 


dz 
So, f cosec x dx= | Ё-цод | 2 | +e=tog | tan | ке 


Alternative method : | совес x 4х-з|295ес X (cosec x—cot x) д, 
совес x —cot x 
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Now, let cosec x —cot x=z 


. 


(—cosec x cot х--совес? x)dx=dz 
Or, соѕес x (cosec x—cot х) dx=dz 


f совес xdx [tog 12] +e 


=log | cosec x —cot x | +e. 


[ Note. Remember the integrals of these examples as formulas. ] 


dx x 
219; tegrate: | .—— —- 
Ex Integrate | ET (Tripura, 1978] 


[ dx = (Se x-Fcos? x) “| sin? x dx Cos? x dx 
sin x cos x sin x cos x sin x cosx Jsin x cos x 


=f tan x dx+ f cot x dx=log | sec x | +log | sinx | +e 


Ех. 10. Integrate: | tan x sec2x dx. 
Lettanx=z, .*, sec?x dx=dz, 


tan?x 


2 Яс: 


2 
Л tan x зес х ах= [2-5 4 c= 


агар ах 
Ex. 11. Integrate : [elu 
dx 


lur 
Let јап“ !xzexz Ее 


=dz, 


Given integral= еа + с=> (tantx)? Ec, 


Ex. 12. Integrate : 


lccosx gy, ij [1+0 х 
9 [E “ап x ш E 


Let x+sinx=z. 02. (1--cos x) 4х--аг 


“Мон (i) Ба-а 


Vx-+sin x у 2 Мас) Ухаа хэс 
у (1405 х dz 
ii 2 
6) JA краћа» 4% = | С = лов 7 c—10g (x-Fsin х) фе, 


Ex. 13. Integrate ; [see x dx 


“log (sec x tan 5) 


Let 


Gii) 


Gi) 


'Ex. 
(iii) 
(i) 


(ii) 


INTEGRAL CALCULUS 


log (sec x+tan х) == 
И x tan x+sec?x)dx=dz 
sec x+tan x 
1 


—— — — sec х(ап x+sec x)dx— dz 
Sec x-Ftan x 
sec x dx=dz. 
E 2 dz 
Given integral— |4 =log z+c 


=log Шор (sec x+tan х))--с. 


. 14. Integrate : 


dx sec?x 
== sin 1х in emm adr 
езіп” 22 
p WIE dx (Tripura, '82] 
pet біш-іхше2 qo 


J1—x8 


j P Taz 
Given integral [Aog Z+c=log (sin^x) + с. 
Let 1+tan x=z. 


| x dx с әң 
lctanx | z 8 z+c=log (14-tan x)--c. 


2. зес2х dx— qz, 


Letsinc!xzz 02, . dx 2 
4i —x$ dz 
Given Integral2 | ед гох ее” 1х д 
15. Integrate e (i) | ЭЛ вх dx, (ii) р 4те Siamo 46005 di; 
dx 1 
SSS А (ѕіп-1 2 
Ines tiv) jem eee ГЭ ae 
Let 1+x=z, dx=dz 


ме г 
Б/Е х= Nz 42=[2 Шер tem Hy Eae 
Let 1+tan x=z 


Sec?x dx=dz 


and f 41+ tan x sec?x dx | «ја == | Ааа 


242 Fem И 4 tin хе. 
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27 
(ii) Let 1+logx=u 2. laxa 
dx -4 3 
d |—————-— аи= 
P к= Г IE dme A 
=2 Ju+c=2 JI Flog xtc. 
(iv) Let sin^!x--3—z == =dz 
(sin^!x 4-3)? 2 tome? 4 о (Sin 3x43) 
and јан | dz zte пали ЕС 
2 ЭРЧ 
Ех. 16. Integrates (i) | — [Ranchi, '63 ; P.U. 746] 
Let х+2=Р. 2, ах=2 dt and х= —2. 
: x?dx _ [(t? —2)?2t dt 2^4 — At +4) 
28) “а | t J 


=2(5 – база) +c 


3 4 
=2(x-+2)? — 80-22 8G 2)2 be. 
T Nx+49,—(_*+4 жа 
(ii) [5x4 dx | Lx. 

x 4dx - 
co m 
des dx 1+4 
zi та БН eco 

Now,letx--4-—z2 . 


п= [22 2]аг=22=2 Jx X4 


dx=2zdz and Nx+4=2 


22:42. == dz 

and 15 “| 8427 da 55 08 == = 
=1 jog Ух+4—2 
т 


So, the given integral=2 Jx 442 log Мх4+4—2 
Мх4+4+2 


INTEGRAL CALCULUS 


Ex. 17. Integrate: (i) | ed 


Gi) ((сх-а) Jax-Eb dx. 


қ 39:25 
Let ax+b=z?, 2, adx=2zdz and DE 
5 à 2—р 
2 +d с(2 +d 
Еа ( а ) 2 
єр = 2-4: 


2с 2(ad — bc) -2c25, 2(ad — bc) 
== |2 ap eT e] а Е 55 z+k 


= 2e (оь) 204250(аха-ы нь, 
Gi) J (extd) Ја dx |(c +a) 2224: 
= |, ваза ар 251 z2dz— 2 Bea 255 ek 
сауна 


Ех. 18. Integrate 2 (= +322 43x44 


хах] 4% 1С. U. "63] 
| EREETORA,.. [et Ez DG Eas, 
x > 2х1 © x? 42x+1 
= x+1 22568 = ----. 
|| tarp)” Јхах+]| det pti 
Ds uc. 
Ex. 19. 


f tan?x dx=( tan x. tan2x ах=| an x(sec?x —1)dx 
=} tan x sec?x dx — f tan x dx 


=} 2.42 —log sec х, [ In the first integral put 


tan x—z, 02. sec?x dx—dz] 


=> log sec =. tan?x —log sec х+с. 


Ex. 20. Integrate s— 
(а) Sx? cos x? dx. 


d [H. S. 1978] 
(b) J cos (log x) E 


[Tripura, 1980] 


a a 2 o 
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(с) || sin x ах 


(a+b cos x)? [Tripura, *83] 


(d) | cos x dx 


(cos £-Fsin £)? (Тприга, 782) 


(e) | sin 2x 


3 + со5 2x 5% 


(a) Letx®=z 02, 3x? dx=dz or, x? dx=, 


Given integral— | cos 29) f cos 2 dz=} sin 2-Ес 


=) sin xc. 


(Б) Letlogx=z >. D да 


2. Given integral=f cos z dz=sin z+c=sin (log х) + с. 
(c) Leta+b cos x=z 2. —b sin x dx=dz 
а 


от, біп х dxc = 


и". Given integral= — ee ==! (-1)+ cat, 
“екса ын +e. 
b(adbcosx) ^ 


| сов ах = | соз хёх 
9 со: ат 297 са Гэ Ба — 


g [3 z 
5+2 cos 2 sin = 


cos x dx let отии 
аге NOW lot tsin xmz | cos x dx=dz 


5 7 “(а 
Given ен [log 2i cai (1 -sin x) 46, 


(e) Let 3+cos 2x—z ©. —2sin 2x dx=dz 


or, sin 2x dx= — 42 


5 . n жың а: 
“и Given megas а log 24-с 


=== log (34-508 2х)+ с. 


[H. S. 1988] 


INTEGRAL CALCULUS 
Ex. 21. Integrate 2- 
Мал x dx. b Vian x 
(а) | cos*x ® | sin 2x 
ГН. S. 1985] [Joint Entrance, 1981] 
| sin 2x dx 
(о) a? cos? x-- b? sin?x 


(a) EET. d E ыы =} „Лап x sec*x dx 


Let tan 22 2. sec?x 4х--22 dz 
Given integral—| Jtan x sec?x sec?x dx 
= Jian x (1+tan?x) sec?x dx 
=f 22 (1--z*)z 42=2 | 2? 42+2 | 26 dz. 
= 75 се tan? х--% tan?x--c 
5 | Маш x dx — | Мал x sec?x dx 
sin 2x 2 sin x cos x sec?x 


P ef Jian x sec?x E dx 
2 tan x Мап x 


= | dz _ =2 | dz 


=22+с=2 Jian x+ c. 
(c) Let a? cos?x+b? sin2x—z 


[taking tan x52? or sec?x 4х--22 42.) 


VM NON Е : 
2. (—2a? cos x sin x+2b2 sin x cos x) 4х-- dz 


or, (b?—a?) sin 2x dx—dz or, sin 2x dx= _42 
22509 
3 4 А іт ЕР з уса 
Given integral 22) РР log 2+ с 


58 1, log (a? сов2х--52 sin?x)--c, 


„= fede 
Ex. 22. Integrate $ |=. [Тгірша 1979]: 


Letx?4-92z .. 2х х=й or хах-% 
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31 
“. Given integral == |42 23 log z--c—1 log (x?--9)4-c 
dx а 3 
Ex. 23. Integrate ғ = =. 
X. ntegrate I [Joint Entrance, 1981] 
Letx-tan?0 2, dx=2 tan Ө sec?g do, 
D [ dx =| dx = [2 tan 6 зес36 дө 
«аз мх-Нх /х Мх(1+х) Папе (I-4-tan?6) 
tan Ө ѕес20 49 
= 69898 “tan 6 scio 72 | 49-220--с 
—2tan^! Ji+e 
['/ tan?6—x >, “ап o= Мх and 9-—tan^* Jx.] 


Ex. 24. Integrate : (a) Ез dx. [Tripura, 279] 


2x+1 > 
(5) Жек © Ін. 8.779] 
х dx 3 
(с) letter [H. S. 1987] 
х-1 (242-3, — dx 
(a) [з= |82532 fax- =з{ >. 512 
=x—3 log (x+2)+e 
[ Let x+2=u or, dx=dy 1 


2Х+1 , _ [2х dx dx 
(b) нее у, 


+ ж-е 


=@—1) БЕТЕР 108 G-E3)-3 log xto, 


х аео Ийт ELI |а. 
-:log.(x4-1)— -4108 Qx--1)4.c 
[Let 2x+1= ог, 2dx=du] 


ar 


. 25. Integrate :— 
Ex ел | то. on [Joint Bir 482) 
It—3 - 


32. 


Given integral | "ГЕР 


INTEGRAL CALCULUS 


( Jax-Eb— Мах) dx 


Кар deu. z Aax--b— Nax—b) dx 
(ax +5)—(ах—5) 


М Jax+b а E Jax—b dx 


Let ах+Ь==у and ах--ӛ-з?. 
2. adx-du and adx=dv 


ын ах du. de 
a a 


CEN 1 1 ( Мо dv: 
„Сеп integrales | FE | M 


а 


2 их +b)? — (ax — b +c 


Ex. 26. Integrate : |652, 


sin (х--4) 4% [Joint Entrance 1982] 


Letx—«-—z ,.. dx=dz and x=z+4, 


Given integral = [812 (@+<)+ соз (244) 22 
sin 2 


= [sin 2 cos «+ cos 2 sin 4+cos 2 cos «—sin 2 sin * dz 
sin 2 


= (ain z (cos «—sin dcs 2 (cos «-Fsin 3) dz 
сосови созаш) 
sin 2 


= (соз «—sin 4) | dz+-(cos «+sin «) |906 24 
п 


= (соз 4— sin 4), 2+(сов <+sin «) log sin 24-07 


ЕЕ cos z. | др 2) 


= : Slog si 
sin eine log sinz | 


=(cos «—sin «)(x— <) + (cos 4+ sin «).log.sin (x —«)-c! 


=x(cos «—sin <) + (cos «--sin.) log sin (x—«)--c 


> ‘Bx: 27; Integrate: tan «—tan x ах 


tan < вах 


b+ Jax—bK Nax+b— Мах-5) `` 
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sin < sin x she уу 
tan <—tan х || cosa cos Хане [sin (<—x) х. 
tan «-Нап x sin «үзіп х sin («--х) 
COS «(^ cos x : 
Now, leta+x=z 2, dx=dz and Х—х=<—(21—«)=24—, 


: So, given Integral= | “8 26-4), қ 


= [sin 2x cos 2 —cos 2« sin z 
LL 005 2 —c08 2« sin 2 


— dz 
sinz 


=sin 2« [Stm 2« f dz 
sin z 

=sin 24 log. | sin z | —cos 2« z+c’ 

=sin 2« log | sin (5484 | —соз 2« (Х4-4)--с/ 

=sin 2« log | sin (x+«) | —x cos 2<+е. 

Ex. 28. Integrate $ (а) | (a? +х2) Мах dx 
0) ІМ јава dx 
4.  dx=2z dz and x=z2 = 
2. Given Integral — ({а2 + (22— дуо 2.22 dz 

—[(2a? -- z* —2a z?) 222 dz 
=4a?f 2° dz+2 f 26 dz— 4a f z* dz 


(а) Let, a--x2z2 


415 ,25 21123 А 25 

= 442. 3 +25. За te 

—$a? (ах) 4-3 а за. (a+x)24¢ 

(0) У скер) dx-[ X xfi 

= [хха 4242249 
(Wat Mt x аар) 

Let, x4- Мз 2222 ES 

. 2х 

sts (ii amas dz 


x+ 4x24) ЭЭ iul. 
Of, — M dx=27 4 2 2 4 
"Ча оче d сз дуда бәй). 


СУ) 
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dx 224 
Jx?42 Z 


Of, 
БЭР, ; 100+ Vx242)24+2 dx 
So given integral Ter а ИЕ 
их Мах +2=И2х /х8--24-524-4) 

=3{(х+ Мх2-2)? +2} 1 


= 24| (2+2) 


2 


== 24 2+2) EED 2 
E Е 3 Eh 
— 02+? +2+2х /х°+2—6) |, 
3 /х+ Jx232 
pese Nx? + =?) 
„+ „х2 +2 


Ех. 29. Integrate ғ 


dx 
: Су | 
(а) је x+tan x > 12 {sin(2 jan, ма 
(а) ls =|- dx =| cos x dx 47 
sin xui х Јар хаб x x “сіп x (1+cos х) 
cos x 


cos? 2 — sin? = 142 € 
шүт 205 2dx— 4 | sin 
“sin x2 cos? 8 = Исовесх dx 3 upset 


2 6 
«с xdx—} | _ sin 

2 sin 8 cos 2 cos? red 
=} f cosec х 4х—$ J } tan £ sec? = dx 


==} Í cosec x з (242 [ tan $—z (say) | 
=} log tan $—} = e 
1 log tan $—3 tan? $-Fc 


(Б) Let x=cos 29: /,- 4х-з--2 sin 20 46. 
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Alo х= 1-сов 26_ |2 sin?6, 2 sin?6—tan 0 
1+x 1+cos 20 2 соз%0 


2. sin (2 tanzt х) =sin (2 uon tan Ө) —sin 20 
1+х 
2. Given integral={ sin 20 (—2 sin 20 46) 


== 2 sin? 20 40=— | (1 —cos 49) 49 


sin 49 2 sin 20 cos 20 


=—0-+ 4 UA 


+с=—0+ 
--і Ор x Jf —х2 с 
=4(x Ji —x? —сов“ 12) + с 


ы 1— Jx 
Ex. 30. (a) Integrate : | Е гээх. [L I. T. 1985] 


Letx-cos?0 .’. dx= —2 cos Ө sin Ө 46. 


1- Јх _ 1—созб _° 2 
1+ х Ni-+cos 6 Tene 
2 


О. 
sin = 

| So, given 22 2( —4 cos 0 sin 3 cos 8) 
| cos 2 


2-4 sin? 5 9598 Ө 40=2 | (cos 9—1) cos Ө 49 


=} 2 соз?0 40—2 | cos Ө 40--1 (1--cos 26)d9—2 | cos 6 49 
гө. 20-22 sin Ө+с 

=0+ sin Ө сов 0—2 sin 6+c=0+sin Ө (со89- d 
=08"1 Jx+ Л —x (ЈЕ—2)-+с. 


Ex. 30. (b) Evaluate: [ 4 gy [L I. T. 1984] 
x*txt4 pt 
Let x?ztanO 2, .2x 4х--вес?0 дө 
$0070 те = 5ес20 


| 2х 2 Jtan 6 


36 


| +; ©) INTEGRAL CALCULUS 


(441 = (tan20+ У (весз 6) seco nit. - 


) ѕес20 1: 
. 1 РЭ ЛӨ... 
.. given Integral [5 Jeno E 4 dh 


"sot је өр. (cos Ө) E 
gene) 2 (sin Ө)? 


cos Ө 40 d біп 0) [dz Se 
== || PE =o =+- [where z=sin@ ] 
2 (віп ој“ (sin 0) | zi 


=}, Z SeN =— 1 +e 
ОРЕ Ngee anaes 
) 1 1 \ 
эн ы cme C PRAE 
— соз? 6) __1 M 
(2692.0) (1 = 
== 1 tem Lt ү 
(i-uuy x 
1+х* 


Ех. 31. Integrate : (4: sin JX dx | 
Let Мх=2. 3525 ax 2 { ах, 
~ 2Jx dz, or, E 2dz. 
Given integral |. 2 sin 2 dz —2 сов z-Fc 
=—2 соз Jx+e. 


Ех) 37 Ёге (a) f ез (Ex) 


Cos? (xet) ge 
e” (1+ 1 , 
(5) {= ane [ Tripura 7871 
Let xe"=z. 02. (ее +xe*) dx=dz idi 
or, €* (1+х) dx=dz, V 
е“ (1+х) dz 
бо, (а) үс = теті Sec? z'dz ` 


=tan 2+ e=tan (xe*)-- c 


o [Oa iun z dz 


cot (xe*) cot z 
slog (sec 2)+с=1Ю8 sec (xe*) 4. акд 
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Integrate : 


1() [ана (8) [ах- 5) ах ij) [ 2 


б) f=. № 


bx 


Exercise ЗА 


dx 
(а—х)° 


f 1+х)° ах 


2. (i) f cos (ах+5) dx (i) | sec? (2х+3) ах | 
(Н) (өн? ОЗ (v) (со (2-3) а (у) јаза, 
[а Жа, ( ; 


4. (i) | 


* [uz 


[ Hints : | 


dx (i) 


х?—9 


[£s 09 [atas 


+ Jxcb 


“ға /х+Ь | 


ах T [ Jxta— 4x-Ebjs 
(ха) — (x b) 


| = {i Јх+а а-| Jx+b a]. 


xdx 
$ ad bx 
"PR xdx 
[Hints $ ЈЕ +b 


x 
Merit aga 


7. (i) 


| та а ах 


а+Ьх b) a+bx 


д 
sb 
a} = 6-5 Ы 


dx 
[== —10х+24 i Euro 7х+12 


у (_2ax+b $ 
8.0) [mde (Н) Пасэ бх 4 5x-+2)(322 +12x+5) de 
e*—1; 2x dx 
9. zu. x 10. |. 
х | Бітік 
па | к (С.Р. 933) 6) | сэ aay 
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12. (i) | 55 Jx*-Fa*dx (ii) | 5548 13 ЕРЕШЕ L 


М2х= 3 
14. | (tan x+sin x)? (sec?x+cos x) dx. 
е (0 | 85 
qi) | r 
.16:0-1-2 acum Gi) i. саах (ii) [nm ppt 
T 6 неш Gi) | ов (ов 2) а (ов x) 4х 
ƏДЕ Б селе Te 


p cot xdx tan xdx 
15:10) | log (sin x) i) [ҮЕ log (sec x) x) 
19. [sn x+x cos x 


1 x 20. Ге X cosec x 
x sin x 


log tan x de. 


1 
21. fe sec? (е) dx. 22. (a) | шон 


23. [ (cot ез) е“ dx, 24. (ЕЕ cos Jx dx. 
Nx 
25. |6298” 1х dx 
3 У1—х? 
ean 1х 


26. "ee 
елан "прве 27. (а) fe Las. 


sin 


28. |е Я cos x dx 29. е (1 L ја 


(х+3) dx. 


| 
зо. (fm. зу [„х*+6х+9 
32. [ 


ГС. 64 ] 


= 0 Једу соз ы рш 


dx. (b) [ха ах 


(Б) f x20 gy 
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X 
С б. оба ај 
(2) [Сир NICE ауса, 


34. | cos x dx 


(x2 з sin (log х) 
saan 35. @) ӘУ) [ ча 008 Жду, 


36. (а) f х"-1 cos x" ах, (p) [5 cos (Das. 


37. (i) f x(a+bx?)dx (ii). | x^71 sin (a-- bx?) ах. 
(іі) | х5 sec? (3--4х5) dx, (iv) f x"71 (2х7-4-11)1004х, 


38. [(tanx—x)tan?x dx, 39. $ (tan x tan 2x tan Зх) dx. 


А tan x+tan 2x 
: Наб: кесе AH 24 
[ УДАР. l—tan x tan zx] 


40. [(@-5>)? а . [соз 4x—cos 2x 
Гра? чш PS ах вн 2x 2% 


42. | .. Sin 2x dx | sin 2x dx 


а sin?x —b cos?x (a? siñ? xb? cos2x)? 


dx 
“5. | {4(®—2)+(х—3)} J(x—2)x—3) 


x*dx 3х+4 NES 
45. (=. 46. ЕЕЕ dx. 47. Ї уда 4 


4х US 
48. Бе 49. § (a2+x2) Ја+х ах. 


MEC dx d« 
8. [agre 51. IE з=, Tace 


> [о 2 [s 55. [eos (2 сок Eas 


$ 27. A few standard forms : 


In this mu We shall discuss integrations of integrands ofthe. 


à 1 1 
forms 5 zz xia? ха 2 and a3 — хз 4nd their square roots with respect 


a2 
tox. These integrals are taken аз standard forms and are to be used 
as formulas. 


2 
Now as 1+tan?@=sec6, ог, sec29—1=tan29 and 1--с0510 
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in?0, or, l-—sin?6—cos?0, so if the integrand be a power of 
шебі. , : Ч Ё 
TIS put х=а tan Ө, ifitbea power of x? -а?, put х=а sec Ө 
and if it be a power of a? —x?, put х=а sin Ө. 
alternative methods are useful, 

- dx 

G) |а. 

Let, x=a tan Ө. .. dx=q ѕес20 49. 

and a? -- x? —42 +a? tan?9— (1+tan26)=a2 

1% | ах = [5 зес26 49 
77 a4 x9] д? sec? 


In many cases the 


зес26. 


И 
= [= 6-Fc. 


; х SY 
Now, 2 x=atane, .’. tan Ө=^, Or, 6—tan цор 


d. а: x 

(ii) [555 (aa). 
Let х=а seco, ‚' дужа sec @\tan 6 40 
and x2— 42 = 


=a? ес? 0 —a? =a? (sec? 6—1)—a? tan? 6; 
dx 


| А з= [а вес Ө tan 6 40.1 (see 9 
а? tan? 6 а Jtan 6 


Био? 


ies 
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1-02 2 
S. Х-авес = ‚Ог, хаап? 8 
а [ae 6 x+a 2 


Alternative mcthod 2 


= 0505 x—a -e 
=x- ае) 
=} Пор и—1ов v]-- c (4-ден and x-+a=v (say)] 


= [в ]*-Zz log 2-2 Тэс, 


2а xd 
а ах 
Gii) [5 “гах 
Let. хэзаш Ө, .’. Ах=а cos 6 ад 
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and, a? — x? —a? —a? sin? 0=а? (1—sin? 6)--а? cos? 6. 


dx | [acosOdO 1 
a Ac ese oo OUS [ sec Ө 46. 


=: log (sec 0+tan Ө)+с 


zl log (2489) 1 log „Јас. 
а а-х 


Now, [ 


а cos 6 
ЗІ”. а+х 
2a log ах io 
| аваг „+з y Sa] (1 -Езїп ө)? 
cos Ө cos? Ө (1—sin Ө)(1-Е sin 6) 
VINE x 
= еше (1+5 (rr agg 
Tr ВЕ ‚ x=asin Ө, 
а. 


E 


НРА 
2, зпе 2) 
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Alternative method г 
| ах | 1 1 


а? — 75 


1 
2a prs rcs] e 


aes oo) o (јен pan 
[ putting x+a=u and а—х= | 


21 x c и, atx 
— (ови log v} te=, log 5+6 52 log Tc. 


а a—x 
: аха dx 1 
Note: 1. Ав, a?— x2 "xs. 29 59 it may appear that the 
integrals || апа [ dx аге of the same form, But as 
аз-х2! х2--а2 


logarithms of negative numbers are no 


dx 5 dx 4 4 
lao and if x<a then ЇР == can be integrated, For this the 
two integrations are performed Separately, 

2. In integrating the above two integrals the formula of integration 


49 have been used. In the alternative 
Is have not been used. 


t defined, so if x>a, then 


x 2 : 5 
2255: But there is nothing Wrong in any 


the integration of dx and [ 


dx 
53555 by the 


x р аге not used, Again, 
; x 
ІБ аа OF Ine have not been used inthe integration of {ѕес Ө 40 
and fcosec 9 do, 


dx ЕС 4х 1 х-4, 
Ex. 1. [з= з=! lg ate [x»4] 
dx = dx — | 3+ : 
Ех. 2. |. [бу ве! lg e [хез]. 
: 4х 
(iv) I 


Let xza tan Ө. dx=a вес? de. 


and ух Ба? = Ja? tan?0 ai Ja? (I-Exan?)-a sec Ө. 
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dx а sec?8 ад 
5, --үшшшшшшш-Ш = 9 ад 
Л | Jx2 +а? li sec Ө 49 103 
—log (sec 6+tan 6)+ с. 
Now 7) х=а 410, .’. tan 9-5. 


= 2g— х zl 2 2: 

and sec 8— J1+tan? Ө „| + (2) 2х +а 

1 dx =log (sec 0-+1ап 6)--c 
Nx? pa? 


=log (kane) = ов (2 + Vx? сай Уа +) e 


а 
=log (x+ Уха?) —log a+c | 
slog (x+ Vx2+a2)+k [k=c—log a, is a constant ] 


" dz, қ 
y) |——— [хра] 
2 | Nx? —а? 
Let, х=а вес 6, .’. ах=а sec Ө tan Ө 49 


and Јхг—а2= Ja? sec? д—аз = Ja? (Sec? 0—1)=а tan Ө. 


Ё | ах =|е зе 0 tan 0 46, сө do 
MV x2 —a2 atan 8 


x "i 2 439 
—log (sec 6+ tan Ө)=1ов (3+ =). 


[ 7 хаша sec 0, 2. sec ө-і and fan ө= Vx? =a? | 
a 


—log (x+ Jx2—a2)—log a+c 

=log (x+ Vx? —a2)--k. 

Note. Putting x+ Nx? x: аз —z, 
can also be integrated, 


"m 52 


the two integrals (iv) and (у) 


Let, х=а sin 6. dx—a cos 6 do 


and Ja?—x?7 Ja? =a? sin26—a cos 6. 
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dx = (29088 40 49 — д9-=ө+с 
|= а cos Ө 
=sin-1%+c [ 7 х=азтб, ), sin ө=*, ог, Ө=5іп-1 =] 
а а : а 


ах 
Ех. = (x+ М3) ће. 


$ 2'8. Integration of integrals of the forms Í dx 


MaN А d 
ах? + фс 88 
(рих 
ax? boc 


() То integrate aL if ax?--bx-Fc can ђе resolved 


into factors, then follow the metho 
carefully the following examples. 


If ax? 


ds of partial fractions. Note 


+bx+e cannot be resolved into factórs, then express 


dx A AA XE 
аер, in one of the forms (i), (ii) and (iii) of § 27 depending 
оп the values of a, b and с, 


22 рх+9 i 
eggs beg d 


You know 2 (ax? -- bx 4- c) — 2ax 4 p. 


2 
-p тон 5 (2ах+5) +244 , 
2а Е dxz I 


axit bre | 24 a Figo 
Р.Г. 2ах--ь 2aq —bp 
"адар оа 
2aq — b, 
ah mL AM 
Now, 11 =log (ax? +bx-4-c) and the form of Г, has been discussed 
in (i) above. Я 24% 
Note. If ax 


Bid тт into: factors, then 
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integration can also. be performed by expressing —2 х9 


ax "beg P the 
„kiıxtko 1 ksx+k, У 
fon СҮХ Су сере" 
829. (i) 4 


: х Es А2 dx 
| Te saca ® | ре 9 
Let, x—«-—2? 12, dx-2zdz 


Ex 22222 242 


—=242 о 
2 2 Nx—a 


or, 


Again x—4-z? (2, xe«-z?, or, Х--8ь:28-86-8, 
242 

N2?+4—p 

=2 log (2+ Jz?-+4—f)=2 log ( + Jx ^B. 

(i) Given integral 


-| dac sin Z= NS 


0) Given integral | 


—« 
! 5 4х 5 рх+9 
20.0 [eS [а 
© (=— 
"Max? +bx+c 


Here there аге two possibilities. 


(a) ax?+bx+c сап be expressed аз the product of two linear 
factors with real coefficients. . 


. Or. (b) Factorisation is not possible. In case (а) follow th 
method of $ 29. In case (b), follow the following general цасан 
This general method can also be followed in case T 


(a). 
If a be positive, у 
| ах rds dx 
Чаты 48| o 
x2 4-2 
| У а 
=— ах | 
ul 
b 3? дас — bà 
х-2 ас 
1 4 22) + 4a? 
[ pe x 2 
4 === —4ac—b 
epus where «? даа 
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| If 4ac — b? be positive, then take (ће + 


sign. If 4ac—b? ђе 
negative, then take the ‘—’ sign. ] 


dx dt (iy 

Now, = =| Ja 1=х+2, say) 

| |> qan VP АЗА 2774 
2a 

and this is of the form (iv) or (v) of 8 27. 

If a be negative let а= — 4 ( d positive ) 


=| dx 
Мах хе Ме bx— di 


21 ах - "m 


42% 5—24 
"re dt CENA г.444с--53 
Ея |= 52 and < Ta (say) | 
This form has been discussed in $ 277 (vi). 
$211. Integration of integrals of the forms : 
| ах 
(ae LL = 
(ах--Ы( Усх--4) 
and (i) | de юэ 
crea Npx®+qx4+¢ 


0) If we put сх--4-г19, then [ 


lax} b) === Will be reduced to: 
Опе of the forms (i), 


dx 
(ax+b) уча 
(i) and (iii) of 827. 


(ii) If we put ax+p—! Bi | 
s t | @х+5) ха а twill be reduced: 
to forms discussed in § 2-10. 


Examples 2B 
Integrate : d 


“(dx Vg 7 wk 

DR Wea л 
Let, ах=2. 2. айх=й dnd. аха: | 
а 


— ———————————— ~ | 
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А dx dz 1 (142 Wei 152 2 tees 
ee || eee == {ар-1 
ч Јава 55 а= а БАТ а + (22) 
: e*dx 
Ex. 2. | ваа 
Es LES 9 e*dx=dz and GE (егуде ра” 
Lj 
Ех. 3. ee Let, ЗЕ 2-5 cos x dx=dz- 


cos x dx =| 


So, ee Tee тіп z= tan"? (sin x). 


dx 
Ех 4. | 15 (ов 33 


Let, Лов х=2, 1, бхаа: and 1+ (ог x)? —1--z? 


—tan^lz-tan71 (log x). 


"4 la =) dz 
xil-F(log x)-]. }1-+22 


е"ах 
Ех. 5. [= e 
Let, e*—z ; e*dx=dz and е®®==(е®)% =z? 
" e"dx _[ dz 1+2 
i = -Ji a bios #2 у= ПЕ its 
Ex. 6. | sec Ө 40 [o<3] 
Де 1 cos 0 40__[созӨ 49 
[5 бог -|%56 4 Ө t 
Let, sin@=z, .'. cos0 dó—dz 
| вес Ө = | s ts 1+sin Ө 
— 1=sin 6- pIe 
oo тус, - ge 
19 l-sin?g ооб 
—log (sec 9-Нїап 9) i + po 2-24 
d. 
Ех. 1. |5 en 17 


Int.—4 
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Let, x? =u ; 3x2dx=du 
7 3х24х . 
4757 xem Нов" бесі 
dx 
Ex. 8. ———— 
| J1—a?x2 


Let, axzz. /', adx=dz, or, ах=®, 


—1 
E 


2 4х 42 т 1 
Bac SSS з! + = 20165551 
Із —а?х? [= 353 ШС 2 біһ (ax) 4- c. 


Er 9 | 2552 У ЕГ МАЦ 
6x? + 17x12 ЕГЕТЕ 


Ed bu = dx. 


^ dx log (3х--4) 1 
3 ЈЕ = 3108 (3х4) ,flog (2 
| 2 33 3 2{ Ба эь 


x 


=1085 


zte 


Ex. 10. Зас әнің dx = 
(рен ENTIS dx 
Now, let x4-1—z, 


“. Given integral 2 EIC HN 
= = {ап-1 —_ 

(Му 3 Bt 

( 2 i 72 (25 


[ In the es exa d. Я 
mple, rd 
"PS, 5 х БХ isnot a standard form, Putting 
х+ј= 


=z the integral reduces to the standard form I s 
ar 


[ Rajasthan, 1959] 


dx 
Ex. 11. los ous 


[ dx =| ах 
9x? —12%+8 10х-2)442% 
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Let, 3x—22z. 2. 3dx=dz. “ж-е, 


= апі а. 


2. Given integrale iE онь a i 


ПО 3x2 
= te. 


== tan 


2 
Ex. 12. Integrate lee гч 


Let, tanx=z, .'. sec?x dx=dz, 
: А |. dz dz: 
G = = 
iven integral eas Т ene Ja 
Now let, 2+1=и .. Аг=аи 
d I= 22 tant рН 
an 15 FC 3 їап Jat? 


1 2+1 1 -і (8пх-1ү,, 
к:--0Ё 1 =— 1 
Qu eee puri (=) tee 


dx 24. ах =1 ах 
55215; [ac era Ды аср "le-g-qs | 


(Spr [ x—3=z (say) 1 


b => о ты 
| ах =| ах =| dx 


1—(х®—х) 15-621: 


fig jle og +c. 
3 


~ | (ву = [и=х—} (say) ] 
2 


“189: га О ; 
Ех, 15. [55-2 _ Іс. ©. 331 


x$—2x-435 
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7 2x—2 
к етте шік 2 а-а 


= GR Jag [Х—2%+35==и (вау) 1 


о Dite | 


={ log (x? —2x 4-35). JI ганг! Jat 


7$ log па пи баа Eun 

Ex. 16. Integrate Із D d 
nich Peta. 
RE 


Now, utl 1 logQx? +x-1)+e, 


ES Ж Ox x тасы | 
MES 

бави y 
E log ће] log 2x— 1; 


Aui со 
Given integral 


ЖО 


=> log(2x? + х— 2x—1 . 
3 log2x? +x~1)48 Jog дарё 
ах 
‚ 17. —===— = 
Ех, 1 1-52 
dx 
қ EE "e ces 


==2 log ( Мх- T3 x3) 


d: . 
Emm log Jx-.. а). 
Ex. 18. 
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Ex 19... [3 = | dx 


Nax—x? ) Jx(a—x) 
=2 sit / ® 2 sin-t ЈЕ 
ах | Е 4 D 
Ex. 20. Ss [C. 54411 
iod ric te ae я dx · 
Given integral= | а | Таи ЕД: 
ах E 
"ug em “Гар IO ца сор 
шебіпті posi! 2t—sin^! 2(x —3)-sin^! (2x—3). | 
Ex. 21. ЈЕ E Ч, Te. U. 19421 
Зх? +4х+2 


Given integral | itn 


1 ах = al ax 
с9 zl Ах Eres + ) 
Sl[.—4L Гун (say) ] 
ЕТЕ 


3 log eee 


3 08 (х+ї+ мр) Е 


| sl 


ов (3х42-- Чз(зх°+4х+2)} +e 


ра 


3 19 
___42 E dx 
ы ае БЕ 


"Aye [ x+3=z (вау) 1 
2 
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=log { {2+ КЕ + (33) ] =log (x--14- (F3)? +3) 


5111 (зан reme (Еліне ЕТІН мт) е +e 


=log (2x--1--2 Nx? Бх D —log 24-c', 
Now as log 2 is 8 constant, 


| sles Qx+1+2 Мах E1)-- c. 


Ex. ‚23. Integrate | 


2x+9 dx 
Jx?- xl 
раф 1)—2x-F1 and 2х--9--(2х--1)-8, 


Now, 


+1 
73239 дуг а 
en Кы "un 


=2 Ja? Fx xis 


Jer 
=2 ут 


+х+1+8 log (+ + Мо У FE +e, tco 
+ yx? xg Tc. 


Ex. 24. Integrate [ x1 


hi" 
[Ё једну а dx 
ене 
= Л 


+1 +log(x+ Ут) с. 


Ех. 25. Integrate ЛЭ, 


ІС. U. 1925, ?28, 5591 
1+х 1+х 
INE их 


ша хах 


J1—x$ 


=I, +I, (say) 
Now, Iw [255 Vinh Те 


Also „== Exe Ме, ын NI=x? +c, where l—x?2z 
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2, Given integral=I, +I, =sin xtc) – М — ха t с» 


—sin'ix— Ji—x?-c (сү “сагс 


QNT CIE 
Ex 26. Integrate: (0 [354% Гн. $. 1982} 
1223 4 
B sm Ta [H. S. 1983) 
x ОН -4 dx 
о |е |а үр 


== m4 -1Х =x- zu x 
x j'en 5+ x—2 tan (5) +, 


15 y acm [Eye 

== [ot [куе 

[|= нашае 
Ex. 27. Integrate (a) = [Tripura '83) 
6 [uA ms © Hem ҮН. s. '81) 
(d) leen [Tripura '84] (е) — Mme 5 Тавин ай 
л | = dx uo. ^ [H. S. 1982; Joint Entrance 1983 


Tripura 1987) 


| dx = dx 
(a) mum =) Е 
* txts 3 N(x +4)?—-(G)? 
аг 
| тв — (8)? 
=log (2+ /22— 8)2)+с' 
slog (++ Jx93 x —2)-- e Slog (2х4+142 Ја 20+ 


: ах = dx Ее dx 
e | J2--x—x? Ie Jg -e-d 


[ where x--3—z and dx=dz ] 


I 


21 ра 


Let х-1 . 


= МУГ: 5 
T 2 
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== [ where х-1--; 5 dx=dz] 

: В М 

msi Se tates T: F) е, 
(c) | 


dx 
М1—х—х? 2 gb. 


=sin71 trem Sin^! К 


5 REC; 
Kx : 
(4) | dx =| 22 dx 


Ud [ where x—4—z or, 215 
22+ (33) | Sr 


1 2 Das. 
=; tanl Z — 1 4x Z 
м3 ду 73 ап” 


T ~a ro 


ХЕ 2 


2‘. dm — de; ө-т 
5 Integral= — | Зон JT 
lp 

„сз. Visa -log (2+ УГ-Е8)--с 

= —1ор бы tem рт угра у, 


29 
=log 


x 
I+ үгэ + 


A [52 "lusso o 
=sin7! (4). 


ах 
я) = и. Ма? (=a)? 
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Ex. 28. Integrate : [ JG xm 
: =3x—! ; 


[ 3x41 = = | —4x—3 а] dx 
V(2=3x—2x3) J2—3x—2x8 7 3) 72-3, 53x 


Toon B Tr exa te 
=- D sin" (2)... : 


Ex. 29, Integrate 2 le 


Gum JI 
Let, х+2=и2 01, dx=2u du and x+1=u? —1, 


E [ dx =| 2и ди => [d du 
хе Мх+2 Щи°—1ш u?—] 


=log 4— iE сов М1 +c. 


. Мх+2+1 
3 " dx 
Ex. 30. Integrate ғ Б JL 
Let, x+1=1?, 022, dx—2: dt and х=? —1 
x (о =ош 2t dt 2 
rU C= Pay 


Мх+1—1 
= =1 ; 
2. 4 log É mite ов EIS m 


Ex. 31. Integrate s las x) таты” [Punjab '60] 
Let, 2—х=1. A 4 = — Sat, 


ог, dxe d | 1- киткес е) 


=1-4+2+0- 7.22. 92 105-3 


12 
Án —— ы dt 
(2-х) /1—2х-Е3х%. вл М9 —10:+3 
(C 
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d кс? dixto 
= [ата a 
dt 
=| = 
|02 


= о(( : -)* uere 


кісе ва, 


wg 5x—1 |, J1—2x+3x2 
=} Е ЕС 


Ex. 32, Integrate: (i) Буе [H. S. 1986] 


(ii) | Ee ах [H. S. 1987] (ii) jax [H.s. 1988] 


aS [Joint Entrance 1979] 
—х 


РЕН ң 
Еее [Joint Entrance 1978] 


? | 
|р 
| 


(үй ТЕ ө 19871 
(ез —1)# 
Nx - 
© | XR 
Let, x22? <. dxe2zdz 
Gi integral [ _ Vx = [_2.22dz 
iven integra E IE En 


s aim ап” 124+с= =2 tan71( (9-ке. 
o (SWS 


RSS His o LA Wizard 


М1-2х-х2 | М1—2х=хд% x 
Let, 1—2x-x?—2? ., (—2-2x)dx—2;4; 


INTEGRATION BY SUBSTITUTION OF VARIABLES 
Given integral= – | - [а= ee 


— J1=2x—x? +c. 
(iii) [£i x?) =| хах -[É dx 


"usse Ts 1-х 
Now for fe let, x mz 02) 2xdx=dz 
xd. rS 
[к= ов tan" !z-- c, — tan" х) су 


Е dx for let, 1--x^—z 


4x*dxzdz' от, x?dx- 27 


Integral [Z=] log z4- c5 ==] 108(1 хде. 


So, given integral—3 {ап 1х2 —] log(1--x4)--c 


e) laxa) J1—x? 
Let, х=соз 9 .. dx= —зш Ө 40 


—sin Ө 49 
Given integrale Jr s 653 9) 41-:60456 
=- “sned ш, вес? 5 а9= —tan О 
2 соз? 9 іп ө 2 


Bis 
sin? — 

uc т drm die 
cos? $ І+соз 6 1-х 


ах 
v з 


сте ке л 
Let, х-3 E 23 dau гийг 


х= 1+-3 and 2x? т12х4417:52(1-3) —12(143) +17 


57 


| 
t 
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2 

20:25 )-124:535) 4 17 
2 

и. EHI 189 — D2e- 1633-1752 2-22 


z2 


Given integra] = ы - | 42 
| 22. Ја" М2 — 22 


sin! PINE cos- "ur БЕЛЕСТЕН 


(x—3y 2" 
(vi) | ах 
(ез — 1)? 
Let, e*—1-z? 2. ё“дх--2:42 Ах—2242 | 
ef. 
Given integral» [_2242 ys | 285. 2242 пат =2) 42 
е“, (22)3 (z? -- 1).z 


2+1 
па еј "за Горан | 
Ех. 33, Integrate : 


(i) (ж eos? веса У (ii) (€ ксі yt, 


(iii) | ШП ах (iv) | lass jr ix (v) [35 1. 
== X^. 


- x2 +b cos? | 
(i) | х® 41 coSec?x dx 


= | 2 = 2 Cosec?x dx= (Ix? +1) соѕес?х 
4 RLST “з жылау ары dx 


ә [unis cosec?x ах 
x?-F1 


Ее. 2x dx— [2X 2 
=| cosec?x ах | = = ог X —tan7 1 а c. 


- x—1 \? x? —2x-F1 x2 

| === > (хиаг uer -. +1 r А 

(ii) (25) 4 | (x? 4-1)? 25 ах "fores 
dž . (4 нах opere. 

ЕУ ИЛЭН Sli “Ig (заў) 


2" | 
= J, tan | vax ) +e. 


— ——__ __ ——- - ~ —ÀÓ - ~ 


—>»ы—=—=—==ы=>=——— 
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d 
Now, I, -| 2 


For I, let, x? --1—z et 2x dx=dz 


шал” !x4-c, 


Integral—tan- Үх-Ес, — i жас tes) 


—tan^ Ux Dt 
ан) facem 
Let, I--x?—z. 2. 2% 2287 ог, х dx=} dz. 
NN, | тез! ET | ue 
ге 
| = дау ан 26 
(іу) lane) те 


Let, x sin Ө .’. dx=cos Ө 46. 
: | сов Ө do - 49 
е 4 == ———— (À = | —— Ды 
А шиа Ї зал боох 9 С | 1+sin? Ө 
at [ sec?9 d8 
sec*8 --tan?8 | 
[Multiplying both numerator and denominator Бу ѕес20 | 
9 1 

а [ where tan Ө=: and sec?g do=adt | 
а в tan") (/30++с= 4, fan"! (,/ tan бу 


ut (T) 


— sin? 


VI =x? 
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aea д 
(у) рер TE x 


1 I 
= [ва lender (9) 


Неге, n=j 79-6 (x+ ,/х2-Ғ1) +e, 
For I; let, x=tan Ө ах=5ес?60 ад 
„х2 +1= J1+tan26=sec Ө 40 

n= дө 1 cosec Ө cot Ө 40 = —созес Ө+с» 
=— Ji+cot?6+c= — 1-2 кон - шан + с, 


i Integral=log (x+ 4/х5 4- = М рс : 
| х 


Exercise 2B 
Integrate : 


1. (i) Ї Gi) |-:25- Gin [222 


a? 4- b? x? 'x*-F16 
вес?х dx e?*dx у | cos х dx 
tiv) [Se (9 E +4 (vi) Ё x+4 
Ё 52% uF dx 
(vi) [== Gs ra (ш) ве 35 
(ix) le 


[C. U. '58] 
2.0 (3E. 64» 


ЦЭГ 


(iii) E x Qna) (iv) {x x x» (ха) - 
dx £ 224 
1) Jat dos х)? ш = 


20 22: 
(vii) [25s ТШ (viii) cosec 0 do 
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227216 


(iv) | 


: ѕес2х dx 
(vi) ІЗ --(ап?х 


Gi) Ie 


dx 


dx - ~ 
Vee © Гот л Ji — (aar iji 


dx E dx 
Орта @ Еау 0H а 
А dx cos x dx 
tiv) = x? м Ee sin х--5 
Ё dx n xdx 
м) eos хору) © зэгс 
E e* dx " созх dx , 
Өй) pm T es gem х+4 [C U.'6n 
s [= Il dx [С. U. 1926, 28] 
(ii) ЈЕ үйх [C.U. 1935] (8) wae 
: 2x —3 1—x) dx 
(iv) [29-3 ax 0) | 5945. ах. 
Я ах 5 4х 
б) EM Gi) Готе 
Y dx Ут ах 
k 0) | Jx?-F2x--6 ш) e$ 
d dx 3 4х 
n P. P. 1932 ЗВОДУ 
2 oo [ ] tiv) = 
(у) | P. х—3х?° [Gorakhpur, '63] 
И == Гав 61 
Ре а. , 
(vii) | [Agta, 491 
( iii [ sec?xdx 
E 45 tan?x— 12 tan x4 - 


INTEGRAL CALCULUS 


(x) | ды == 
XA log x)? +2 log х +5 


в. @). [ЕЗ Баг .[C. U. 28 ; B. U. '45] 
Gi) = TT ІС. U, 726] 
(iii). Je 
(iv) | чә Я [Nagpur '52] 
: Гр Tu [Poona '63] 
2-4) pen es 
(i) ү уља % |с mem (ou. 40 
10, (i) mS [Andhra '63] 
: Эн (iii) Істен [Poona '63] 
= grin lx = 
(vi) e | 
и 5234, БЭ ТИЕГІ 
4, [аа as БЭР” ну, 


[ dx 
(1-х) JI x2" 


211, | у dx 
; 241) JS 
аа) /х8::4 
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63 
18. ІН. 19, ` dx 
ee esta) +) + (14298 
: dx dx 
28 modem a вл 


$212. Some special devices for integration of trigonometric 
functions. 


(A) Ј віп" x cos? x dx. 


(i) Іт bea positive odd integer and n be апу quantity, put 
cos X—z, 


Ех. [sin? x cos?x ду = sin? x cos? x sin x dx. 
Let, cos х=2 .. —sin x dx=dz or, sin х dx=—dz 
“. Given integral={ (1 —cos? x) cos?x sin x dx 

— —Í (1—22)2? dz=—f z? dz+ J 24 dz 


—— 23,25, _ cos?x, cos?x 
= “ag oe Pars 5 ЕС, 


(й) Ifn bea positive odd integer and m be any quantity, put 
Sin х=, 

Ex. | соѕ?х dx={ cos?x cos x dx 

=f (1—sin?x)? cos x х=] (1—2?)? dz 

[ Where sin х=2 .’. cosxdx=dz] 

=f (1—32? -+32" —2%) dz 


=2—23-+$ 25-1 сезі x—sin?x4-$ sinc S o 

(iii) If m and п be both positive even or both positive odd 
integers, then express the integrand into multiple angles, 

Ex. | sintx costx 4х--т J (2 sin x cos x)^ dx 

=> | sin? 2x dx—44 | (2 sin? 2x)? dx 

== | (1--сов 4x)? dx=; ] (1-2 cos 4x--cos? 4x) dx. 

=i | dx—3s J cos 4x dx-F 33g | (1--cos 8x) dx 

= хтів Sin АХ торба sin 8x+e 

—igx—4115 sin 4х- тоя sin 8x-Fc. 

Int.—5 
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Ех. | sin®x cos?x dx 
=} J (2 sin x cos х) dx=} | sin? 2x dx 
== | (3 sin 2x—sin 6x) dx— — 8, cos 2x--415 cos 6x--c. 


(iv) If for any values of m and n, m+n be negative even integer, 
then put tan x=z or cot x=z, 


in2 
x ЇЕ: = d 
costy 
Here, m=2, п=—4 “. т%п=2—4=—2, a negative even 
integer. 1 : 
ARS : 
sin zm dx 
Cos? х-сов?х 


Now given integral =| 


=] tan?x весех dx={ 22 dz 


[tan x=z ( say) 2, sec2x dx=dz | 


Ре о 


Ех, LX x 
sin?x 


Неге m= —$, n=} 2, тап- —$+4=—2, which is a negative 
even integer. 


3 
Now, соз X de ] соу cosec?x dx 
sin?* 
22 -[2a; [Let cot x=z оо, —cosec®x dx=dz | 


3 3 
85-03 2? +cm2 Cot? x 4- c, 


(B) (i) f sec?x dx ог } совес"х dx [ where n is an even integer ] 
In these two cases take tan x—z or cot Х=2 respectively. 
(i) Ifm bean even integer, for the integrals 
f tan"x dx ог | cot?x dx use the t 
or cot2x-(cosec?x — 1) respectively, 
(ii) Ifn be an odd integer (521), for the integrals | tan?x dx and 
| cot®x dx put sec x=z and cosec х, respectively, 


Wo relations tan?x(sec?x —1) 
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(iv) If (m4-n) be an even integer, put tan Х=2 for the integration 
of | sec™x cosec™x dx, 

[ Note. For the integration of зес"х dx or | созес”х dx, when 
7551 is an odd integer, we have to use the formula of integration by 
parts as discussed in chapter three. ] 

(C) For integration of integrals of the form 
| dx | ах | ах 

а 


a+b cos x’ a+b sin x’ a+b cosx-c sin x 018 use the 
l—tan?* 2 tan Х 
formulas cos х= _ 2 ang Sin х=_ 2 and then put 
I+tan? > 1+1? 
tan 5=2. 
(D) For the integrals of the form | талы шы multiply 


both the numerator and denominator by sec?x and then put tan x=z, 


5 dx. 
E) F th 12:24 ft — 
(E) For e integrals o he forms |А АВР ЕТ | 
[кезуу Sij? express а cos x + sin x in the forms ғ sin (9--«) 
5 


ог г cos (0 —«). 


For the integration of integrals of the form a sin х--Ь cos х 
.(F) Fo g g ; jean И cos 54% 
express the numerator as [X (denominator) +m x (derivative of the 
denominator). . 


Examples 2C 


Ex. 1. Integrate s— G) jsin?x costx ах 


(Tripura, *87] 
(i) Гсозбх dx (H.S, 1981] 


(iii) f sintx dx 


(iv) J Меп x cos?x dx (у) [ __ 
sin? Cos?x 
: 4х y БОХ 
(vi) Прат en (vii) | sin?x cos3x dx 


(vii) f sin?x cos?x dx. 


(i) Let cos х-“2 |), —sin x dx=dz 
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Зо, | sin?x cos*x dx 
= (1—cos?x) cos*x (sin x dx) —f (1—22)z* dz 


= — [2* dz- [26 dit 8060 


= 605" _ cosx 
7 5 
Gi) | соз5х 4х--| соз%х, cos x dx 
=! (1—5in?x)? d (sin x) = (1—22)? dz [ where sin x=z 1 
=f (1—222 +24) dz=z—32z8 + 125 + с 
—sin x —$ sin?x +] зїп°х-Ес. 
(ii) f sinfx dx=1{ (1—cos 2х)2 dx 
=} f (1—2 cos 2х- соз? 2x) dx 
=} 4х-3 | cos 2x dx+} | 2 cos? 2x ах 
=> f dx—4 | cos 2x ах+ | (1--cos 4x) dx 


—1x—1 sin хр, 


=§x—} sin 2х- d, sin 4x--c. 


Gv) f Jsin x cos?x 4х-| sin x со52х. cos x dx 


=} ах. (1 -sin?3)4 (sin x) 


=f sin? x d (sin х)-1 sin2x d (sin x) 
=f Bas 2342 [ where sin x=z ] 
=== -328-с 

= sintx—2 sintx-te, 


sin? cos?x | sin?x 
M cos*x tan?x 
Cos?x 
2 2 
зес?х 
= [(Lttan?x) sec?x о 


(у) ыи то dx 


tan*x 


Now, let tan х=2 2. весах dx=dz 


©) INTEGRATION BY SUBSTITUTION OF VARIABLES 


2 =4 
So given integral | E de=/ 2 282+] a 
2 

5 5 

==223 + 224 +с=2 /вах+ (ап хе. 
5 ах = dx 

" | Jsin?x cos?) Је сове 
ах | dx 


5 5 
iQ? 1 5 2 6 
sin 38 со57х, сов х tan*x соѕ°х 
cos?x 
— (sec®x dx _ ((1--tan?x)? sec?x dx 
5 5 
tan?x tan?x 
219 t 
= (GHP a [ where t=tan x ,*, dt=asec?x dx] 


È 


А y E 
2[ FP ao phar p hats ба 
t? 
5 5 
- -gr ead paid ес 


=—% 1.4 Jean x+3 (tan?x Jian х+ ©). 
tan x Мапх 


(vii) f sin9x cos?x dx=§ sin®x cos?x cos x dx 
=f sin?x (1—sin?x) d(sin х)--|29 (1—22)dz 

[ where sin х=2 ]={ z9dz—j z8dz 
__2' 2°, sin'x sin?x 
puer то 
(viii) | sin?x cos2x dx=} f sin? 2x dx 
== ((1-соз 4x)dx=} | dx р | cos 4x dx 
ш4х--з sin 4x-Fc. 


Ex. 2. Integrate е 


67 


(а) | sin*x cos?x dx, (b) | sin?x соззх dx (с) fsintx cos?x dx 


(Sede @ [oue = 
sin?x sin?x Costs 
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(а) | sin*x cos?x dx=f sin+x cos2x cos x dx 
=f sin*x (1—sin23)d (sin x) 


=f z* (1—22)dz [ where sin x=z] 


235521 Sin?x sin'x 

=f 24dz—f UY = + esL те 
(b) | sin®x cos5x dx—js[(2 sin x cos х)5 dx 
= [8105 2x Ах => | sin* 2x 2 sin 2x dx 
= — 0 f(L— cos? 23)2 d(cos 2x) 
=== | (l—z?)2 dz where cos 2x=z 
=== 1 (1—222 +24) dz= Beet 9523 — 5428 + с 
= —w cos 2х cos? 2х--45 cos? 2x+ c. 
(c) f sin*x совех dx 
=f sin*x соз%х cos2x dx-—4»f 16 сіп” 
т | sin* 2x(1+ cos 2х) 4х 
=z); J sin^ 2x ах-+ 55 | sin* 2x cos 2x dx 
=q} J 4 sin* 2x dx | sin* 2x(2 cos 2x) dx 
=r, Í (2 sin? 253)? dx f sin* 2xd(sin 2x) 
тіз J (1—cos 4x)? ах, | sin 2xd(sin 2x) 
Siha Ј dx— d | соз 4x di тв (согд 4x di n a 
TF d | іп 2xd(sin 2x) 
= 71 dx —4 | cos 4x dx-F gig | (1+ со 8х) ах 

ds Í sint 2xd(sin 22) 

тах; sin AX-F тін sin 8x-F d.d sind 2x+e 
—saboX— 3g sin AX-F solia sin хз sin? 2x+ c. 


cos?x 
(а) [25 xdxef Cot?x cosec* dx | сой? 


X сов%х 2 cos?x dx 


X (cot?x-- 1) cosec?x dX 
X cosec?x dy 
== z*dz— [| 2242 [ where cot x 


5 E] 5 8 
2 
mo c вон —%0Ёх_ сойх 


=! cot^x cosec?x dx- | cot? 


Zand —cosec?x dx —dz ] 


5 3 
dx A dx 
елсе ы 5 
in?x cos?x i 
sin sin а сове х dx 


Cos?x 
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TH dx -|! 418054 (tan x) 
tan?x : tan?x 
“11126 ми == [ where tan хаг! 1 


=| Азы Гааге 


--4 sae ја viene te=2 Vien (1) +e. 
Ex. 3. Integrates (i) {sectdx (ii) | cosec?x dx 

(іш) | tan?x dx 
(i) f sectx 4х--| sec?x sec?x dx 


= | (1+tan?x) а (tan x)=f (1+¢?) dt [ where tan х= | 
3 
=t+ 5 +e=tan хы лр 


(ii) f cosec?x ах=] cosec*x cosec?x dx 
= — f (1--cot?x)? d (cot x)= —J(1+z?)? dz | where cot x=z 1 
= — ( (146222 4-z*) dz=—{ | 42+2 [2242 + f z*dz) 


= – (2+4 Есе — (сої x+2 cot?x-4-] cot^x)4-c. 


(ін) f tan?x ах=| tan x. (sec2x — 1) dx 


= tan x sec?x dx — | tan x dx 


(8022 ор cos x-Fc [For f tan x sec? x dx, take tan x=z 
sec?x dx dz m f tan x sec?x dx 
-|ш-% +c, e c] 
Ex. 4. Integrates (а) [4 _ ipura, 1986 
(а) los cos x uc | 


dx 


(b) Нэгт сох LOU. M]. (у [мб 


34-2 sin x4-cos x 
dx 


(a) lane cos =| ар 3 
tan? = 
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= (Онал 5) dx j? sec? 5 dx 
— 4 8—2 fan? 5 4—tan? $ 
w 201 [2+2 | zal | 2+tan 5 
-Ї = log [575] temi в | 2=tan ші 
dx 
0) [кы cos x 
| dx -[ dx 
5+4 cos x 1—tan? = 
5 2 
3 1+tan? = 
=| (1+tan? z)gy =| sec? 24х 
5(1+tan2 $)+4(1—tan2 8) J9+tan2 5 


-|2%, ( Let,tang=z > 3 вес? 2dx— dz ). 


4: - z 
= а аты кап“! 542, 


=> tan`! (4 tan $)Tc. 
dx 
(c) Іңз sin х-Есов x 
[ dx =| dx 
3+2 sin x+cos x 34-2,.2 tan $ 4. stan? 3 


l+tan? £ | Тап? 
=| (1-Маһ? £)dx 
3(1+ tan? 5) +4 tan $--(1—tan? $) 
= Sec? £dx = 2dz 
е 842 tan lee 
[ Let z=tan $ 


dz=} бес? $dx] 
dz гс. ла 
Sharpe ntn ee сенші (ш 04 
Ex. 5. Integrate s dx 66] 
и m Ко 


Given integrale p. Ф +tan? 2) 
3.2 tan 8—4(1 tan? =) 
ыа [77 z=tans . 2 
422 +62—4 LEM CE UCET $dx—2dz ] 
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are dz iy 2+#—% 
= | ере ај + 23 98:56:36 


2 tan 5—1 
= 2tan$—l,, 
3198 Stan 2475 


-Alternative method 5 
Let, a—r sin 0, b—r cos 0 


S. r= /а®-„ь° and tan 0-3 ог, 9—tan^17 


«e Given Integral : 


=| dx =| dx 
Jacosx-Fbsin x Jr(cos x sin O--sin x cos Ө) 
x+0 


| Аве =! 
ris Gp" 09980 (5-8 8-1 log tan 549 


“= 1 ПС td 
== ————— log tan (һең јап“: а) 


Ja? +b? 
Now putting а= —4 and b=3 we get 
i dx aeri 25 ES 
Із sin х-4 cosx J32442 Ан (һа rers ond 


"= log tan ($—3 tan^* 4)--c. 


Ex. 6. Integrate : = x. 


sin x--cos x (С. v. 7581 


| sin x = Х-Ёсов x) — (cos x—sin x) 
48Ш x--cos x sin х +с05 x 


dx 


=} f 4х-3 per 


dx=3x—4 log (si 
Е ст хх — } log (sin x--cos x)--c 


| '' the second integral is of the form 9 


Note: Ifan integral be of the form аео 2085 dx then 


express the integrand in the form / X (denominator) + т (denominator)’ 
See the illustrations. 


Ex. 7. Integrate : [Fee cos ах 
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Let 2 sin x+3 cos x=] (3 sin x--4 cos x) +m (3 cos x —4 sin x} 
=(3!—4m) sin х-Е(41--3т) cos х 


Equating the coefficients of sin x and cos x from both sides we get, 


2231 —4i : 
а ага Solving, /--48, m=} 


Required integral 


-| 8 (3 sin x--4 cos х) +55 (3 cos x —4 sin Xx | 


3 sin х+4 cos x 


3 cos x—4 sin x 
=| 184 та 
ІҢ gs Ё sin x--4 cos х i: 


—1$x-- Js log (3 sin x+4 cos x)+e 
= pe cos 2x - cos x 
Ex. 8. Integrate : (i) IA dx, (ii) | ONSE dx. 


6) [E 2а [2 cos? x —1 ZEE 


2 {соз х dx— X 
cos x cos x $ Г sec x dx 


=2 sin x—log (sec х-Мап x)+e. 


нү [cosx , ү cosx — 1[ J2cosx dx 
6) ЇЕ j^ |; -2 тан! —(J2 sin x)? 


2: | Taking ,/2 sin х=2, J5 cos x dx=dz | 
1 


1 1+ J3 sin x 
з. log 5—4 _ А 
Jii тра 2198 ып 


Ех. 9. Integrate : jp e c PM 
(a cos х--5 sin x)? 
[ dx - =| dx 
(a cos х--5 sin x)? cos?x(a+5 tan x)? 
=| sec?x dx | ds 
(EE tins mo [a+b tan x=z (say) 
b sec?x dx=dz] 


1 


рае EN 
"m PU b a+b tan х 


ap 


Alternative method: Let a=p COS Ө, b—r sin Ө 


а cos x+b sin x=r (cos х, cos O-Fsin x. sin 6)=r cos (x —6) 
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where r= Aa? --b? and Ө--іпп t} d 


dx 


2... Required integral | ове) 


-L { sec? (x —6) dx 
me 1 ИЗ, -1b 2 
тағ, ЕБ tan (x tan 5) +c. 
Ex. 10. Integrate: (i) | 5п9х cos?x dx. ІС. U. 681 


(i) fsin2x cos?x dx (iii) 1 ах. 
cos®x 
0) | sinx cos?x dx—| біпбх. (1—sin?x) cos x dx 
[ Let sin x=z, 2. cos x dx=dz | 
=f 26 (1—2?) dz=§-z°dz—J 2842 


gi? - ; 
== LU 4¢=} уп х— $ sin?x-c 
1 9 : 
(8) | sin2x cos2x dx=J}.4 sin?x . cos?x dx 


=} | sin? 2x dx=} | 2 sin? 2x dx 
=} f (1– cos 4x) dx=y(x- Х +) +e. 
(iii) jane Ах =] tan?x. (1+tan?x) sec?x dx, 
. 056х : 
[Let tan х=2 .'. зес?х dx=dz | 


3 5 
=J 22 (142°) dat сей tan? x+} tan? x-Fc. 


Ex. 11. Integrate: | ,/1-Евес x dx. (С. U. '62] 
фе шь. ТУЕ сов Xdx= __NB 0083 оу | 
Í Vi+sec х фу | tes х=] J1—2 sin? $ 


= [2:84 (Ју sin = =z (бау) 4. quee 


1—z? 
=2 8871 z-+c=2 біп” '( S sin $) +c. 
Іс. U] 
Ех. 12. (е: n x dy 
m | Е x 
sin x 1+sin x—1 
| Ji+sin x =| Ji-+sin x 
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— TAS 
ынны ras 


=} (cos $+sin 5) dec | 
% 2 
for, (cos $+sin £)? =1-+ зщ x 
dx 


12 за (+) 


=2 sin $—2 cos ово (5 +2) а 


—2 sin $—2 cos £— 


—2 sin $—2 cos.£ — J log tan (1-4) +e. 
Ex. 13. Integrate ¢ 


@ 1 (Лап х+ Мога) ах G) SJ- Мап x) dx 
(й) | Јапхах (м) {соғ dx. 


(i). Let sin x —cos x=z 
(cos x+sin x) dx=dz 
Now, | (Vian x+ Jcot x) dx 
E sin x cos х dx= sin x--cos 5 Хх 
(J5 NET 2) | Neos x sin x 


"S біп x+cos x 4х= | /2 dz 
(біп х—соз x)? 
2 


= J2 sin“) гс JD sin-1 (sin x —cos х)- c. 
(ii) Let, sin x --cos xz 
(cos x —sin x) dx=dz 
Now, § (сој x— Маш x) dx 
-[( Jt- на хүд... (eos x—sin x) dx 
sin x “cos x sin x cos x 
=| А2(008 x—sin x) dx EM „242 
(біп x--cosx)?—1 Јар 
= J2 log (2+ J72 1) +с 
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= J2 log {sin x-Fcos x+ Asin x--cos x)? — lj +c! 
= JB log {sin x-Fcos x+ V2 sin x cos x} te" 
= J2 log {sin x4-cos x+ sin 2x} +c" 
(iii) Form (i)—(ii) | above 1 
$C Jot x+ Жіп x) 4Х- —$ ( Jcot x — Vian x) dx 
= „5 біп”! (sin x—cos x)--c— 5/2 log {зїп x-Fcos x 
+ Asin 220 — € 
or, 2 Лав x х= V2 | 8ш71 (sin x —cos x)—log {sin x+cos x 
+ Jsin 22) -K J 


2.1 Ntan x: и AT (sin x—cos x) —log {sin х+-совх 


+ Jsin 251 
(iv) Similarly adding (i) and (1) 


above, | Jcot x = біп”! (sin x —cos x) +log { sin x 


N2 
+cos x+ Jsin 23178871 
Ех. 14. Integrate $ 


А sin?x ; Р 4х 5 
(i) jn ах. [H.S.82) Gi) [gaze ESA 


V. sin 2x dx , ; dx 
(ii) То x-Fcos*x [H. S. '86] v) Їнэт x--cos*x 


: sin? х, 2 2 = 812225) 
(i) 253 | tan2x sec?x ах =] 2° dz zte 


5 2 tan? 
[wheretan xez 4. 500 Х dx— dz i= te 


dx =| dx 
cos Эс sin2x cos? x—sin? x+3 sin?x 
=| sec?x dx =| dz 
1+2tan?x /1+2 2° 
| where tan x=2 1 


[тур [where J2z=t .. 4/2 42=4] 


в | 


+ A sin? x 


i. 
J2 
=> tan`! (t)-+e= Б јап“: ( J2 tan х)+с. 
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A sin 2x =È 2 sin x cos x dx [2 tan x sec?x 
(8) Језа хҒсоз холоо s х+соз? x “T ewm tan*x 4-1 
[Dividing both numerator and denominator Бу сов” x] 
= [2t dt 


Е [ where tan X— |), see?x ад ] 


| [ where 12 = С. 244 1 


=tan 12+ c—tan-1 (22) + c tan-1 (tan? x)+c. | 


(у) 


=4] 


c Хх cost x 


dx = af dx 
(2 sin?x)? + (2 cos? x)2 (1 —cos 2x)? + (1 + cos 2x)? 
sec? 2x 2 sec? 2x 


sec? ех); 2+tan® 2x 7* 


| 
2 sec? 2x dx=dz 


БЫ ах = 
= + cos? 2372] 
Now let tan 2x—z 


24-2 


=] 1422242 
27828: ga у 7986 


= tan"! (S) te. | | 


So given integral [92 


Ex. 15, ЖИ : (i) [аха (i). [шла 
(iii) | ти (iv) | iniri аз (ғ) [eo tly 
(и Trees еі ссн 
9 Гаа Ed 3n aca gigs de “| 3 Эрэ х 
=| 3 es =] dr 


=|% [ where tan x вес? ах == | 


П | 
221 3 or = 15 Мата x 
= B log 13-11 c 2J3 log в te 
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ái) (un x axes sin x dx 
cos 2x 2 cos? x—1 


Now let, J2cosx=z 2, - J2sin x dx=dz 


5 1 
ог, sin x dx=——_dz 
м 


E eter ee РИ сіз аге 

.. Given ino ali т 1-2 
Д. (V2 cos x-F1). 
пета dms qmi em zB log (— 42 cos ap 

T dum 722 dx = с pa сай 

(iii) эр —sin2x)(1-+sin2x) Бе (1 --sin?x) 


= [s зес?х а sec?x dx 
sec?x-rtan?x | 1+2 tan?x 
“Now, let tan х=2 .°, sec?x dx=dz 
5 Ё А 1+2? 2222 
= dz —1 
„’. Given integral |; 1x25 z=} 1245 


554 fis 


dz 


=} b dei i [ N2z=t (say) e's Jia] 
“Han tan! (0--с 
=}2+—у (ап! ( /22) Ёс 


24 


=} tan E Кап“! ( J2 tan x)--c. 


v) dx sec*x sec?x dx ((1--(ап?2х)2 sec?x dx 

i) = э| эг oce 
sin*x cos?x tan*x tan*x 
1+1?)?dt 

= (Пија [ wheretanx=t; ), sec?x dx=dt ] 


2 
= [Eas га -2 | t7 ^de а 


оне =} cot?x —2 cot x+tan х+с. 
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2x--1 a +1 sec?x dx 
(v) (жі ХТ, | (ап? х ах= [82 


cot?x — 1 1 T 1—tan?x 
tan?x 
= [ Let, tan х--1 .’. sec?x dx=dt ] 
1—22 
ІЕЕ. 1-Нап х 

=} log pt 3 log Tcu У Pu 
(vi) ==] dx -——- 

1+cos < соз х cos? $+sin® соз « (cos? £ —sin? £) 


=Í sec? $ dx =| 
1+tan? 2 +соѕ < (1—tan? =) 
Now let, tan $—z 


sec? $ dx : 
(1+cos «)7-4(1--с08 <) tan? $ 


`. 3 sec? 2 dx=dz Or, sec? £ 4х-«242. 


: " с EY 2dz 
2. Given agat | d (сага 


wn 2dz 
1—cos < | 1+ с05 < 


Tz 
1—cos« 
ee) қ Памје tan"i { 1 — сов 22) T: 
—соз < [Les « 1+соѕ « Ч 
1—cos « 
ee ae tan"! (tan 5 tan 3) te 
N1=cos?a 2 2 с 
=2 совес < (ап“1 (тап 5 tan 2) Tc. 
Mee. » 
(40) „овес x—cotx.. созе су 1 
совес х-- сој x PG 


(cosec x-Fcot x)? _— cosec x+cot X 
Ес 1 = зах =2sin 5 cosg _ = 
1 4.008 х 1+cos x 2 cos? 5 =tan 2. 
sinx sin x 


1 1 
sec% — _ cos x lcos x 
a 2 = 
„(1+2 sec x) „(1+ 2 ) (2. - cos х) 
cos x ы 


Эгч 1 
~: Neos x ,(2--сов x} 


Given Integral= | JU EA 
os? $— 


—sin^! ($ sec? £)--c. 


1 
4 
Ex. 16. Evaluate г | {сов 2x)? 


sin x 
1 
| 1| өв т 1-4аа х 
| sin x sin xN 1-Etan?x 


МЇ —1їап?х 
= tan x ын 


Now let tan x=sin Ө 
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Let, sec? £—z 2 sec? $ tan 534 
| ог, sec? $ tan 5 dx—dz. 
| 
.. Given inte, hà рама 
ra=] 4-2) 


tan $ ах 


)(2 cos? 2+1) 
tan $ sec? 5 dx 
áset Е). 
dx=dz 


1 с 
(I. I. T. 1987] 


= | ------ == 2 5 
а tan?x dx 


sec?x dx=cos 0 48 
_ cos 0 da 


ог, dx. C08 6 Ө 46 _сов 9 49 


sec? x  1-Ftan?x 19120 
; А —[ УТ 5126 cos6 
Given integra | 5 — ва 76 t+sin26 


1—sin?9 


1+sin?9—2 sin?6 


| 


а 
“эл Ө (1+ 5126) e 


sin Ө (14-sin?6) 


Г2 соз Ө= J1—sin?6] 
EN ON sin Ө БЭЭР” 
=| 2|, четной = = 21. 
-| 9519 4. (4(со80) | 4: 
т. [рав - -j =cos2 9 -1% [ where cos 0=2] 
1 J24-z 1 44 
=- log — Реј = .N2--cos Ө 
242 "мани tim Зу log KW ae an 
и И log + J1—sin?8 
242 43— Лепе 
1 Ма J1—tan? 
== — 108 ап“х 
242 %— J/1—tan? tin 
saca g М cos x+ Усов 2x 
n do ae Neos 2x + €x 
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Again 1, = [ө =: cosec Ө 20=108 (соѕес 0 —cot 0)+ c» 


(үзэв (25 1 gl 3879) au, =log (-1-- Уап?) +e 


sin Ө sin Ө tan x tan x 
1— Ji-tan?x | — (= x— sos 2x) os 
Б ече ов ui" 


3. Given integral=log $99 *— соз 2x 
sin x 

log ~ à cos x+ Jcos 2x 
2 3 БЯ X8 cos X— Jcos 2x 


Exercise 2C 


Tc. 


Integrate s— s п! ; || 


(este гс 4х 
Jas cos x 5+4 sin x 4—5 sin х 
eo E dx 
13 sin х+4 cos x Uo 32-sin x+cos х 
6. Ssin®x cosx dx 7. | sin*x cos?x dx 78. [pus X dx 
os*x 
sec x dx 
заа: x 10. |—— — 2 
m tan x leer sin x (Б. 6, бу] 
dx x dx 
11. 12. 
) lc cos x (к=з sin?x кш me 5 cos?x 
dx dx dx 
b 14. ex Ла. X ee oc 
e ое х *4 сов2х--3 sin?x "i а sin x—3 cos X) 
Lare. (uocem. au үр, | оса in x 
cos х+ ап x 3 cos x--4 sin x 
dx 
8. sin 2x dx 
Ё | cos Х+4 sin x p: ЈЕ sin 5x sin 3x 
dx РҮ ах ах 
20. Е (х--а) sin (x — 5) ег = sin?x 22. Iro 
dx i dx 
2 sin 2x Е 
23. Ба 3x—cos x laz ЭЛ СОВ хуйх 25. (Еле tan X 
m (ха 4, | mta 
26. 1+tan x !5—3'cos'x ^ IIT. = 


——— 


CHAPTER THREE 
Integration ђу Parts 
$31. In this chapter we shall discuss integration of the product 


f two functions... Generally, these integrations are ie aia by 
the method of integration by paris. 


Theorem. If и and уђе two differentiable functions of the same 
variable x for all values of x, then 


EE do = dx=av—| 0S 2-- du Ч d. 


‚а де L 


Proof : (ај zts === 


: Hence from the definition of integral, 


(4 СРР чи) ах 


-(и Ged [v аң ах. 
ог, jus de хи — [v ay. ай 


In the above theorem both и and g are functions of x. 
Let и=/(х) апа P= 44x), 


as =), 2, 48-4(х) dx. 


ог, à + Ф) dx, or, = (x) ах 

and 4 ex а Лә), 

— == the above theorem one can write, 

1) 48) аге) 1409 4-1 CT. кој нэ) ах| х: 


i.e; the integral of the product of two functions ` 
—(first function) X (integral of the second) — integral 
of {the differential coefficient of the first fiimetion 
x thé integral of the: second function]. ' BU п зоооН 
Í This formula 15 64168 the formula Гог integration by patits. 


Ш 
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Ех. 1. [x sin x dx 


={x | sin x axs—\[ {Zc} f sin x dx] dx 

= —x cos х=—{(1)(—соз x)} ах 

= —х соз x+ f cos x dx= —x cos x+sin x+c. 
Ex. 2. $x? cos x dx=x2 | cos x dx 


- 4 2 } x] dx 
ШЕ (х2); | cos x а. 

=x? sin x—j (2x) sin x ах=х? sin x —2 § x sin x dx 
=x? sin x—2 (—x cos x+sin х+с) 
=x? sin x+2x cos x—2 sin x--c'. Г 
Note that: Опе сап take any of f(x) and d(x) as the first 
function ; but one should first determi 
taken as the first function, 


In example 1, x has been taken as the first function and sin x as th? 
second. As x dx and | si 


[from Ex. 1] 


Let us now examine th® 


situation if sin x is taken In that case. 
> 


as the first function. 
§ x sin x dx—sin хіх Ф-1( 


а. 
nie (sin x) x dx) ах 
mx sin x— 


x2 
5 > COS x ах...... (х) 
In the given integral, 


қ : the integrand is the product of x and = 
trigonometric function. 


: By taking sin x ав (ће first function, we gt 
Я x? 
in (4), Б cos х dx and her; also the integrand is the product of ? 


trigonometric function ang а power of x. In E COS x dx, the pow 
2 , 

Of x has increased i : А 3f i 

Ё 2 and the integration ‘will be lengthened. Jf і? 


2 ex dx, cos x is taken аз the first function, you will find that 


1 а ЗЭР" "л 
integration of | за x dx wili be necessary and integration cannot 
be completed. 


Hence if in integrals of the type (х sin x dx, trigonometri? 
functions are taken as first functions, integration will never. ђе | 
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completed. So, you find that the success of the integration process 
depends upon the choice of the first function. There is no hard and 
fast rule for the choice of the first function. Buta general rule is 
that the integral which cannot be evaluted easily is to be taken as the 
first function. In case of | x sin x dx, evaluations of both | x dx and 
Тип x dx are easy. But if sin x is taken as the first function, 
‘integration cannot be completed. So, this rule isto be followed, 
when integration of one function is difficult. We give below a list of 
mules for the choice of the first function. There аге exceptions to 
these rules. But in the primary stage they will be useful.- 


Rules for choice of the first function : 
If the integrand is a product of 


(1) an algebraic anda trigonometric function, take the algebraic 


‘function as the first function. 


(2) an algebraic and an exponential function select the algebraic 
function as the first function, а 


(3) ап algebraic and a logarithmic function, select the logarithmic 
function as the first function, _ r4 

(4) ап algebraic and an inverse circular fünction, take the inverse 
circular function as the first function. » 


(5) a trigonometric and ап exponential function, take any-of the 
functions as the first function. 

(6) Sometimes in detérniination of integrals of the form VAS) dx 
the integrand is expressed „as, 1. f(x) and іп those cases f(x) is to be 
‘selected as the first function. 


These rules for choice of the first function can be їецучиранй by 


the following artifice ’ 
Remember the word “LIATE” 
L stands for Logarithmic function, · 
I stands for inverse circular function. 
А stands for Algebraic function, 
T stands for Trigonometric function, 
E stands for Exponential function. 


In the product of two functions 


у ‚ the letter which comes earlier in 
the word LIATE should bé taken as А 


the first function.“ 
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Examples. In Vx? sin x dx 


x? is A and sin x-is Т. In ТЛАТЕ’. А comes earlier than T. so 
Ai ‚с., x? is the first function. 


| 
In | log x dx— log x. 1 dx, L ie, , log x comes earlier than А 16» 


1 which. is algebraic in ‘LIATE, So, L ie. log x isto be chosen 25 
the first. function, 


[ 
Ex. 3. |х sec?x dx | бес? dx — “(3 (x) | sec2x дх| dx 
=x tan х7 { tanx 4х-х (ап x—log. (sec ем 


Ex. 4. | хей а, | ез ах (m (x) | e*dx]ax 


шытын, зі” aera d 
a a a a?! Id 27" 
Ч 8 "2. atest бо of КЕК; functions, f 
. i п) 14 
"3 Slog x dx= = 1.108 x dx > 


—log x | 1. 4-3 (log 3j f1. ax). dx-x log пра хах 
ос =x log x= fpd g dog X—x-—x(log'x— 1) 
Cor. | log х"дх--| n log x dx=n 
“Ex, 2. 'f (log x)? ах= 


= (log 3* айн | [2 (log/x)? | 1. dx o | фази 


2 lo е 3 
= flog xj? — zje Ex. X. dxzzx (log 3-2 Новжах 
x (08 з)8 —2% tog х-1) [from Ex. 1 ІШ d ийн” 
=> (ов x)? —2 log х+2, a 
$ 33. Integration ‘ot of inverse circular Fm ей 
Ex. 1. §sin-1 x dxz 1, sin 


“Үх:ах 
=sin71x, { 1, Me (sin*1 y) (1. ах ах 


| log x сне (ов х- -D+ 
{ 1, (log х)? dx 


t4 
181104 


=x біп” іх-- 


Now, to determine i ч let кеш 


21 
О 


3, 2х dx=2 dt or x hst 4, and Ју == ИЙ dibus 
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x dx t dt — 
=== о —— t —— = = a= === — 2 
Hr Эр” 


required integral —x 8071 x+ J1— x2, 
Cor. | соѕ-1 х dx ((Z—sin7 x)dx 


= (5 dx —§ sin^! x х= х- x sin! x— = 
1 


=фх—х(@-соз!х)- Ji- =x cos x— == =x? 
Ex. 2. ол"! хах- 1. tan"? x dx 


Staa. jr 4х—| {4 (tan^! 25 1 dx) dx 


=x tan7! x-| x dx=x бап) x—} log (+x?) 
=.1ъ+ 1 


1 
1+x? 


Cor. fcot^! x dx 


=| (2 ап“) х) ах |2 4х-1 ша! х dx 
T x—(xtan"! x=} log 1554) А 


2 
Ex. 3. fsec^! хах= Бесті x.dx tee T (4 


—sec^!x.f 1. dx- | 4 (sec^ x). | 1.4х) ах 


2 : қ 
них (5 сое 1 ху 108 ажаат x4-i Ын (13x?) 


=x бес”! х-| % (56с71 x) | тах} dx 


іле, "ЕЕ x dime dec! а ово Jar, = 
Cor. | созес-1 x еч x+log (x+ x? —1).. 
$ 34. Standard forms $ i 

| е cos bx dx and | е sin b bx dx. 

Let, | 695 cos bx dx—I, and { 695 gin bx 4х=1, 


SQ T=) e% cos bx dx. 


=е®* j cos bx dx-| {2 (e**) | cos bx ax} dx. || 


со: 
су 
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az Sin BX aa аваг Sin. bx qx 
dti b 


бе“ sin bx a Ye*"sinbxdx ^ (1) 
в в 


= Sinbx—TI, ..(2) 


g 
b 
Similarly, 1, = —f"* соз Бх үү двэй нь bx x 


b 
= Ute ix на 1695 cos bx dx -48) 


ез 


=f _ cos bx 
== ђ pep 


b 


From (2) by transposition we get, 
ЪТ, +аї,=е% sin bx 


and from (4) by transposition 
a1, —b I,—e^* сод bx 


From (5) x b--(6) xa we get, 
(a? +b) I, езе (а cos bx-+b sin bx) 


or, I, =£% (а cos Бхр sin bx) 


E 


we gef, 


(7) 
Again, from(5) x a— (6) X b we get, 
(a? 4-52) То =еа= (а sin bx—p соз bx) 
6 (a sin bx b Сов 5 
ог, M EAS мі) zG) 


Alternative Method. 


Tn the first method I, ang I, 


have been determined simultaneously: 
Тћеу can also be determined Separately, el 


=} ес“ cos Mur жи. езе sin bx dx 


e"?sinbx, a lág аг: 52537 
шинэ зэ. e^* сод Ie ys) 685 cos bx dx 


€^" (b sin ха cos 5х) а? 
= 52 B 1 


2 ac H 
" (45 = C eos be Sin 5x) 
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е“ (a cos bx +b sin bx 
"or, r=% Een doin Бэ) 
az 
Similarly, I= 24625 (a sin bx—b cos bx) 
imilarly, [= шини. oce 
Now, let.a—r cos:9 and b=r sin Ө. 


2. 2248г? ог, r= „Јаз+62 and o=tan-1 2 


E - е (г cos Ө cos bx+r sin Ө sin bx) 


az 


mt. —@)= 
= sos due 6) 


ах 


"Similarly, L= 


Ма? +b? 
2. резе cos bx dxet (a cos bx-F b sin bx) 
: а? 
go" axa 2 
ЕВ cos С bx—tan 2) 
__e** (а sin bx —b cos m 
:and | e*? sin bx dx— Я Арво") 


__ ега) 

‘Remember these two forms as standard ones. ^ 

$35. Ге" дарга) dx. 

$ e* {Дх)+/'(х)} dx e? Дх) дх-Е e* 1 (x) ах. | 

=/(х) e* —j f'(x) ез nis ез n Sn dx [ Integrating | ен Дх) dx 
: 1 „Љу parts. | 

f(x) ез mel ~ 


sin (5x tan 2) из. 


5 36. Standard forms, 
G) fyfa dx (i) | аша, dx (iii) Nm 
4) {ух ға ах=\ 1. Бына > dx 


—x? dx 


= (аза, тт zT 


у 
=х dx? $a? | 


dx 


"dn 
Nx? ад 
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E — 2 8.чгүй 
+а2—а 
=> „а (х ta —а“ 


te ig ere? ев dr 
ре 4—5 Мх Fa? —\ ха? dx 


dx. 
“Над [iR = 
oJ xia? 
or, 2] Jx? фа? ах=х М Жаз +a? log бо Уаз) 
(by transposition )' 


log (x+ Jx? +a?). 


Est PEAS PME Унаа ар 
2 
0) Їл а=. ита 


—а? dx 


Again, f Jx? а ac paie BEY xd гоо эо 7 
" мх? — а? 


= рсө | qe “(2 
2 Jx ( ) 
(1) and (2) we Obtain, 


25 Jx3—38 dx=x x? 128 aa afd 


Adding, 


is 
Vx2— аз 
=x Мұз таз >a? ~a? log (xk Ма) 
5% МС ТН эь „де 
a? dx= = log (ee icta ің 
(iii) V a? 55 dxe а 


=y Jazz -2 
Ja? =x ао sas 


—x? ах . 


=x Ja? =x? J Ja? — у? dx+a? | dx 


Маз =x? 


on transposition, 


INTEGRATION ВУ PARTS 89 
Яо ae 
2 | Ja? —x? ах=х Ja? —x2-Fa? sin”! 2 


= др Ја х -1 х 
§ Ja2—x2 dx= TD sin 2 


Note: Putting x—a sin 0 you can LU determine this integral. 
Examples. ЗА... Р 
Example 1. Integrate: (i) fxe? dx | [Tripura, 1978] 
6) xe* ах (Tripura, *82] ^ (шу [e 95 sin 2x dx. 
[Tripura, 19781 
() јхт дух. еа (x) 1 AY dx, | 


=x, em - | 1. ot ене 1 ава с | 
т т ms те. : 
== (2-1) Tc. 
m 
(ii) 5 хедхенх | е"ах— ЗЛЕ " f яаг 
— ЭД Те“ А880 атр! качи: 
(iii) fe COS X sin 2x dxe |е! 5085.2 sin. X cos X dx Е 


=2 f e". z (—dz) [ where cos x=z and so =sin x dx=dz d 
--—2je zdz— —2e*(z— yr ii see (ii) above ] 


=2e cos (cos ж-е? "х, a 

Ex. 2. Integrate: (i) flog x? dx. [H. 5. 1979] 
54624, 01 - ae Ж 

(1) f (x+1)? logx dx ` 1 ' TH.S. 1981] 

(іі) (155 (1052)? ах, ) ІН. S. 1985] 


v) | х2 log x dx 
(у) J x8 (log x)? dx 
(i) Slog x? dx=2 | log x dx 


=2[юв xf 1ax— {f4 edi 1а зал 


=> [ов xx ЁС ах =2 [x log x—x] +e! 
=2x (log x—1)-c. 


[Tripura, 1979; 7811 
[Tripura, '86] 


90 


INTEGRAL CALCULUS 


Gi) SG--1)? log x dx 

=log x[ (6? а | 4 (log x) fex)? dx] ах 
—log x perm - | Lern dx 

=" log x-Mj( 


MESI 
3 


bees Das 
Ж 


log х (Z5 32 
og x G +++ log x) +e. 
(iii) fxi (102 =)? dx 
= (108.2)? x4 dx—| {2 (log? =)? | x4 dx} ах 
= жүз ХЗ — "hu xs 
(log? jx 5 | {2 ааа Са 


х5 
== (108)? — 8 f logs x4 Ёс 


T$ (ов Psi [ова 133 dx- | g (log?) | x* dx} ах] 


== лектен -j£ ; | К 


== (log #)2— 75 2 330085 )4-8, Ex dx 


S ONE 
i (log; ја — х5 (ове iix +e, 


; “15 - bs (log #)2 ~19 (log 242). ч 


(у) is x? log x dx=log х, fx? dx—| { 


E x? [1x5 
=log x. ВР |-. = ах 


z - dae у] x2 dem 


=< (3 log x— 1) Ке, 


log xa фа А 


(у) fx? (log x)? ах 


x (log x) x2, dx) dx 
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шт 2 3 c d "ја 3 
= (108 x)? | x? dx КЕ (08 x)? | x dx} dx 
e ох“ 1 xt 
= (Іов x) =“ _[(2 log x. = ‘a 

-% (log x)? —3 | tog x (хэ «-|(4 (log х) $ x° dx] ax 
== (log x)? — (log x) Х- E E 1 = ах 
ёо» | 2. 3x1] 3 d. 
=7 (log x)? – х мая x 
LX 2 4 1 y4 
иг (log x)? —4x* log Х4-55х5-Ес 


= gyx* (8 (log x)? —4 log x--1]--c. 
Ex. 3. Integrate : 


(i) J x? sin x dx ІН: S. °79 ; Tripura, ’85] 
(ii) 1х3 sin x dx [Tripura, 1984] 

(iii) | x sec?x dx [Tripura, 1980] 

(iv) Vx sin?x dx [Tripura, 1985] 

(у) fx cos? 2x dx [Joint Entrance, 1978] 


(vi) | x? cos?x dx. 


б) fx?sinxdx-x? | sin x а, (х2)) sin x ах} dx 
=x?(—cos x) — | 2x (—cos x) dx 
= —x? cos х +2 | x cos x ах 


= —x? cos x+2[x | cos x «-|(4. (х){ cos x dx) 74| 


— —x? cos x+2[x sin x—J sin x dx] 


= —x? cos x+2[x sin x-+cos x]-c 
=—x? cos x+2x sin х+2 cos х-ке. 

(1) 1х3 sin x dx 

=x? Í sin x ж«-|14. (х3)) sin x dx} dx 


zx? (—cos x) —| 3x? (—cos x) dx 
== —x? cos x+3 | x? cos x dx 


== x? cos хз | cos x 4х—|{4. (х2)| cos x dx) ax] = 


қ 7x Gin-!3)! 2 [sin- Pus Timm 


INTEGRAL CALCULUS 


“. Given integral— | z.sin 2 dz 


== | sinz dz- | EG І sin z >) dz= — cos z— f1.(— cos z)dz 


= —z cos z+J cos z 42=—2 cos Z-Fsin 2-Ес 
= — J1—x2 sin"! x+x+4¢ 

[^ sinz=x 2. сова УГ: ыг МГ-х8 1 
(ii) | (віп- 1x)?dx=f 1.(8ш71х)24х 


(sin71x)? | 1.4х- | (4 (віп”1х)2 | 1.4х)ах 


main tg (Cail, а 


—x(sin^) x)? —2 [5-2] xdx 
1--х3 


ЭД Ч (sin-1) | ла) 


1 SUN 
==+2| W--mC Jie] 
—x(sin^1x)? 4.2 арт Sin"! x —f 2.4х 

шех(віп”1х)2--2 Ni—x? sin" 1х—2х 


v) |сов-1 Nx ах=\ 1.соз-1 Nx ах. 


==с05-1 Ај |4 (60371 JX) 1 Lax јах 


=x cos7 М1 


ДЕ хах 
=x cost ы, Ух dx 


1—х 
Now, for | х. dx let x—sin? ө 
B [ AA dx = (ain Ө 251.6 cos 9 40 _ = 
= "OR ENG = 2 sin?9 49 
=}1—соз 2909 — 28 i-i 2 25 ИУ 


exsin^! Jx— Jx—x? 


АЯ: 


~ у 
INTEGRATION BY PARTS 795 


: аз ) sms. 1 
“. Given integra] 2x соѕ-1 декан Ч Mage 


25 2 у SSS bot = 
=x cos"! Уул (2-соз-? Ма) аст à 3 
=(x— Joos? үү ЗЕТИ S == Hex gol 5) 
(x — 3)cos Ух 1 у 


| cos"! J dx (x — )cos! Jg SBE о " 


(v) f sinn? (25 =) а= [sin (2829). seco do : | 
[ Let x=tan Ө; dx—sec?0 do ] 
=J sin“ (sin 26). зес?0 49--2 | 0 sec?8 dọ + 


=2[6 tan 0—1 1. tan Ө 40]=2(0 tan 0 —log sec. ate 
=2(x tan"! x—log VIF x2) +e. 


Ex. 5. (a) Integrate : 


-1 


i) е1 ү. л! ІН. S. 79:5 Joint. Entrance;-1983] 
(i) ETERS T | 55; 79 E 

(ii) ЇЕ G log x+ 1)dx (EJI = + Ris-1922] 
(iii) | _ [Joint-Eritrance, 1980, 1987 ;. Tripura, 1986] 
бу) [е acit = oq 1, 27 г [Joint Entrance, 1982] 
(у) fe*(tan Xx sec^x)dx. са 4 M ЭРЭГ 1 

(vi) § e*(tan x—log [SET  [ State Council W.B., 1986] 


ui) RE "5 ЈЕ 27 1983. State е Council У. В--1987] 


y remet сов хйхапй з={ де bin хф) 1: _ 
ЕФЕ then prove ist cw sinx. — C {И 8, 1978] 
, | 
12 


х 


MAE reps la 7% P Wes y 


Int.—7 


T M 


Готе 


INTEGRAL CALCULUS 
=! ={(=1) eg, — 2 
= etre -1( za) ees | 54х 

= re |54 15 yb e 
2 е эр: 
ш) [FC los хоре лов хх. 


2 е а 
осе ж«-| [tog x) | e*dx јах+ [а 
- ху 


Oh € 


=e", log x--c. , 


tee х ез — (х+1— 
(11) ее 


=e", log хе 1, ez (ез 
5 ЈЕ etd | dx 


е” dx 
54 
ica ae сайн 


1 1 
ie e io dx 


ЕЗІ dx јах - | Iss" “ах 


жк-| 
рни. “сэн” а-ы xa^ dx ( 
on | niae 


пар! Базы ae? йк 3% 


ви et 

CDM bs fara “При 

v). , ake = [е кл | 
эрч astu “ape Бау; “Tes. 
Не қ өліні em бутау” "ase 3x E 
“бунун +“ Ма 22-23 ЕСІС 
зарае, ; |(! |! 


INTEGRATON BY, PARTS 8:97 


(v) Je*(tan x+sec®x)dx=J ез tan x.dx-+f e? sec?x dy 
=tan x. | e? dx— | {а х) {.е® dx) ах] e5)sec2xidx 
stan х.е“ +с—{ sec?x , e* deti e” sec?x dx 

=e" tan x-c, 27 i a нг at (4 
(vi) § e*(tan x—log cos x)dx 

=} e” tan x dx—J e* log cos x dx ы. 

=f e” tan x dx—[log cos x (65 ах у Ч) 


– ов cos x) | e? dx je] 
= Тез tan x dx—[log cos x. e*--c— —} (—tan x). e? ах 
=f e” tan x dx —e* log cos Xctc-je*ianxdxy ^ 
---е% и 42 эн 
(уп) [®—1 2 e „х+1= 23 
(vii) сэг үү ах= fe [PETS — dx 
= [ее tl , [2e dx Га 1 2e 

|| Gp Шенді је ла "tet 
ыг a. Pd 1 8 _ [2е* dx 
Gripe & беер ax} dern 
1 2 2e* dx 
“бар Си ет и а 


(b) с-Ез:-Ге% cos x ах-+ | e” sin x dx 
= е“ cos x ах + зщ x Ге ший” (sin x) Ге" ах) dx 


ecl 


=} e” cos x ах же“ віп-х--с-| 6% cos х, dx: = 
=е“ sin хе. 


Ex. 6. "Integrate : pL Ed 
(а) fe" cos x dx [Tripura, 1983] (b) сүй sin x dy ^" 


У. 54 = у, 25 | 
(а) Let I= f 25 Gos Х dx 
=cos x.J e” 48-12 (боз х) f p ^n dx 
-xcos x. ей = | (asin x)e* Ах ==608 x.'e* +} sin x, е? dx 


=e” cos x+sin x | е” dx—[{F (in (sin Я M ef dx} de = 


Ah У, "292 | rg ҮЗ 


=e” cos x+sin x e? +c =j cos x dx айы " 
sed Xj —— S19 
=e" (cos x+sin x) -c' I - xb 


ET 2 CÉÍNTEGRAÉ ‘CALCULUS 
2.23 EER Бани c | узе + rd 
ог, те 2 (Cos. хш Эфе шаг Шы >| В 


1 


(Б) (фе зщ х = зіп пе lr 


^ [see у 34; here a=b=1 1 
c 
=» sin (x-3 mn sin x cós т —cos x sin 2 Tc 


[el ; 
UM (sin x — сов х)+с 


Ех, 7. ја cos? х x дх--1 1 24 (1+ cos : 2x) dx. 
Ї ez dx+} 1 €* cos 2x dx. Р 
=} ё +) e? (соз 2242 sin 23) +¢ 
1+4 


=} ен {1+} (oe 2х+2 sin 223) - c. 
Ex. 8. Tues ахы? x Mx? 


5 f log (+ М3). 
68 log (х+ Ax? = 16). 
Bx. 10. T 429—529 ds {ртс а 4 
E : ; oC Let bx= ob dx=dt 1 
(Ма а? „л, 39 | 


Ех. 9. | КЕЛЕ наше ==. 


1 а 
Mic CIE 
1 


TP 
9 = 
=) ыйсы е 9253 ра? 'sin-! E ёо: 
Ex 11. jse?xdx Те tan xa, 
sec == N i-ktan? х х= М-ы i 
И. Гесэ x dx] sec x sec? x dx=f МЕ di 


ЛЧ А ов, log (+ Ма), | 


: Sec? x dx=dt and 


с nie | 


Uu tog бес х tan i 
Ex. n. "fei Jess de * x ша, бахь 
Here = d еъ), | Р өз "se 


INTEGRATION. By. PARTS; 
Now, (x —1) Jx£E x x1 3 
= Ох+1) VF Fis JB Ут 
Given integral=} $ x41) М EXE dx 
: | ГУТ dx 
= (x? x4 )$—3 CECE 
- 2 


=} (x? x41)? 30) Ух 
4 


—33 

27 | 8-8 log (х+1+ МХТ) +e 
а (241) у | 

тіз log (x--14- МТ + 
Note. То reduce (х-1) МТ in the form 
3 (2х+1) Мх + +1–8 М1 i 
let x=1=4(2x+1)+8. и, «=> and 4+8= — 1 or, B= —8. 
Ex. 13, Па) =) dx. [«<х<в ] 
SÍ V-X F&F x map dx 


99. 


0) ея f _<+8 
2% 2 је <B a ( 7) Sin"! = Pe 
2 


-Ңоз-<-В Jezet E inci 25258) ү, 
Alternative method: Let x=« cos? 6+ sin? Ө 
dx=(B—«) sin 20 do > 
X—«-—« cos? 0--В sin? 9—«=(В—«) sin? Ө. 
8—x=B—« cos? 6 —B sin? 9—(B—«) со520, 
Given integral=J /(B—«) вш20 (8—4) cos?8 (B —«) sin 20 do 
—j1(8 —«)? 2 sin? 20 do 
—1(8—4)? f (1—cos 49) 49 
—1(8—2)? ө—+т% (B—«)? sin 46. 


Now, x—«-(f—«4)sin?0, 2, sin ы 
: —« 


INTEGRAL CALCULUS 
100 


Again, sin 40=4 sin Ө cos Ө cos 20 
—4 sin Ө-соз Ө (cos? 0--sin*i Ө): 


У - (ша х! ұша 
4 = died В8- и [эы LES 

=4 |524 Вх ева 

=a [ERES eia 

( “сар Mom (-8-2х) 

| “. Given integral=} (8—4)? јр“ EET 

\ CHEM (B («+ В— —2x)tc. 
^ Riiscetlanéous Examples 3B 
Example 1. Integrate : 


=x? 3 7 x dx 
(a) (е75 уз dx. [Н. 8,1984] .(p) |29 d 


d БД [Tripura, 1987] 
sin^! Jx—cos- ОР” a ges 
9 ни T.U [1.1. Т. 19861) 


(а) Let хи. | —2y dx dz or, dz 


== хш 
je Tx defe (ena dx) 
-|е% (2)-, Ve*.zdz 
=}[ z је" а-| Е (2 fe? 4 | 
= Це" — је" date | - 4 
=} e? (z= 1)+с=—} ёс. VEI 
x dx = dx: ің 4 а 
(b) hes E Ts 541 = јах 


1+ 
1—sin xj - || dx d E 
Е: xf cos? x Т 1+sin x Ы В 


=x | (sec? x—sec x tan x) 4х-| | (sec? 


X —вес x tan x) dx dx 
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=x (tan x —sec х)—| (tan х--56 x) dx 
=x (tan x —sec x)+log cos х +log (sec x-4-tan x)-Fe · 
=x (tan x —sec x)+log (sec x cos x-+cos x-tan-x)-Fc 


=x (tan х —sec x)-F-log (1--sin x)-- c Раса 
ка. T es Е : 
(c | cae A x—cos^! JX ME 2-со8:3 Ax 
sin уу соз | Jx |. 2 
9 


= рч sin“? Мх-сов”! Мува] 


= [4х–5 | cos? Nx dx = = A a 


4 ===> 
(20) соз”! Ја MEE ас 3) 
i [ See Example 4 (іу) ]- 


-x-2(x-1) cos! Jx— Ух—х? 53+ 


Ex. 2. Integrate : xtsin x, 270 gol x - › 
| ntegrate [е 36% LY еу ІС; U. | 751 
[x-Esin x70 x sin x 
саны... E = а а: 
басе кі. Қы x 1--сов x) 7 TS 
m 1 2'sin 5: iA oi гэж, 
= == cos? gt 2 cos? 2 3 


= f x sec? $ ах +] tan 5 
=4x f sec? $ © dx —jG.1. M a 5 Фоах + Stan 5 


(Integrating the first integral by parts ) 
| cO tan $+e—J tan $ ах+ tån 5 dx=x tan $--c. 
Ex. 3. Evaluate: fe” log ашаны 
Let e*=z 02, e®dx=dz [|j 
Hence given integral=flog (z2 +32+2) dz— flog eh dz 
=f log (2+1) dz- log (2+2) dz. 


Now, | log (2+1) deez. log (2+ 1)= аш. 
=2 1 1 d: 
=> log (2+ је Еа ы 
=> log (z4- қ к —2+105 (2+1). 


LM 
102. ЈОН ERR M 


Similarly, | log (2+2) dz=z, jog (%2)- ДЕК? log (2+2), 

Hence the given integral ~ "rm - 
=z log (21) 42105 (z4-2)— ec afe dm рі (2+2) 
=z log (z? + 32 +2) —22+105(24+1)(2+2)?} ue 
me" log (ел sien hee Ber Mog Mer +e? + 40°44). 


Ех 4. Integrate: | cos x „Је х+5 dx 


“. cos x ах= dz. 
DEC MsinZx—4 sin x4-5 dx 
) =] /2#—12+5 4а= E =2)2 +1 dz 


2—2) J(z 2) +1+1 log (2—2+ Ча) D -c 
= (уп x-2) | 


—4 sin x+5 


Let sin x=z, 


+3 log (sin x —2-- Jsin?x —4 sin х--5) Ес. 
Ex. 5. Integrate: (258 3x dx. 


125 sin 3x dx—fe* log 2 «ii 3x dx. 


ЇЙЛ 25-498 2* ех log 2] 
ех log 2 
= ваза 198 2 sin 3x —3 cos 3x] + c 


[ Here a=log 2, 5--3 1 
Ех, 6. Integrate:  x(sin-1x)? dx, 
1 x(sin-!x)*dx-| Ө? . sin 9.cos Ө d6, 
[ Let sin^! x9 
= f 6? sin 20 do] 


=p [o= 2 [297555 2045] 


7. x=sin Ө; соз 4ө==ах | 


- -F cos 20-310 cos 26 49 
= — |0? cos 204+ [o три | sic e 


= —1 0? cos 20+} Ө sin 26 I 26. 
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BUIUDIAD тАядат É 


--і {a —2 8ш20).92-52 sin Ө. соз.Ө. 9412 sinto) tec’ 


= —1(—2x2)sin-13)2:F2x Se yet idet A MER 


m tan ! х 
Ex. 7. Integrate : трет Тегі 
ет ап” — т ün ~ mz | 
х= [6 4 (е 
E ETIE 4x- | Ix? ^ qx [Куш 
~ e I 
Putt —tan^lx, dz— 
[ Putting z—tan^!x, dz etl 
= [cos?z.e dz= (Ев 2м 42 
= f #7742 +1 [ета cos 22 dz 
ens 1 
=н т cos 2242 sin 22)+с 
-1 
,;7 90 “р 1+" (m 1-х? +£ 4x 8) +e. 
2m т?+4\ 1+х° 1+х° 
__1—{ап22 " _ 2 tame 
[As cos т and sin ae 2 ene | 


Ех. 8. Integrates Мот брзу 


1 
Д-т) bg ха 


| р Е a 

d zre БІ 2% Їл хе” 

[integrating the first integral by parts] 

x -17 dh ile 
Sig ste fegra xt СЕ 

x 


fX —— +е. 
E БЭЛ? “Ма x)? xls тоа “Тор x х 


Ex. 9, Integrate : [sinz ДЕЖ. [Joint Entrance, 1979] 


|sin- 1 " EX | 
а 


Let —* =sin?0 .'. x-atan?8 


"T INTEGRAL CALCULUS. 
g^ | log (sin x) cos x dx. ЖҮРІП zu 
5. (а) Vsin-i(2x J1—x3)dx (5) јап“: ах 
= Lx? 
(с) [соз pe 
6. (а) |віп-і Nx dx 


(b) - (“1 x)? dx. 
7. (a) | cot! x qx 


[ without determining ftan-1 x dx] 


[ without determining (56с-1 х dx] 
(c) f соз-1 (1) ах [ 


(b) | совес-1 х ах 


Without determining (86с-1 х dx] 
8. (а) (ес (cos *—sinx)dx (Б) § е“ (х2 +25) ах 


(c) ЕСЕ highs) dx (d) {ее 


та (log sin x+ cot x) dx. 
2 
9. Ге ea 10. je* cos ax dy. 


11. (а) fes Sin?x dx (b) fe? sin 3x COS x dx, 
12. (а) |е?“ соззх dx (b) fez sin’x dx, | 
13, (а) 1,836 dx (6) fv 


16—9x3 dx. (с) V JT dx. 


ыг 2 
мш) [es 0) а 


15. (а) 45—28 (фу UN e mre dx. [C. U. '66] 


Miscellaneous Exercise 3 


Integrate : 

1. (i) EE (ii) Jin, 

ЕЕ ME 

3. (i) xe (ii) је 39 

ш е ay раа, 


4. (i) Ге" „ез"—3Зев+1) аз 


(а) | ЗЕЕ (ш) 


ў х? (кв +х94+ ах 
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69 Setala?) а [C. 026610) | Уа 
па 
[C. U. 7741 
... IC. U. '64] 


5. (i) |34 cos 4x dx 
(iii) je sin (т+=)а x 
(d) f e"? sin3x dx 

6. 40 § x(tan-} x)? dx 


(ii) | е25 sin x cos x dx 


(v) 1е7%% cos х ах 
^(i) fx? tani x dx 


(1+x?)? (хе) 
in"! n-! x 

(iii) = pa (iv) [5 e а 
(1—x2)? 1-х 


ТЕ sin"! dx (ii) fe tan^! Хау 


8. (i) [Se x ax (ii) 
(+x? гу! 


3 
m x2)? (1 х2) 


(er P d x)? 154 xy] 4 
(log х)" ~ (log m 


(iii) 


= 
us 
| 


10, (i) § sin"! (3x—4x3) dx 


log(log ха 08 op} a 


m -1 3х—х% 
(ii) [tan "за 


(iii) CEN MEN 
11. (i) | RENE 


ба) | „== 


12. (i) [5 (ап-1 x) dx 


(iv) [ton „а, 
CNET 
во [| = ах 


(i) § x9 sin-1 x ах 


ІС. U. '621 


' HP 
13. Show that (ех dc ELEGIR хал eost? x dx 


and hence evaluate | cos?x ах, 


110 INTEGRAL CALCULUS 


AT B-—1 апі ЗА+2в=0. 7 
Solving we get a= —2 and B=3. 
#001391 118 


жЕ: ый асан эмэ эс 
-5546 x—2 imo и :9 


= From the-above example we get the following ru rule :— 


Tt “1, 2 dh be different from one another and the degree of 


J (x), be lessithan п; then 


Sx 
Tree ey can be expressed as 
Xx—«)(x—« х-<; : 
» Ее) i) 


à suni of n partial fractions in the form. —^1 4 A9 ТЕГЕН y 
Хр х-«; х-«а 


7 "The values of д) A5; [Amcan be ‘determined by equating the 
Coefficients of x"7), х”-?, ... and хо (i e., the constant term).on both 


Sides... ђ 
Ex. 2.7 Бұр 1 54 vüX*us (ур m Gf бї А 
Ч (эдээр fies DE -2)%--3) into sum тае fractions 
TORT х9 
and hence determine [ dx! 


(x— Dane 


x2 


25:10 (АП в! Вепанза 
ея а 13-52 


с. ч 
Now, Pae 
ЗАЗ)  в(х--3х--1)-4- об: Da z:2)d 
(«-1)х-2)х--3) й 177 
E | 
(x—2—2) =3), 
Яя. 
G-16-36-3 


(А +в) 25644454346). 
= tac) 7x(5A-F 4a 3c) 


Азаа 
(x—-1)(x23)—3): - Lem 
" намжил 


Now, the coefficients’ of x?, x and the Constant (ега on Бо! 
sides are equal. EL | А+в+с=1. DUE блаа E апд. 
“би 38 F2CHON) mss 0%; 


Solving the three equations we get a=}, 


Вэ-4а 06:57) | 
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? 2 ND ER: Ч 9 
(®*—1)(х—2)(х—3) 2@—1) х-2 %х-3) 


а 4 1 4 9 
Ics Jac Gy t Re 


= dx 
"ifc (x— Е —3) 
=> log (x—1)—4 log (х—2) +3 log (x—3)4-c. 


2. Rule of expressing a rational algebraic function when the 
ominator of the function can be expressed as the product of linear 
actors, some of which are repeated. 

Rule, 
then 


den 


When the denominator is of the form (x— ax — by" —or, 
the function can be expressed as the sum of e 2) 


Partial fractions in the form 2621 Bı Б Gp 


d 


eri D 
ҚО a Co C, с 
(6) 6808 +. Uti gs oj" The constants А, Ву, Bg, “Вт, Cu 


?^C, can be determined’ from the equality of the coefficients of 


S different powers of x on both sides. 
! . 
ә W. г. to х by expressing it as the 
Integrate x Е 2) | н 
“um of Partial fractions. 


Lge nox шло орівш хуй... 
ЕЕ et x41 (EM 
Now A B ин à Ё , 
XX*ua2 (142 
А) +в) +2) +с(х +1) 
(x4-1)(x +2)? 


== (А --B)--x(4A --38--C) +Ф4А 4-28 C 
(x+1)(x +2)? 


‚ жа “х (А B) + х(4АЧ-8в- c) +44 вс 
Gr1)G4-25 7 (e+ T2)? 


2. х= (д--в)я-х (44 +38 + с) +4А +2в-+с. 


Ех. 3. 


Now the coefficients of x?, x and the constant. terms on both the 
Sides are equal. 


Tnt.—g 
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So, A-FB—1:-(1), 44 +38+c=0---(2) and 4А-+2в-+с=0-..(3) 
Solving equations (1), (2) and (3) we get a=1, B=0 and c= —4. 


д 22. Ei 2:4 
© +28 x41 (x42)? 


24 
So, авз er end 
ан mte a 


= RAE 
log (а та 


Ех. 4. Integrate : 2-5 
| x(x+1)? 
: 1 A, B с 
Let; == + 
x(x +1)? BUSES (x +1)? 


А с _a(xt1)? +8x(x+1)+ex 
Now, $+ piter” КЕТЕ 
дах АЖ) + Х(2А F8 О) а 
x(x4-1)2 


pái = 20А +в) +x(2a+B+c)+A 
x(x41? x(x+1)2 


Now, the coefficients of x?, x and the constant terms on both the 
sides are equal. 


2. AtB=0--(1), 2А-Ев-Ес=0.-.(2), д==1-..(3) 
Solving equations (1), Q) and (3) we Obtain, 
А=1в=-—1,с=-1. ' 
wed е CET ud 
5 x(x1)? x х+1 (x+1)? 
Ё [2% ах =|®- -|2 
6 xati) х+1 “Ї Ез 
z:log x —log(x+1)+ —~_ 
( + рус 


Ed UT 
P ki eri te 
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xs Integrate : js uua (р. Р. 1931] 
ЕИ с 
х2-х-1 СА, B c 


х(х--3(х-2) x x43 х-2 
с _ A(x43)(x—2)4-Bx(x— 2)+ex(x+3) 


Now, 23:5575528 FINA 
х2--х-1 _ A(x-3)(x—2)-4-8x(x —2)-F ex(x-r-3)- 
x(x-3)x-2) | x(x4-3)(x—2) 


x? -++x—1=a(x'+3)(x—2) 4-Bx(x —2) + ex(x 4-3) 
Now this equality is true for all values of x. So putting х=0, 
73 and 2 successively on the both sides we get a=}, B=}, C=}; 
х=+х—1 , dx dx dx 
шан 3 х tilet iea 
= log x+} 108(х--3)4-1 log(x— 2) +c. 

Note. In the first four examples, the values of А, в, с etc. were 
determined by equating coefficients of different powers of x on both 
Sides, In example 5 above we have used-an alternative method. In 
example 6 below, we shall use both the methods. But ‘the method 
Used in the first four examples (ће., the method of equating coefficients) 
is the general method. But solving the corresponding equations 
frequently becomes troublesome. 


Ех. 6. Integrate : Е 
1 арос cA сре B c 
Sy (x—a)2(x —5) "асан xea 2 xb 
AG 6) g(x —a)(x — 5) -c(x —a)? 
(x—a)?(x—5) . 
1 


АЛ 1-5А(х--5) єв(х--а х--5)--с(х-- a)? 
Putting x=a on both sides we get 1—a(a =b) ог, а= у. 


| Again putting х=Ь on both sides we get 1=c(b—a)? 
| ж 1 

Toza 
Also coefficients of x? on both sides are equal 


Ч • в=— zu adt 
.. в+с=0. .. B—-—C (а) 
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4 1 
(x—a)*(x—b) . 
el I esr DEEA лалы: 
“(8-5) (ха)? (5-0) ха (5-а)% х-5 
| dx f , 
(x—a)?(x —5) 
ELI dm 1 dx 12 а 
Ен раја а рај ас 
ги ҮЙ 6. 1 ir 
= = T-a 98 a+ FA log (b) 


= 1 1 x—b 
“(Бах)” (b—a)2 log СЭРЭЭ 


3. Ifthe denominator contains one or more different quadratic 
factors, the algebraic rational function will have corresponding to 
every quadratic factor x2-+bx+c (cz£0), 


ial fraction of the form —A¥+B- 
а partial fraction of the form ЕЕ 


Ex. 7. Integrate : ра. 


x = x ы А вх+с 
ош А. А 
let х3-1 (х—1)(х®-Ех-+Е1) НЫ 


“. х=А(х®+-х+-1)-+(вх-Ес)(х—1) 

Putting х= 1 on both sides we ве: 1 =3д е. Am. 
Again coefficients of x? on both Sides are equal, 
А-Ев-0, ., Betas -4. 


Again constant terms on both side are equal, 
А—С=0 ,, С=А=1. 


(а у 
"iicet ЦН, 


=> 2x+1 а dx 
a сы "taj 


2 1 
=} log (х—1)—1 log e +х+1)+ E: VERA =ч TA 


о 
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Ex. 8. Integrate ғ | я 


Let x = ЗА {Вис 
(1-х) ах?) 1+х 14x? 


56 x=a(1+x?)+ (Bx +c)(1 +x). 
Putting x= —1 on both sides weget —1=2А, 2. АЗ-4. 
Equating coefficients of x? on both sides we get, 
0=А+в, 2.0855-А-1. 
Again the constant terms on both side are equal. 


2. O=atc, S. се=—а=ћ. 
3, xum.) 
‚(@+х(ї+х°) ?M Ex? 1-х 


а : 
le 225 d re) [ 


1 


ха 1-х Тех 
=} og (1+x?)+3 (ап“! х— log (1+x)+c. 


$43. Integration of rational algebraic function when the 
degres of the numerator is gréater than or equal to the degree of 
the denominator, i 

Let о). be an algebraic rational function. To integrate Д2] with 

g(x) B(x) : 

“өресі to x divide f(x) by g(x) untill the degree of the remainder is 
988 than the degree of the denominator.’ Let in such a division g(x) 
and r(x) be respectively the quotient and the remainder where а(х) 
And r(x) are polynomials. 
fix) 


s 109) апа (709 
g(x) Eee and. Кеш 


DID 


=| (o8 ах={ ада + [Јах 


Now, as а(х) is a polynomial, so | (х) dx can be easily determined. 


MD ES dx can be determined following the rules discussed in 
$42 
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: хзах 
Example 1. Integrate : I 
ЕЕ: (7 
х23--7х2--12х 
—7x? —12x 
-7х2--49х- 84 
37х--84 
3 : . 
х —x-14 35x84 37x-F84 


х? +7х+12 х+7х+ 127 * G3) 


UIROS BUS 
37x -- 847 A(x-- 4)-- B(x-3) 9 x(a --B)2- 44-38 
А+В=37 and 4А--Зв--84 
Solving we get А=— 27, в= 64. 
37x+84 =—27 104647 64 
(х-+3)(х-++4) TA x+4 


за 
Бета 717 20+ s 


Now, let 37х--84 А 


=} xdx—71 dx— ms dx 256445. dx 
х+4 


- m log (x-+3)-+64 log (x-4) c. 


Ex. 2. Integrate : XXI 
| gue Joe 
(х2--1)х--1)-х3--х2 x41 
MEG e х-1 
xx Бал 
О—х%—х+1 
—х%—х?—х—1 
х2-2 
PUE El. = x242 
Е x1 + 
(«2--1)х-Ғ1) бту) 


х?+2 =АХ#в ү 


Now, let ба)“ У 
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2. х2-2-4(ах-евї х--1) cGx? +1) 
Putting х= —1 on both sides we get, 26z3, %% 
Again as the constant terms on both sides are equal, 

“. в=2г—с=2—%=5. 
Also the coefficients of x? on the both sides are equal. 
1=А+С г. Аші-с-і-і--% 


с=$. 
2=в-с. 


GIG) 260-1) 20+ 1) 


S ха дих ya EX SUG 
о, аер" 1+ д^ 


=(х ax- [4+3 LE MES 


-L-— log (x--1)—3 log (x? +1) +3 кап“ 1х4 с. 


$ 44. А special technique in a special case. 

If both the numerator and denominator contain : 
of x, then it is convenient to express the function as the sum of partial 
fractions by putting x2-1. Note that here the variable ? does not 
терјасе the variable x. Before integration, replace £ by x*. 

2dx 

E > еее ee 
xample 1, Integrate : | аа + 5% 


only even powers 


x? ЕЕ Putting x? zt 
PUE, XN 
(хат) 62) (@-+Еа°)(@+ 5°) DRUMS 1 
= а? b? Jain ra se) 
ураз PR 28—53 уха +a? х? +02 
4 2 2 
=| 1 { a?dx b?dx је 


x?dx 25 
22-591х2-ға? х? +? 


16 | ера EP 

баз ах Ви b? ел 
әз аа + 

-1Х 
5 


21] 
= 0? 1-і А ЕРЕМА tan 
48-255 га tan а 28-58 5 


Tc 


1 21 Ж... -1Х 

alg tan Ұл b tan je 
3 (x? +1)dx 

Ex. 2. Integrate : | Х8235512 


Let, Xf 
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5 x?» _ REI ВИА RIA цев 
А R2 а О 41 2-2 
ve А 2) g(r—1) 


Puting /--1 and 2 Successively on both sides we Bet a= —2, в=3. 
раа ао 34:52 
х5-3х842 1-2 1—1 хау х8-1 
х3-1 так — f. dx 
[со ыар [m 


TUR ЕЕ х—1 
7277 [ов х+ JA log Ені BG 
$45. А special substitution. 

If in an algebraic rational fi 


1 raction the numerator and denominator 
contain Tespectively only odd Powers of x and Only even powers of 


x, then the substitution x2 =; is frequently found convenient, In this 
case the integrand is ex ў 


Presscd in terms of t. "The new integrand is 
then broken ир as sums of partial fractions. 
3 
Example 1. Integrate - Хах 
3 mier бы: 
2x ах=аф and 
Also x4+x2+41=72 Tl. 


| хх _ 


zd Cinna dt 
x*--x?--] сыш 


Let x?—t; шинж 277 


— log (В +14+1)—1. Ж псі ee 


1 -1 2x2 
=} log MR E tan-1 LUI AN 


ШЕ) 
Ex. 2. Integrate : [= dx 


VERTU IN 
ае rs) | хаа 


2 
Now, E dx ey 
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For determination of | ES 


Put х2-1 2, 2xdx=dt ог, хак- 4. 

Also 1-+х4=1+Р. 
x dx Ё-ү -1 = lian? ұз 
eas eee 1-Е со z Чап” x*-FCs. 


x5dx .x? } tan`! x? ИН е 
+ n^! x?«c,— — +34 (ап 1 х? +e, 
[ст 2 cise 6 282007 (8 


— Examples 4 


Example 1. Integrate : Ta a [C. U. 1954] 


xs A B с 
P Eas Re Ес eo eee 


~“. x92 (x—a)(x-—b)x—c)-4-A(x—b)(x—c) ЖЭЛ =a) 
+с(х—а)(х—Ь). 


Putting хага, х=, х=< оа in both sides we get 


PUE Lue Acn eI. MN 
(scisco л (сас — 9) 


[к=к ЭЭ 71 8 43823 эсэн 
-(ах-а| +в], Хе zm 


=х+А log (x—a)--8 log (x —5)--c log (x—c)--& 


= аз b? i 
Ph Nd log 0+ obe log (х 5) 


8 
3$ log (хс) +k. 
(с-а)с-9 g( ) + 
: [ Putting the values of A, в and c] 
Note, Notice that here the numerator and denominator are 
both cf degree 3. So, the numerator is divided by the denominator. 
he quotient q(x) is 1 and the remainder is written in the form 


A B c 


—— = 


х-а!х-б x—c 


120. 
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Ex. 2. ие : Gaz ІС. 9. 


х= "ES 
Let (х+2)(х — yr 5 т 
x—1=a(x—3)+5(x+2) 
Putting x— —2 on both sides we get —3=—5a or, a=}. 
Putting x=3 on both sides we get2=5B ,, в--2. 
So х-1 3 2 
(х+2)(х—3) ИТГЭН · 5(x—3) 
О | х-1 4: 34х +f 2dx 
US Цх-Е2Дх-- зүх “1 ЕЗ 15(х--3) 
=> log (x-+2)+ log (х—3) + с. 


Ex. 3. Integrate : erem. 


x 
(х--а) (x +b) Tip Гаа (EB 


RON х= A(x -b)-- e(x--a)(x-- b) --c(x--a)?. 
Putting x= —а on both 51468 we get, 


—azA(b— БА = 
a=a(b—a) Ат. 
Putting x= —b on both sides we get, 
—b=cla—b)? or, с=- b — 
(a—b)?" 
Again equating the coefficients of x? on both sides. we get 0—B- C 
NL. b Е 
яв = = (аъ) ы” : 
x dx = A B с 
Now [НЯ ти 
ах ах 
eal eee "ај + с 


eem +в log (x+a)+c log (x-b)--k 
x 


Ест ра (58 y SENA a “эз log (x+b) +k 


log Ха р. 


ата c mm x+b 
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d am 
Ex. 4. Integrate : | НЕЕ . [C. U. 28, 731, '31) 


GERMEN ls ы тый 
(x2 +a?)(x? +b?) a2 —b2 Lx? +5? х2-ға? 


Doge "ЧЖАН о ТЕ XML n 
Газраар) Ebr se 
паса мн раје у ере dx 024 dx 
a? —b?] x? +b? зраз 
a4 1 v0. 4 Р Аты 
qi gn b Lm d pare 


= 1 1 ЭЁ х 
^ 2 ta Ча -1 4 уа 
e Dg Га TE 


E : dx 
X. 5. Integrate : = 
ӘЛЕ 
ГЭЛ "ux T АН [sy] 
1=А(х? —х-+ 1) +(вх - c) (x D- 
Putting x= — 1 on both sides we get 1-43д or, A=% 
Coefficients of x? and x on both sides are equal. 
2. д=а+вардо=—а+в+е 
“. ве—д= =] and с=А-в=2А= 


|= +1 uM. 
ку Гете) 


= za xl асн [ar eil 


“HS на" (87 | 


= МЕ 
=} log (x4-1)—1 log Вав Jum `В п 
2 


= 2х-1 
=} log (х--1)-43 log (xt 455 апт! 53 79 
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(A ү вис 
iru Iru Ipu Ó—udu? 
or, u=a(l—u+u?)+(1+u)(eu+c) 
) Putting ú= —1 on both sides, we find —1=3А ог, A=—}- 


Now let ——3 


Putting и=0 on both sides, we getO=atc /. c= -АН. 
Comparing coefficients of u? on both sides we get, 
0-А48 2. в--а-?. 
So, given integral 1 
=Ц [4и и+1 
at | | зен) 


21 du „1(2—1+34 
87 Thu ali 1-и--и? du) 


-i xr = Даши du-F1 Шинж 4 
vigere ее 


2 


=—} log (++ log (I—u-pu2)4. УЗ = тар тт 


= —1 log (1+22)-} log о ee — 


= —1 log (1 tan? х)+1 log (tan? x—tan? 334) 


МЕЈ а CM 
TB (атр 


43 
Ехегсїве 4 
Integrate : | 
4х ` dx . 
ME ace (eine Кай: 27 
а Е 
(х— ах 3x й 3 
ЕЕ А 4 САИ 
x dx d 
5. | E шин 
E] x?dx | 
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34v 

e lec 8205 12552252) 
М, 

м. уе is es e 20663 

v сг i 210542 
2 

18 Гаа 55 сор 

%. [oe nc [Ee 22: 5% 

1-0 жа 

25. [+1 д жі ы 


| 
| dx 


sin x(34-2 cos x) 
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Area ОКАС= F(a) — F(0) ...(8) 
and area ONBC=F(6)—F(0) ...(9) 
Subtracting (8) from (9) we get, area AKNB= F(b) — Ка) 

Hence the measure of the area between the curve y=/(x), the 
x-axis and the ordinates x—a and x=b, is F(b) — Ва), where F'(x) 
=f(x). 

бо, the measure of the area enclosed between the curve у=/09. : 
the x-ax is and the ordinates х=а and x=b [ where the function ЛО) 
is continuous in a x«b ] can be obtained by evaluating | f(x) dx in 
the form F(x) and then subtrácting Ка) from F(b). 

F(b) — F(a) is said to be the yalue of Гг Дх) dx. | f(x) dx is the 
definite int egral of f(x) with respect to x from the limit a to the limit 
b. a and bare respectively said to be the lower and upper limits of >. 

Note. 1. Inthe above discussion, the curve y—fix) is above the 
x-axis ie. y has been assumed to be positive. If the curve is situated 
below the x- axis, then the value of the area will become negative. 1 ` 
the value of an _2rea ог a definite integral be zero, then numerical 
“нан of the a reas of the Portions above and below the x-axis are ; 
equal. 


2. Though the indefinite integral ога function is not unique, tbe 
definite integral of a function cannot have more than one value. 


Note that in the value of the definite integral of a function, there 
is no constant of integration, 


3. In the above discussion it 


topo 
function. When |, Л») dx can be determined, then the function i5 


said to be integrable in the interval а 
beintegrable in an interval. 
integrable functions. 


b 
4. In |н f(x)dx, 


&x<b. А function may not 
But in this book we shall discuss only 


the upper limit b js greater than the lower limit 4 


If b>a, then ЇЇ Ло) dx is defined as follows : 
‘ ь 
: f Дх) ах — | ftx) dx. 
6 а 


| 
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| ; 
| 5. To determine | А) ах we write 

а 


[| ль а= [о |=). 


b 
| Ї. means that put band a successively for x in the function 


F(x) within the third bracket and then subtract Қа) from F(b). 
s i 


b b 
6. | {/{х)++к(хдх= [ fo) dx-- [ g(x) dx. 


52. Substitution of variable in definite integral. 
is In the last section we have found that to evaluate the definite 
€gral of a function, one has to determine its indefinite integral first. 
өлі һауе frequently determined indefinite integrals by substitution of 
Yatiables ; the indefinite integral is finally expressed in terms of the 
Original variable. But in case of evaluation of definite integrals, one 
May not express the result in terms of the original variable. After 
Substitution of the original variable, one may determine the corres- 
'Ponding limits of the new variable and evaluate the definite integral 
9f the new variable between these new limits. This process is also 
‘requently found convenient. Hence in case of evaluation of definite 
‘ntegrals by substitution of variables, the integrand, the differential 

384 the limits of integration all аге to be substituted. 


Examples 5A 
ЈЕ Evaluate : 
0) f. х24х. (ii) f de [Tripura 1981] 
Xi 1 
x 
(iij) f х?ах (n;;—1) (іу) | (x3--3)dx (у) f cosx dx 
x 2 љ 


а 
(vi) ЈЕ cos?x dx [Tripura 1982] (уй) | tan?x dx 
5 T 
[Tripura 1979] 
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љ z 


(vii) Ір sin?x ах [H.S 1981] (ix | tan? 2x dx 
, о 
[Tripura 1981] 
( | 
(к) (a) ih sin 3x cos 2х dx ^ [Tripura 1980) 
о 8 
(5) ls sin 6 sin 26 46 [Tripura 1983] 
л 
(xi) [5 А у ч 
| Jo “00 49 [Tripura 1984] 
1 
Gi) (а) | — dx iy, AMET: 
кс 
[Tripura 19837 
(i) [» а= 21: ха dn = ego tan. 


Gi), [аа] cha 


f. genle] =8.43 8.13585 94 


16-828. 
(Шш) ў х" dx (nz — = 
à и 


И "EET. ПЕТ "REO 
(у) fo +3)dx=f x? dX4-3 (аду 5 +3х 


f. цасыг +3] TAL 


л B 

тас! % л 

МШ 

=sin біп 021—021. 
(vi) | cos?x dxz | 2 cos?x dx=} ПИА 

каў | ах+4 | cos 2x цах илэг: 2х Зе 


DEFINITE INTEGRAL 


= х 
ЇЕ cos?x dx= ын шанг sin x = 


(vii) ү харах dx={(sec?x — 1)dx — f sec?x dx —j dx 
я x 

Stanx-x 2. Г tan?x dx= [tan x-x]* 
6 o 


= (кап zs (тап 0—0 је(! -i)-(o- 0)-1 -=F 
(viii) | шах dx=4 Í 2 sin?x dx=} [(1 —cos 2x)dx 
Hori мн) 


2 л 


[: due ЈЕ (х- клр 


=ї(®_зїплү_, тб) 1/5 01 1, л 
26 2 )-a(0- )- iG- -2) – дет 
(Ix) f tan? 2x ах = (вест 2k —1)йх==}] seo? 2x ду =] dx 
stn 2x 
2 


x л 
Ч 3 
Г, tan? 2x ах= E 2x - x 


А tan” 
(це) 


= 73 я 8 3+2), 
2 В ЛТ 6 


(х) (а) | sin-3x cos 2x dx=4 | 2 sin 3x cos 2x wx 
=} (ап 5x-Fsin 94х-е НІ sin 5x 0дх-- sin x dx} 
=7( -228 5®_ сох) 

я 


% 
(7 sin 3x cos 2x аке | 0552 cos x] 
MA 5 


(= Е -(- 950 eos j] 


"30-023 a. 


л. 


134 INTEGROU CALCULUS 


(b sine sin 20 do (cos 9 —cos 30)40 
=} cos 6 40 = = И cos 36 49-18 9— gne 39 
л : л 
2. A д sin 39]? 
[й sin Ө sin 20 49-4| ял з-за 30) 


(кі) |зес%0 da=§ sec?0 sec29 dó —V(tan?6--1) вєс20 do 
Let, tan Өс 2. вес20 dó—dz,. . 


{(tan26+1) ѕеозө do (zs 4 да: == +2180 


л 
js secto е-е, 9 вле] -(23 


8 
Ө + tan Ө. 


5 


п30 
ты) = —)*1-024. 
К dx 
(xii) (a) | ie "т=з = " 
sin-1 X uM 1 i а 

== 21, біп” 4 sin 0 

шабіп” а ын 
dx жаз 

^ if: dx lx 
О ПЕ [sin- ^ оша gin" g 
25-075. 


Ех. 2. Show that 
t. |“ sin mx sin nx=0. if mæn 
2^ 


= it теп } т and n are positive integers 


[ Joint Bntrance 1982 ) 
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First let mz£n. : 
f sin mx sin nxdx=4 | 2 sin mx sin nxdx 
= сов (m—n) x —cos (m-+n)x}dx 
=1 5а (т—п) х. sin (m+n) 2) 
“(т--п) m+n 


bo} 


x. E |, _1 [sin (m—2) х sin (m+n) ха 
f sin mx sin nx dx=3 [ (пі 2-3) (mn) | 


"ies ie] puse] 


1 0 0 0 0 Sh 
"il —п =) T (5793) x) 
[As m and n are integers, so (m —7) and (m+n) are two integers 
804 sin (m+n) л=0 | 
Now let т=п, 
JS f sin mx sin. nx dx=  зш?их, ах= | 2 sin?nxdx 
=> f (1—cos 2nx) dx=} (4х--4 | cos 2nx dx 
= 


Ll sin 2nx 

2' 2n. : 
т. : — [1 _sin 2ax]7 
| Sin mx sin пх= [I РЕ | 


безан) н) (о) аер 
Ех, 3. Evaluate. 


) а бден 1-х 
(i) pS tas. 79] ap. ixi — [H.S. 1980] 


(ш) (7 esre ІН. S. 1978, Tripura 1980, '84 ] 
Зо l-sin"x 


(iv) [у == + ГН. 5. 1982 | 


Wy) f° 22 Гн. s. 1983] (vi) ра алт ах ІН. S. 1987] 


2 xfdx [ Tripura 1978 1: 


буш) [зах | Tripura 1982] 
0 


(ix) | 4xdx [ Tripura 1979 ] 


o 72349 
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® ОРЖ Хах [Тарша 1987 1 


1 
(xi) | es dx [ Tripura 1981 | 
ы 
«ip cs d Sec? х dx 


(xiii) || "t 


dx [H.S. 1987] 


Gi ел ЛИН ы. 1986] 
° (4+5)? 

(i). Let, 3—2x—z 2. —2dx=dz or, dyes f, 
| 5:85 ‚Ах 2 


хаш 2х TUER e amm 
i 


^ faa [= 9-5], 7-08-24-48:58 
—-(J2- J3)e J3— В. 
й) [ха [-1-x42, _ a 
® | а-| тіле em 16: 
=—xX+2 log (1--х). 


[rsen [ehe ea] "s 


0 
=(—142 log 2)- —(0:-2 log 1)= ~1+log 225 
(ii) Let, sin xz cos x dx=dz . 


=log 4- I: 
Again, when x= 0, then z— sin 0-0 : | 


x 
when хэр then z=sin 5 1 


л 
2 cos хх. p dz 
f Ти | 1425 “нэ 1, = (аһ “= tan- 10 
хорол 
= 70=> 
x?dx 
i =, 
di [, 14x? 


Let, J1--x32z ог, 148,2 
С. 3x?dx=2zdz ог, x*dxz-82d; 
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When x=0, then z= J1 }x3= НЕ = /ї=1` 
and when Х=2, then z= J13:23— VIF 8— J9e3 


Given | integral [^ T dz 


Let Јаг—х%=2 ог, a?—x?-z? 
ore —Àx dx=2z dz or x dx=—z dz. 
: Again when x=0, then z= Ja? — 2 = Ja? =0= Jada. 
and when х=а, then z= Ja? —a2— /0=0 
‘Given integrale |? Би -| dz 
^ а 2 а 


= = o 
f. Ф-(: | =г-о=а 
Alternative method: Letx=asin@ .. dx-a соз 6 аб 


Jay., Ja? — а? сіп26--а cos Ө 


When x=0, then О=азт Ө or, sin@=0 ог, 0=0 


When х--а, then a—a sin Ө or, sin@=1 ог, 9-3 
x 
Given; q= [7 asin Ө a cos 6 40 
iven integra. = |, "И 
љ 
2 ` 
ый sin Ө ад=а ЕС e] . 
d i 
ғ $ 
=а[—со os 2-(-сов MEME Mele 
(vi) x+ 1 хах у „ax 
| x24- фан | veri © 0 xxl 


Now for Ё Р Let x*-F1—z 


2х dx=dz ог, х dye 


E -Ца ==) log z=} log (x? +1) 
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"ez Cb HE 2 RETE = 
р suh log (x +1)] =1 tog (1+ 1)—1og 0+1] 
“(ов 2—10 1)=2 log 2-log J3 ; 


1 1 
Аю о ear ims]: а 


Given integral=log 48 +7 


i) (2 x?dx 
а 
/ 


Let х%+1=; ЭХ 3x?dx— qz, ог, x? dy E 


x?dx _1 dz _ Г : 
So, 2-а log (x9 44) 


Е нн, DN 
| : БЕЗ (221) log. (0+1)] = tog 9—tog 1) 


=} log 38-43 log 3. 
(viii) Let x*--1—z Now as in (vii) above 
у { че си à 


пожар ұза (1+х5)з “(14195 (140) 8: 1:7 
ча ex [FS] нуз o авт 
. 85 4хах ^ 
1) | М2х +9 


Те /2х#+д=г ог, 2x? 9 — o 


4x dx=22 dz 
4x dx 2z dz - 
Visas | dors Мх 
% 
3 4x dx 2:9]? 
l 5 fatis | 2 yz. y» 


72049326 133) = 6 13) 


Шис еле 


4х insi 
Now, |n х. 


хах 


Азат forf 7-14 45544, 
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о, 1— 23:22 ор, —2х dx=2z dz or x dx=—zqz, 


х ах —_ [-—2 а: г-5 
| ==] 2 == —2==— Ју += 1 
115 1 
ad =sin x4- J1—x$ 
Е : 
1—х_ in-1 ic]. 
Г. ЛЕВ [sin x+ Ji1-x =) 
= (уп 14 V1—12)—{sin-} (-1)+ 41—(—1)8 | Ч 


=j+0- -(- 2+0) == 
(хі) ЈЕ Ad 


Let, tap-1 х-а 02, гр УНЕ 


When, x=0, then, z=tan-1 0—0 


884 when x=1, then z—tan-i1—7, е 
у A bee 
|. : * 221% () Бан 
Given integral | 2 42= [1], ата = 
x ; 
Gi) |% _seotx dx | 
о 1+m? tan?x 
Let, mtanx=z 01, misec?x dx=dz ‚'‚ sec? x dx=% 
So, [.sec?x dx _( dz =l i-i 
fas tan?x [б TS) то 7 


а: (m tan x) 
m 


ES 


n л 
^o fe see def на" (m ма эу] 
о 1+т? tan?x іт 9 
El zi 1 = 1 1 
EI -1 —= tan”! (0)=- tan~! T er 72 mx 
my tan (m tan 7) moe, == tan (т,1)=- (tan ^ т) 


(бін) Let, I+logex=z 2, D dr 


NS TOIT душ | z 4-57 = Юве)" 
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ЕС новых, [анге], EE нов? 


Im 1_3 


2 = ===> 


2719: 
(xiv) Let 4+x5=z "хаду: or, х*йх= б 


5 (Есе „| 4 =3(=2)=-2 1 


(44x58 75,8 4 За әу 
| EZ -[-2 2 Г 
“е” TS es 
=~él НЕН ЕНЕТІН ЕГЕН 
5 44253 | 73 ЯН 21 519 61758 15 
Ex. 4. Evaluate s— . p 
7 
() Б sin*x cos?x dx, - CH, $. 1979 | 
i | | 
(ii) cos*x dx sin?x dy, ` 
ү Гн. s. 1984 ] 
л 
ii in?x cos?x ах. у 
(iii) |р sin’x cos?x dx “ГН.8. 1980 ] 
(iv) ЈЕ Sin?x cos?x dx, Й CH. 5, 19821 
5 
(у) > Sinx dx, Ў Гн, 8, 1985. 


1 ? sin? 2 
| wwf? sin?x cos?x dx, ( Tripura 1986 ] 


ыз 


2% d 
(b) | зіп х cos?x dx, ( Joint Entrance 1983 ] 


(i) Let, sin x=z COS x dx==dz 
when x=0, a z=sin 0=0 


and when x= P then z=sin ізі 
a UO 


Y 4 3 3 ЈЕ 
.. |. sin*x cos?x dx |“ sin*x сос? 
f 0 COS*X соз x dx 
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1 : 
sr z*(1—z2)gz [72 eos?xz2 1 —sinSx1— 72 ] 


25 2711 
“18-51 -4-4-4 
(Ш) Let, cos х=> J sin x dx=dz ог, sin x dx= — 42 
when *=0, then zz cos 0=1 
and when хэр then 2=со$ 259 


п 7 
Ч : 5 а 

| costy sin? х а= |3 cos* x(1— cos? x) sin x dx 
о о 


ІС) sin? x21— cos? х=1—°] 


ар 24 (1—23)(— 42)= — З (2+ —z9)qz 
1 3 „1 $ 
xl. (сш!) dz= [#2 -= | 21-324 


Qi) | Sin? x cos? x dx 
=} 8 sin? x соз? x 4х== | (2.sin x cos x)? dx 
=} | уз 2x dx—1.1 | (3 sin 2x —sin 6x) dx 
== sin 2x dx— у | sin бх ах 
2-3 соз 2x-- 11s cos бх 


Г Sin? x cos? .x= [-& cos 2x-- 1745 cos 6x]? 
З(-4:8:5)-0(2:8:54)-0. | 
Alternative method See $ 577 (4) 
Let, 15 sin?x cos?x dx [7 sin? (®—х) cos? (x — x) dx 
0 
T : pedes 
| Sin? x (—cos*x)ay = — | Sin?x с088х dx= —[ 
о 0 5 


21=0 or 1460. 


л п 
: ролы 3 
бу) f Sin? x cos3x а= [* Sin? x cos? x cos x dx 
К ona 


El 1 
ај Sin? x(1—sin?x) cos x ах 


Let, Sin х==2 .. cos x dxzdz, 
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when x=0, then 2=0 А 


and when хэт then 2=1 
560321 1 21 
Given integral | z*(1—2*)dz- | (22 —24)dz 
о 
eoe 
па и а и: | 
(v) fsinfx dx—1 | (2 sin2x)? dx=} | (1—cos 2x)? dx 
=} (1—2 cos 2x+cos? 2x) dx . 
=} f dx—4 | cos 2х--2 | 2 cos? 2x dx 
=} | dx—4 | соз 2х-+$ | (1+cos 4x) dx 
=}x—} sin 2х--4х--р sin 4x 
2 ' m 
|| sin*x dx= [8-2 біп 2х4 ds sin | 
о ~ : 0 
-(i. 9-1 sin 2--: sin 25) =0= 4х 
(уі) | sin?x соѕ2х dx=} | 4 sin?x соѕ2х dx=} f (2 sin x соз x)? 


=} 2 sin? 2x dx=} | (1—cos 4x) а= 0х 9245) 
(а) р изу Сова dx Es |Қа-ішағу : 

HGS) 0) 

(5) | sin?x cos?x dx= ЦЭ 
А-а 

Ex. 5. Evaluate s— V 


D г xe” dx | H. S. 1980] Gi) | ее dy 
: СН. S: 1978; 83 ; Tripura 1979; 85 


x-cos x dx. 


68) її хе? dx | Н.8.1987) | (y) | 
> (gs. 1978 J 


о ++ 
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2 л 
(у) f. x?sinxdx [H.S.1981] (vi) | x cos?x dx 
ІН. S. 1984 1 
бй | Г log x dx [ Н. S. 1981; Joint Entrance 1983 ] 


(viii) (a) f xlogxdx  [Н.5.1980; Tripura 1983, 1984 1 


ме 
(5) | x log xdx = [ Tripura 1986 ] 
1 
3 € А 2 
(ix) [ , (log х)? dx [H.S.1984] 6) |, (log x)? dx 
(xi) f. x log (1+2х) dx | Tripura 1987 | 
Gi) f? tanm? хах [ Н. 5. 1982] 
(кій) [^ sinni 2% Н. 8. 1985 
ii) ЈЕ sin? 5 dx [ 28 ] 
2 
(хіу х [ H. S. 1986 ] 
? ) р DER 


G) f xe*dx=x | e*dx- | (5 (е dx Mx 


— хеб — 1,65 dx=xe" —e*=e*(x—1) 


| хе" dx= [e (х—1) | те2- D-e(1-1)-e. 


6) | узев кек [en dx [ [00 | etd} ax 
Tx?e* —2 | xe? dxex2e" —2e* (x 1) e"? -2х%2 
1 1 
h x?e* а= | e*G?- 2:2]. 
Se(12—2.1 4+2)—e°(2)=e—2. 
(iii) | x2e2* dxex? е dx—| (4) резтах} ах 


өсөв - [7 ederet - [xe?* dx 


Int. Cal.—10 
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= Еве {x pee «-|4 (0 e?*dx ах) 


- ийн - b= E feu] 
x 


=% ода _Хрге =оза[хё х 1) 
opt. шэн 5 (= 2*4]. 


1 өлсе Га (23 X їр 

Т ace а= |ез (5 2*4)l. 
еее 1-146 - 1 
(iv) ў x cos x dx=x | cos хах-(4 (9) | соз х ахђах 


=x sin х— sin x dx=x sin x-+cos x 
т 


т 
a 
| х cos x dx =| X sin x + cos x] 
о о 
= G sin gto 1) = (0. sin 0 + cos о) 
=, ан Ce NM 
“153: B) 
(уу Vx? sin x dx=x? | sin x ах-| [£65 | sin x 4х] ах 
x 
= —x3cos x+f 2x cos x dx 
d 
= ү? (--142 
= — х2 cos x+2[x | cos x dx ШЕ (x) | cos x а 
= — х2 cos x+2x sin x —2 | sin x dx 
= =x? cos x+2x sin x--2 cos x 
% А ЁН 
i x? sin x dx= [= cos Х+2х sin x--2 cos xp 
-(-т. cos = 5+2 КЕЕ 5+2 cos 3) 
— (0. cos 0+2.0 sia 0--2 cos 0) 
=2.5-2="-2 [ 77 соз 50, sin F=1 | 
(vi) § x совах dx=} Í x 2 cos? x dx 


=} | x (14005 2x) dx=} $ х dx Ух воз 2x dx 
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21 x? d 
Я ЭЭ» | cos 2x dx - | {Z cos 2x ах ах] 


=}x? +4} [аа 2: (50 224) 


= роуа cos 2х| 


я * 


Ї x cos?x dx= БАҒЫН cos 22] à 
T (la? + м, sin 25-66 ces 29 
—(0+0+3. = л0+51— i 


(vii) J log x dx=log x |! ax- [2 (log x) | 1 dx dx 
=x log x= fix dx=x log x—J dx=x log x —x 
x 


2 2 
| log x dx= Ё log x-z] "= (2 log 2~2)—(1.log 1-1) 
72 log 2—2--1-1og 22 —1=8108 4-1. 
(vii) ү x log x dx=log хіх dx- | (z (log х)} x ds) dx 


=F log x-[25 Pine log x-5 
| x log x d= іш х-51, 


-(% log 2-2)- – (ов 1—3) 
=2102—1+ф Г." log 1=0]=108 4-і. 


0 p x log x dx= Е log == х 


= (лов J,-f)-G log 1-1) 
=f} log е-е (с Лов 1=0| 
-i-idel [ log е=1] 
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(ix) (log x)? dx=§ 1.(log x)? dx 
= ов 39* $1 4х-|(2 (log x)? [1 ax] х 
=> (ов x)* — 30ов x)? Lx dx 
=x (log x)? —3 f(log x)? dx 
=x (log x)* —3[(log x)? $ 1 ах | 2 (log x)? $1 ах dx] 


=х (log x)? —3x (log x)? +3 § 2 log хїх ах 


=x (log x)? —3x (log х)2--6 Vlog x dx 
=x (log x)? —3x (log х)2-+ 6x (log x—1) 


5 Ў 
f. (log х)? dx= [x (log х)? — 3x (log x)? +6x log х—6х] 

—1e (log e)? — Зе (log е)? + бе log e— 6e] 

—{1 (log 1)? —3.1 (log 1)?+6.1 log 1—6.1} 

=e(log е)? —3 e(log е)? + бе — 6e 4-6 

=6—2е[аз log e—1 and log 12:0) 

(x) (log x)? dx=(log x)? |1 ах- | 


H 


d У 
dx (08 x)? { 1 4х} 4х 
=x (log x)? —$ 2 log хїх 4х 


тх (log x)? —2 | log x dx=x (log x)? —2x (log x—1) 


f (log x)? dx={2(log 2)? —2.2(ор 2-1) 
—{1(ов 1)? —2.1(log 1~1)} 
=2008 2-4 log 244-2 |“. iog 1=0) 
=2(log 2)?—4 log 2—2. 
(zi) § x log (1--2х) ах 


а 
=log (1--2x) | х 4х-|{.4. log (1--2x) | х dx] х 
х? оа x? 
=% log (1+2x)— | aE log (1 +2x)— [de 


= 1g +20 | (57 as 
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= log (1423) (хх 


xm 2 
=F log аж29-1(х-1-4 пе 
== log 2а) (E et log (1+2x)} 
f. x log (1+2x) dx 
= [= ха 2 
ЕС (12) (7 4+ log аж], 


={k log 3— 5 —1+1 log 3)}—{ log 1} 
=> log 3 — | log 3== | log 3. 


(xii) | x tan? x ханаа”! x fx ах-|{#. (ап^! x) x dx} dx 


tan"! x— |22 ах tan || гаје 


1 1 
|» x tan“! x dxe [7 tan! х (х (апт! »], 
=} галт! 1 -4(1—tan7! 1)—3 tan"! 0 


lx 
шал lo [x-» #1 
81-4"а 071 @ 
(xiii) Let, x=tan9 — .'. dxsesec'o do 
`. when x0, then 0=0 ; 


ПО ЗЬ 81 ий 1 sin 20=20 
Sin imr En Гап 


when x=a, then б=ап ја 


[sin-: ta [29 sec? Ө 40 


=2[6 f sec?6 ae-[ (5. (0) | sec? Ө do} de] 

=2[6 tan ө f tan ө do|=20 tan 0— log sec? 

=2 Ө tan @—log (1--tan? Ө) i 
0 42x E ^ 5 {ап а 
p sin-1 a [2 Ө tan Ө —log (1+tan e]. ; 


=2a tan-! a—log (1 47) [7 log 1=0] 
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- х ах х 25 
(xiv) T x lys =0х={ 5 sec? = dx 


=x. |3 sec? g ё-1(Ёв) 14 sec? 2 dx} dx 
=x, (ап $—{ 1, tan $ dx—x tan 5+2 log сов 
л т 
. m ах 22 = в |? 
ғ. fe VERO GT [s tan §+2 log cos Ч 
_ [x л x 
= (5 tan 142 log cos 1)- 0. tan 0+2 log cos 0) 
z 1 te = 
+2 los + [^ 2 108 cos 0=2 tog 1=ој 
-ҙ-24 log 2= =37 log 2. 
- Ex. 6. - Evaluate - 
5 4х = 1 ах 
628 ГН. 5. 1988] (1) отте | 
[ Тприга 1978 
15 
he 3 : 980] 
јр ent een Ten [ Н. S. 1985 ; cf. Joint Entrance 1 


в | 


(1 


(а? E 


Је стир 


ds \ 
ШЕ”. БИ) 
=tan_, 3 - - фап“ 1 2= tan^! 1, 


а 
Шым Agri = 
Л DA [ten Eu 


= 2 (аа MN 


ат ж. 
-5i Әзіз 
(іі) Let х+1=2 or, Чх= 2242 


Again х=22—1 / д. 
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when x=8, then z= J84-1—3. 
and when х=15, then z= J15+1=4 


4 2242 Баје 
s (22—4)2 s z2—4 


Given integral | 


—log 3—log 1)—1 log ( )=3 log 3. 


(v) Let x=a tan Ө .. dx=a sec? 6 d6 


creole 


and (а? Ч) (а? +a? tan? 6 = (а2ес26) = a*sec*6. 

Again when х=0, then a tan 0=0 ог tan6=0 ог, 0=0 
x 

and when х=а, then a tan 9—a or, tan@=1 ог, 6=7 


т 204 1 3 
Given i з а sec^0d0 _ - |3 cos 640 
n integral | Uso a ү 
1 Н 1 
me. > 4 1 m c = >. 
= sin elias г [ sin 3—sin o] Joa? 


Ex. 7. Evaluate s— 


2 dx 
Q [4€ гне. 19821. 69 [Xe Jer 
iur - [H.S. 1984 ] 
8 ре бы ы МЕРЕ Р, шу 
Ух+1— Ж” Jati- Vx) Ух+1+ Ух) 
= | SIFI + Уй quu] Jat lax) J dx = е) 
x+1—x 
У eee = eye xd 
hs Jati- У il | 
ан иг ЖЕ: 
Gi) =| Ух+3+ Ух+1 ра 
I x3 == 3- Ji (Jx43— Jx4- D(Jx4- 3 Мх #1) 


х+3-х-1 


= ЕГЕМЕНГЕ, = [er oes 
«+++ | 
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in dx 
о Jx43- УЕ 
= +38) - (384 ays /5-1) 
Ex. 8. (a) Evaluate s— 


= [+ ++ nê] : 


8) f, ra} (8) Г и log x dx 


) [Joint Entrance 1978] 
(iii) sec x 1-віп x x int t 1984] 
Ѓ ы > [Joint Entrance 

1 
tiv) f, == [Joint Entrance 1985] 
л 
4 Sin?x cos?x d. ? 
КУ) | o (Gin? xt cost з] [Joint Entrance 1987] 
1 т а Ч 
TES (@ ox BF sine (70, 6>0) [Joint Entrance 1988] 
m В dx 
(54) | 4 A-3873 (><) [Joint Entrance, 1979] 
2 
(viii) р М —1)2—x) dx | [Tripura 1985] 


л 
1 4$ 005 X dx. 
(ix) E (cos sin Bj* 


(b). Prove that тв EE а =} log n гаас МЕЙ 


(а) () | s eod] aeu | 4 - (I 
2 “аз i 3 cr a-f, : en 
2 в š 


inis igs log е=1 |. 


EE 320553 
(ii) 13 (x+ D? log x dx=f" kirp je d 
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Зэ” [* : * log х * log x 
|, xlogx 4+3] log x axes ова aax 


Now, | x log x dx=log x | x dx- | Ы (log x) x ах} ах 


x? 1х2, . x? ТЕЗ 
ы. log x Б 5ах- 2 log x a 


Ё ресе (5 102 x-E] 
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(ве) ов ne (£4 -2)- 69-97 ++ 


Again, | log x dx=log x | 1. ах-|{#. (log х)} 1 dx} dx 


=x log ЈЕ x dx=x log x—x. 


г log x dx= Ё log хх]; 


=(e log е-е) —(1 log 1—1)=(е.1 —e)-(10—1)21. 


ЈЕ log x dx=log 38-14 (log ха 
=log x. log x— Б log x dx 


"^ 2|1% хас (log х)” a, | %-Хах-- ов x)? 
x 


(8 хов 38-15 (ов Е } х 
|4 


Ї log х gy = Ц( (log е)? — (log раје 29. i 
1 x 


=~! iog x- [:(– «= — 1 log x+ 
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Given integral 


«| x log х аз” log x 4+3" log x "wi 108 ax 
1 


e? 2 e? 2 
== ы . ETE IE: 53. 
44311-34 +1 4—2 +81 


(iii) [sec x 1—sin x -_ Sin xj xe || sin ху —sin m lc 
1+sin x БН ЕЦЕ) ШЕ) х) cos?x 

—([l-sin X; 1 
| Мсов х al 


dx— § sec x tan x dx=tan x —sec x 
cos? x 


3 ПЕН” 4 
[ sec x lsin xj... [tan Х — ес x]? 
о 1+5іп x о 
= (tan 2— see sec 1) — (ап 0— о =(1~ 13) (o— 1) 

-1- ers A2. 


Let, e*=z >, et dx=dz ; е2 а (есу, 
when х=0, then z=e°=] when x=], IN 2=е1 


dx | та 70% = [а мы = 
Пи] beg [ө аш, шз, 


= ег" E 

,mtan^! e T 

() Sin?x сов2х --. Sin2x сов2х -ш56С%х (ап? х 
= г НЙ 
(віп? х + совв х)? cos®x (1 Ttan?x)? (1 +tan3x)2 

Now let, tan х=; 2. Sec?x dx г, 


when х=0, then z=tan 0=0 
and when хет, then z=tan ізі. 


Given integral 


1 22 dz E! 1 1 
sl. +P? lize], (123 say ) 


-—1ü-0--1(-4224. 
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К л 
(vi) р ах 
о (а2соѕ2х + b?sin?x)? 


7 

ка 
2 вес” dx =f? sec?x.seo?x dx 
о sec*x(a?cos?x--b?sin?x)? 10 (a?-F-b? tan?x)? 


п 
-р (1 -Ftan?x) sec?x dx 
о (a?+b? tan?x) 
Let b tan х=а tan Ө .’. b sec?xdx—a зес2бад 


when х=0, then tan o=? tan 0=0 or, 6=0 


and when х=5 then tan o=} tan $= which is undefined 


л 
fem 
@ tan? 2 
А B az (1 H5 tan e) sec?8d8 
M [айы кји о Grease | 


5 (52со526--а?5іп? Ө) $ sec? 646 


sj 


- Эн (b2cos?6 +a? sin?6)d6 


0 atb? cos?0. вес%0 


ње 26)+5 *(1—cos 26) | do 
о 
ое 
= лә а-а 
+ (055) 
El. (а). шар 


со820--8 sin?6 7x 
(уй) Let, d sin 6d6--2 sin 6 cos 6d6- dx 


ёё. --2« cos оф=ах 


ог, 2(g—4)sin6 perd «c В 1020 —«(1 — cos?6) = (f — «)sin?6., 4 
282 f(1—sin?0) — < cos?0 = (f — «)cos?6; 


x —«« cos20-- P sin 
В-х-В-< сов20-8 sin 
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15 


У—«) (8B— x) 8-4 51156 cos?8 
=(8—«) sin Ө cos ө 

when x=4, then < соз?Ө-ЕВ sin?9—« 

in2 29)— 

or, В зт20 —«(1 —cos 6)z0 Яң 

or, (В--«) віп?0--0; о, sin?ü—0 (92 Вх ) 
зіп 0=0 ог, Ө-0 

when х=В, then * cos?8-- В sin?g = В. 

or, < с0520 — 8(1 — 51120) =0 


ог, («—f) с0820=0 ; ог, с0820-40 [ >. 8»«] 


соз6=0 ог, 9-2 


8 а қ 
dx = (2.2(8—«) sin ө cos 949 
| * | о @-Эзтосове — 


am т 
=2(? 49-2 | 9 ЇЇ ын 


viii) | р М«-1)2-хах 

Let, x=cos29+2 51120 

V дх==>2 cos Ө sin 049 
772 sin 6 cos 949 

Ух=Тх=2)=(2— 1) Sin Ө cos Ө 

when Х ==], then 9=0 | See (vii) above 

when X72, then Өз5 


+4 sin Ө cos 949 


Шал e | 
2, |та [i Fin Ө соз 9.2 sin Ө соз gag, | 
ТЕ 3 | 
Sin? =| (1— 
-4| o 2 9122040 у: (1— cos 40)26 


[6-91 20] _ {( 


л sin x 
2 1 


ata) - (0-40). 


х 
8: 
04) cos x dx 7 соз x dy 
( cos 3% sing) соз? + ino 


x А Лу 

а *?sin 2 сова 
= [908 хах 
^1 sins 
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d(l -F sin x 
-Ї ээ ЇЕ [ Let 1+sin х=2 ] 


=log z—log (1+sin x) 


EE [ log(1-4-sin xf? 
3 


т 1+sin x 
4 
1-sinz 
=loe(1+sin 3) -loe(1 sin 4) = 3 
1-sinz 
à 
=log 2 2510) 2+ J3 
1-4. 87242 
42 
(b) dx =|} ED E 5А іші х-1 
) х2--1 hi EL 3 log ZF 
7. |264 “2 желек СЕВЕ 
Lx ээ. = log 2 ri | = ов ——— 7+1 log — E 3) 


=4(log 3—log 2)— log $. 
Ex. 9. Evaluate s— 
@ е вала sin “хүү [LI T. 1984 | 
о J1—x? : 
(ii) M Sin x--cosX 2, 
о 9+ 16 sin 2x 


[E E T. 1983 ] 


= 42 


1 { 4 ах 
(6) Let sin! х=2 sin z—x and -7 == 
Again when х=0, then z=sin7! 0=0. 


and when x=4, then z—sin!i-— 


л 
: Ri h, 
So given integrale |? zsinzdz 


d 4 
Now, [ 2 sin 202682 f sin 2-5 (z) | sin 22 


ш- cos 2+ | cos 242== — 2 Cos z-sin 2 


л 
цах uuo 4 
Given integral [° z sin zdz=| 2 cos 2+5іп2 | 
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(1) Let sin x—cosxez ,. (cos x+sin x)dx=dz 
Again when x=0, then z=sin 0—cos 0 


and when хэр then z=sin 2-%51-0. 


Again (sin x —cos x)?— 


l—sin2x or, 
~. sin 2x=1—z2 


z?—]|—sin 2x 


Я f sin x + с05 х 

2 о 9+16 sin 2x 

= D dz _ 1 
БЕ = 1 а sh 1 тет” [t 5 los 


5 2a 9 
= 1106 1—1og M dy(log 1— 


5-421-1 
[ов 14-log 9)- log 9. 


Exercise 5A 
Evaluate s— 


10 1 2 
ХЭРГЭЭ” ЇЕ dx (ну ("ах Qv) 2272 
a. 2 
{v) [ox qax (vi) Г 2, (vii) [х+ узах Іс. 91 
1, 


т 
2. | УН 


QR и 
3. * а в 
(i) | Cos 3x dx (1) “сова zdz: (n0, an integer ) 


(iii) Ё сайн 2x)dx (iv) Р зїп mx dx (v) Tus x dx 
-0 
Қы 
т : т 
4. [бов 9-8ш 0)49 5. КЕ X dx 
1 
-1 4 
6. [зв х dx 1. ү УЇ+2х dx 
та de 4 
8, | 620 9 [sec Ө (sec Ө —tan 6)49 
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1 
10. р X(tan^! x)2dx. 


If m and n be integers (Ex. 11-13) 


т. : T. 
11. Па тх біп пх ах 12. [sio mx cos nx dx 


b 
13. ("сов тх соз пх ах 14. [ eue dx 15, | ов x dx 
0 E: a 1 
1 
16, | ис хах [C. U. 1970] 17. [x sin x dx 


7 1 1 
18. fi sin? x dx 19. [^ log (x4-3)dx 20. [= tan! x dx 


л 
21. ји (sin х +с05 x)dx 22. [rot sin 2x)dx 
z 


т я 
23. [F A [41 9 
fi cos x cos 3x dx 24. (i) L 3134 sin ó 
ш (3. 4 $ de $ do 
i i А 
~ | 4+5 sin 6 (іі) її 4+5 cos Ө (iv) [, 5+4 соз Ө 


е 1 3x dx : dx 
25, ЈЕ Ja? х ах 26. ЈЕ 4-35 27: f, Vic 


28. (a) D УЛ —Зхйх (b) ЇР 143x*dx 


1 га 
8(х2-1үе а 30. „х= х ах 
29, NES dx E х-х 
3 dx РОЛЕ 
3 
1, oe кр ЕЕ 
1 dx 
33. 2 dx же.) 
ЈЕ (x2) Јх+1 Ja ap. 


+ dx 
3 | eosxdx _ [CU] 36 | IN AM 
i (1--віп x)(2+sin x) [CU] 1 *(1+log x)? 


3 x dx 


3 
9 I; xl М5х+1 


1 x:—1 
39, а-а «. | ђе ~ 


|. 
2 (х—1) Мх?-2х 3 


-1 
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3 1 x dx 

а. | ватра: е | а гд 
RENE +1 05 

43. |, ХҮҮ 44. jo 1-х--х? 


— Á— M Б] 4. 
45. РУ» 46. | 
Show that ( Ex. 47—55), 


47. юн (Во (ab) 48, n G-DG-3-27 


љ 
log 2 = 2 
s са орі 50. f cosx Ysin x ах-лф 
3 dx 
51 ос 115873 log (2+ J3) [c. U] 
a a? — x2 ho 1 
1-2: у, 
; x » 
53. ЕЈ ад _я 2 46 z 
p 1+4со б 6 54 | 


азаа ао 
о 1--сов «со8 9. sina 


2 эв, 2% 
55, |, tiia [ E [C. UJ 


© dx НЕ ө 
56. If} — _--___ —[*sine, 
ЈЕ Ух+а+ ух |, сов20 8 
find the value ofa, [ State Council (W. B. 1987 ) 
Prove that (57—60) 
п 
5 dx х 
Л Ё а?сов х T b?sin?x Zab (6,520) 
58 р X sin x cos x dx aS л 
'. Јо (a?cos?x-E.b?sin? X) 4ab? (a+b) ( a, b>0 ) 2 
| 7 sin 2xdx == 
о sin*x+-cos4x 4 


0 ІН sin?x cos?x "D 
' ^e (sin?x-cos?x)? 776 
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853. Definition of definite integral as the limit of the sum of a 
Special class of series : 

In§ 5'1 definite integral of a function has been defined азап 
area. In this article we shall give a more generalised definition of 
definite integral. In the next article it will be shown that these 

definitions are consistent with each other. 

Bounded Function : If in an interval a<x<b, a function f(x) 
is defined and if there exist two finite numbers M and m such that 
for all values of f(x) in the interval, abu then the function 
(x) is said to be bounded in the interval a<x<b. : 

lfcorresponding to every value of x in an Dinter а«х«2, 
Опе can get one and only опе value of f 09, then the function Дх) is 
Said to be single valued in the interval. 

Let а and b be two finite quantities and b>a. Let f(x) bea 
bounded, single valued and continuous function of x defined in the 
intera] a<x<b. Divide the interval a<x<b into n equal 
Subintervals cach of length Л, 

а<х<а-Еһ, ath<x<at2h, ++, а-(п- Изх<а-т=Ь 

_ nh=b—a. ч 

РА Af (a) 4-f(a +) 4-f(a-k 2h) + Лап —18) (1) 

1->0 


з- 1 
or, Lt hX Лат 


h>0 750 


b 
the fünction Дх) with respect to x and is written as |. Дх) dx. 


is defined as the definite integral of 


n-1 


Г оа) h f(a- rh) where nh=b—a 


Note 1. It can be easily proved that de : 
= bas (0 m is 


aee Mm flan Viefe enl) 
n—1h) 


T 
M fiac )+Да+2)+ + Ла RD жш Р 


sh 


= Г Дх)ах. 
Int. Ca.—11. 
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2 ЭЭ Е 
Any of the limits (1) and (2) can be taken as the definition o 
IM CES 
“а 


b—a 
Моје 2. Asnh-b—a. ћ= =} 
7. when /->0, then п->=о. 


iti ite 
$ 54. Geometrical Interpretation ofthe definition of defini 
Integral as the limit of a sum, 


Leta function f(x) be finite and continuous everywhere яш 
the interval aX x« b and the curve AB be the graph ofthe парни 
у= х). The ordinates АоРо and дару at the points Ао(а, 0) ап 
An(b, 0) intersect the curve at Po and Р, respectively, 

Now, АЏАд=ОА,—ОАо=ђ—а. 

Divide the line segment АоА, into n 


equal parts each of length A- 
nh=b—a, or, a+nh=b, 


Draw perpendicular to the X-axis at each of the points (a+h, 0), 
(a4-2h, 0)---{a+(n— 1, 0} and 
complete the rectangles below 


and above the curve as shown 
in the figure. 


Let A be the measure of the 
area enclosed by the x-axis, 


the curve y=f(x) and the 
ordinates x=a and x=b 


Let a; and Ag be -respec- 
tively the sum ofthe areas of 


the lower Tectangles and the upper rectangles 
From figure it is evident that АРААС 
Now, АЛД) + уда) +. + fi 


а--(п- 1)/} 


n-1 
=h S(a+rh) 
т=0 


and ASAE EIAHA e лдар 


n-1 
=h) Даи) пани) 


7-0 
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Now, if the value of л be very small i.e., 7-20, then n will be very 
large i.e., n will tend to infinity. 
\ Hence when п— о, then as f(a) and f(b) are finite Ха) and АБ) 
will both tend to zero. 
A, and Ag will respectively approach 


n-1 b 
xL Ау аът) | јода 


т=0 & 
апа L n-1 | b 
мо ћу, Ла+те| fox 
т=0 а 
Hence from (1) we get, 


b 
А= | x f(x)dx 
b 
Hence | Дх):ах is the measure of the area enclosed by the curve 


а 
У= (у), the x-axis and the ordinates x=a and x=. 
Note. 1, From $ 5'1 and this article, you can now understand 
that the two definitions of definite integral as the limit of a sum and 


88 an area have same geometrical meaning. Hence the two defini- 
The definition of definite 


lions аге consistent with each other. 
nition than that 


integra] as the limit of a sum is a more generalised defi 
Siven as an area. 
$ 55. Fnndamental Theorem of Integral Calculus. 
Atthe very beginning We have indicated that the mutual relation- 
Ship of indefinite and definite integrals are found in the Fundamental 
torem of Integral Calculus. We now state the theorem without 
Proof. The proof is outside the scope of the syllabus. 
Fundamental Theorem of Integral Calculus. If two functions f(x) 
and ф(х) be such that the function f(x) 15 integrable in the interval 


aQx<b and 9090-4109 everywhere in the interval, then 
f? f(x)dx = #0) — #8). 


Properties of Definite Integrals : 
37% 

a 
(1) By definition, | =; ШЕ 
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n ла |" Жә) dz. 

Proof: И} f(x)dx=¢(x), then | f(z)dz—9(z). 
Now, ЈЕ Јодах =4(6)—¢4(a) and Г Лајаг =4(ђу— а) 
5: ЈЕ ойх | Леја. 

(3) Ша<с<% 

f fo йх=|` Хода [^ Лодах. 
Proof: Let | f(x)dx=¢(x) 
лда) а): 


| оао) аа) ава |” ра 


Сор Ms = — ај) + —+ (с}} 
=, љод | | * feodi, 


Cor.: If асса Sr Conch, then 


b [41 Co 
| Ххах= | Јодах + | A (X)ax + «о... + 
Ja 2 


Са b i 
| J(x)dx4- | Лодах 
с. 2 


n=] с, 


(4) fo: Лај" Ла —хјах, 
Proof: Leta—xxz 


—dxzqz, 
Again, when x20 then 2-а: 


; When х= 
[Лас дан [е даа, 
=|" fede [ВУ -Г 
(5) If fix)=/la-+x) then 
"лап |" одах 


a then, z=. 


ЦЭГЭН ву QJ. 
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Proof ; Letx=a+z 02, dx-dz. 
When x—a, then z=0 when x=2a, then z=a. 


NEST Ё Ла+дв= | f(a--x)dx [ Ву (2) 1 
=(" fex p fexx»x-f91. 
Similarly, 2 лах [^ Лэддх-- [^ feas. 


4а ” 2 
Ж. (дах=[°° feddxe | дах 


за 
ал (0-1) а E 
= |, Једах= |, fads. 


Now, | = лах] : лаж [^ Тода + 


| g ак yn fixddx 


=| Modes |" foods f одах "|? удах. 
© |“ лойх-| /94Л-а6к 
оог: {* quee [^ foa Лаан 


Now let x= —z WS ах=-42 
When х= —a, then 2554 and when x=0, then 2-0 
0 


Ё лаал], 


=|" додв=| 1-3) à 
ЈИ feddxe | лэ, грддх-| feo 9) a 


Corollary 1. when f(x) is an even function, (-х)=Дх) 


|” деве [100 Лаа food 
* When f(x) is an odd function, then f(—x)= -f(x) 
^ [* дув | (ле) 9) ха. 
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Example 5B 
Example 1. From the definition of a definite integral, evaluate 
| 3dx. 
о 
Let f(x)—3. 


n 
A ја Зах= Lt h > ле; 
0 n со Tel 
where nh=1=1—0 and as п—> со, then h—0 
= Lt AB+3+3+4----+to n terms) 
h>o 


= Lt 3nh= Lt 31= Lt 3--3. 
һ->0 һ->0 1-0 


pt " 
Ex.2. Evaluate | (ax+b) dx by the method of summation. 


[ Joint Entrance, 1980 J 
Let с | 


Now, j (ax+b)dx= ш h лт; 


[ c пћ=1 =1-—0 апа When п— со, then h>0 1 


225 hi (ah+-b)-+(2ah-+5)+( ah 4- b) 4- ...... +(nah+b)} 


) =p ofa а! (12434... ED) DI 4-1 +... +0} 


"iso unten унд. "ie (1 Dana | 


L a С 
тә. 1 +tb=5 Fb. 


= 


um Ё zi (142) +) 


Ex. 3. Evaluate from the definition, f x?dx 


[Joint Entrance, 1979, 1981 3 Tripura, 1981, 1986 1 
Let f(x) 2x? 


[ where nh-|—0-1 and 
Now, x?dxz A ol h 
қ f, ЛИГ rh) as П--, then i30] 
24-2242 -- 3252 4... 
= Ah? 4- 2252 -- 325, T a242) 
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mad h8n(n+ 1)(2n+1) 


Lt 
Sao 1812 +224 3?+...4 и?) = 5 


SE neo эн (141) (1+1) 


6 

Ла ай (DG) “гэг wu 
1 
3 


1 : 
Ex. 4. Use the method of summation to evaluate | ex 


[ Joint Entrance, 1982 ] 
Let, Ло) =е>= : 


2 Y qua У Lt = 
|, е?“ dx= [^ Хахах-, со h > feb 
where nj 121—0 and һ->0, as п-> | 
= Lt Ў 
Les ДО e22h y 32h 4.. aani 


= Lt 2h(e2”h—] using the formula for the sum of 
1—- со h [eim n) [ а б. 


e2^ —1 2 
ее =] 
e2^ — 1 Е 
D e2^ 
= өз Lt сез? 62:51 Et 
(е -1) һ->0 625-1, 2 Lt =1 
2h — һ->0 2h 
2-1 1_е%—1 
214711 7292 


Ex. 5, Express [р 64 dx as the limit of a sum and hence evaluate 
[ Joint Entrance, 1985 ] 


Now, [ea |. одан У o» Ла +т). 
^ 5 T C 


[ where nh=b—a and h—0, as 7-»оо |: 


Pus Та етае) 


166 


Sum evaluate f. 2e* dx. 
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M. Час het [eh ен p езъ д... еп} 
п 


емет" — 1) using the formula for the sum of 
mu ет] [ a G. P.] 
2 it oe cur 


= h0 езсі 
ћ 
Lt 2 

1-0 (е? —ea 
SS (DURS =É e*).1 
=(e? —ев) Lt eM] трн да 

10 р 
Ех, 


6. From the definition of definite i integral 48 the limit of 2 


[ H. 5. 1984 ; 1986] 
Let Дх)=2е* 5 


1 
Now, |, нв лома 


Lt z Я у : 
RS 2872 [ where nh=1=1—0 апа һ->0 as п->9,1 


тт 

=н 

кед "зе Y 2e?^ 4 2035 4 но Donn ] 
wu [Pe [ using the formula for the sum of 


a 
an Me 
=” 1238 Ёл 


Р.1 


1, e"^ ag =е] 


=2(е Ом amey 1 1 =2(e~1). 
= 


. 1 
Ex. 7. Evaluate f. e dx from the definition of definite integral- 


Let f(x)=e7* [H. s. 1982] 
^ fet dm лав. 
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e Lt n 

noo РУ ПЛЮ) [ where nh=1=1—0 and й->0 as n> | 
Тї 

==" ДЕ 4 

= (eh ben? pe hp pent } 


= Lt pete tt — 1) [using the formula for the sum of 
hag о : a G. P. ] 


= Lt 2-е) 
һ->0 “тестті т; 


= 
Т m-h 
= hoo ё 
еліні IUIS йі 
Е рк те (1-242 e 
3 #0 713 


A 2 
Ex, 8. Express Е хах as the limit of a sum and find its value. 
[Joint Entrance, 1983] 


‘Let Ла) х = Г хах |? одах. 


п> оо ћ 
T3] 


=. у и + [ where nh=2—1=1, and 1-0 as п. | 


=a пао + +38 ++) 


П->со 
КЕЛТЕ) 


п оо 
2 ( |н, у in ) 


= Lt 


п оо ГЕ 
x (8729) 2i 


Ex, 9. Баје n 5x?dx from the definition of a definite integral 


the limit of a sum, (H. S. 1983] 


2 2 
Let, I(x) =5x2 "t f, sx2dx =| р f(x)dx 
mlt = fü + rh) [ where nh=2—1=1 and 7-0 as 


Rs gh 
9%; 25 п-> | 


168 
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2,2 
cS ву ste A. By за aries 19 


т=1 


2(12 4-2? +... +n2)}: 
E 2 Shind- 2A +2+-. UEnP 


Lt п(п- 1) гп(п+1)(2п+ 1) 
5 АБЫ Мат), DOR) 


"n O- 22 + а. 
-5, (мекте an) пЗ). а 


V 4-3) 4 
TW [reae Ua) 
=51+1+}=5.2=32 


b 
Ex. 10. Show that Ји Годан = f. 
Let a+b=x=z ЕК 


fü--b—x)dx. [Tripura 1979] 


—dx=dz or, dx=—dz, 
when x=a, then Z—b and when =; t 


2 |; „Т@+5-хах=[°* 


һеп 2=а. 


fle) - az) - NL 


“| fim |" paar, 
a . а 
x 801 
Ех. 11. Evaluate : |. Sin?x cos3x dx, [ Н. S. 19 
2 л 
Let, rex Sin?x cos3y 4х-1, sin*(x— х) cos? (x — x)dx 


жар Sin?x cos?x dy Tue сов(л— x)  — cos x ) 
=-1 ~ 


л 
21=0 ог, 1=0 


|. Sin?x osia dx=0, 


Ex. 12. Show that f log sin x dx= =? 


2 log cos X dx log 3- 
л 


Let, цан log sin хак} log х? cos x dx 


[2 | o drajt Ла—да | 
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2 2 5 
=1 =|2 in т 
+I | log sin x dx [? log cos x dx 
ы л 
ЇЕ (log sin x-Flog cos xx |3 log (sin x cos x) dx 
x 
RIS log sin шэн log sin 2x «-( 2dx 
Now је 2х=2 .,. 2dx=dz ог, dx=% 
when x=0, then z=0 ; when хэвд then 2=л 
S z 
Sidus EE 
|? log sin 2хйх== | sin 27 
2 H 
=i). log sin z dz=}.2[? log sin 242 
о 
л л 
=j log sin xdx=I b a-1-[? log 2dx 
. л } 
Э1-1082|х | -I-j log еі 08$ г. lellogi 
m л 
jz log sin хаха |? log cos хах= log 3. 
о 0 3 
а а 
Ex. 13, Using the formula Г лда]. Ла —x)dx 
x 
Prove that Е log tan хах=0 5 ЇН. 5. 1985 1 
о 


л 
e Iss log tan xdx | 


т л 
e log tan (-х)а- |2 log cot xdx 
л 
Ч л 
S. 2e [2 log tan хйх+ |? log cot x dx 


s л . 
мү (log tan x+log cot.x) ж-е log (tan x cot x)dx 
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2 lo =! ДЕ dico |? 4х= 
=|? log 1 dx=log о 0 


л 
| log tan xdx=0. 
Si Е 


я cos? i 387 1 
1 с05 х dx га, 
Ех. 14. Evaluate : Із Bis peor [ Tripu 


л 5 cos? e(z -х) ү 
2 2 z 2 

Let I= ст 2 dr dx= | 4% 
0 


біп x+cos x TS (2-х) cos (5-5) 
0 2 2 | 


=|? sin?x dx Pi 
do COS X-Fsin x 
л 2 т 

Uu. Шетме| соске үт 
0 


sin?x dx 
ry а 
о sin x+cos x sin X--cos x 


л 2 2 1 
z cos*x sin?x 

= a i EET dx 
Sin x-Fcos x біп х+ соз x 


: я 
V = ах 
a ne d 
0 sin Х-Есов x 


—— i 
о SIN X--cos x 


л 
jr dx 
ха (227 1 
o (J sin 2208 cos x) 


2 
= Ы аш : 23 шан © Ж = Ы эвдэн 
0 
ил! өне) вы (+) 


dd 23 ios (овес S oot =) —log( совес Т-со 3)] 
A x а +1 
м2 


в TY 
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50 9 
2 log ( e 
Ex 15. Б 1 N xdx 
valuate : | Ires кв у @<*<а) [LI T.1986] 


Let EN 
о lccos«sinx deo 


, л 

P З.- эх Ш | (x—x)dx 
9 l+cos «sin (ғ-х) Јо 14605 « sin x 
л 

= лах =й x ах 
о 1-Есоз «sin x Jo 1--cos «sin X 


| 


Е ќе 
1+ (2 cos « tan =) 


1+tan? = 
0, Iz, 2} sec? dx 
1-02 £4-2 cos < tan 5 
=4а | 2 
о 1-12-21 cos « 


[ tan =t (say) 2, 2 sec? 5 dx=dt and when х=0, 


then t=tan 0=0 ; when х=. then £—tan 1=1 ] 


Mh. а | шна 
о (t--cos «)?--sin? 4 sins sin « . Јо 


4x 
“thal tan"! 1005 4 _ ар“! cot 4 ] 
S sin 4 


« 
2 cos? = 
: Ада. tan"! 2 аар! (8-9 | 


> < 
2 sing COS 2 


4x 4л ж (5 5)- 
pead - л 25 1 л 
Ї fan"! cot 5 44% -- [tan tan 4 53-4) 


4x 2ла 
Ss АДЕ id = === nm < cosec 
КІН 2 z*«] ain 4 C 
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л 
x dx 


o 1+ cos « sin x 


.. 


4. Їзэлх со ес < Or, | => созес X, 


- Я л 
Ех. 16. Show that | 2 fin ЈИ бата x)dx. (LLT. 1982] 


л л л 
| хала х)йх=| @—x)ffsin (&—х)}4х= | (x — x)f(sin x)dx 
0 0 0 
л л 
= f(sin хїйх-| xf(sin x)dx 
0 0 


л л 
ог, 21, xf(sin х) х= Лап х)ах 
0 
: = 
or, | xf(sin жах fiin x)dx. 
4 л 
Ex. 17. Evaluate: p vcot x dx 


——— | 1983 ) 
9 Jcot x+ Vian x (1.1.1 


л ш 

Let је [5 Мсоёх dx 

~ —p—————— — 
9 Jcot x+ Nian > 


*  Jtanxdx 


о ІШЕ ) + ап (1-5) =|? tan xt vcot x 


x NK d 
+= Ntan x dx 
cot x+ «Лап х о Jtan x+ Jcot х 
л ---- —— 
E cot x Уап x 
Н ШОГ СЭ je 


Мап x+ Neot х 


хүүр, 

— [= Ncot x+ Vian x 5 5 

= -= У == | = руд Ж 
79 Jcot x+ Jtan x js (51 о 8 Із | 

Ex. 18. Дх)--Да--х) prove that | 
+t | 

|; Жо) dx, is independent of а. | 

a 


8 
[Joint Entrance, 198 ) 


Лачх)=Дх); 2. Лажтејт, faton „да+ 70 
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Now, L. Д)йх= 0 В Да--8)-Да--20)----Даа-нн 


Where a+nh=a+t or, nh=t=t—0 

= Я ДВ) -+ f(2h) + ++ + fnb) 

-[ Дх)ах which is independent of a. 

Ex. 19. Evaluate : 

0 f: sin°xdx (i) | а-о x*dx Gi) |7 «а-а 


% | sin?xdx =] sin8x sin хах 
=f (1—c0s?)* sin хах 
Now, let cos х=: ), —sin xdx=dz 
9t, sin хах= — qz 
Again when x=0, then z=cos 0—1 


a 
ad when хэр then z=cos g-0 


х 
|z sin’xdx= -f° (1—22)* (42) 
5 1 


1 
(1 — 4z2 + 62%—42% +28)dz 


0 


= 941 
| 2~ 4204-429 У |5 
У 9 А 315—4204-378 — 180+35_ 128 
иен 315 315° 
15 Г (1— cos х)°ах= [^ (1—2 cos x--cos?x) dx 
о 


EP {1—2 cos x -Y(14-cos 2x)}dx 
sin sin 2] 


о 


=[х— 2 sin xtaxt- g 


sin |= =>= 


= Ї л—2 sin x+ 
Чи) Letx-sin?g .'. dx=2 sin Ө cos 6 49 
When х=0, then sin?0—0 EL 
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when x=1, then sin?9—1 7. өв 


ГОЁЛ 


х 5 
Given integral | = $1070 (1 —sin?8)? 2 sin Ө cos Ө 46 


л л 
-2 sin?0 соз*Ө do=2)? 81220 cos*@ sin Ө 40 
0 
=> |. 1-22): 
А 2 


[where z—cos Ө and when 6—0, then 2=1 ; when 6—7. then 2=0] 


Ex. 20. Evaluate the following d 
Е t 2 
OTE | +! 


n—rco |n 


- ЗЕ d 1 2 d ^86] 
n АЕ ak [Tripura, 1980, 


СН. S. 1986 ; Tripura, 1982, 871 
(ii) б-н ы] ІН.8. 19831 
(iv) 


1 1 та 19841 
"e Leet Е ате (Tripura, 19 
(у) Lt 


US alt +t, 25% + [Joint Entrance, 1986] 
(i Dt Va tetni 


nk*1 k>0 [Joint Entrance, 1987) 


etes D Grm (2) van (39) хө (27) 


[ Joint Entrance; 1987 ^ 


[ Joint Entrance, 1988 J 
(i Et 1 n? 


n-> oo nt ati Gin" +] 
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Lt 1 Ё 1 1 
n> co ee ж i n 
= з 1 5 4 3 
„зт +1) a 08:82) d jen) 


= Lt 1 1 HT аси. = “s { 
п—У> со jr een ay {пау 
= Lt 
9 ІҢ азан ask ын ахай! 
Г where h=} s. пћ=]=1—0 and when л—> со, then 40 1 


L n 
керис ынс 
“ин (59-87 


fii) a E p RT n ... — 
n-> со wet ET tee +] 


29 2 
14625718 8 (7да 
Lt if 1 1 1 1 | 
2 +--+ А 
п> | 15+ 25 32 +" 
(tas ая i 


= Lt à- 
њо Җорт гар аре” "ixl 


U where h=! or, nh=1=1—0 and as п> %, then 4-0 ] 


a h ae пр“ fadt [ех] г 


ап“ 1] — јап“! 0-2 


(iii) + zl 


+. 
n>% [E T 
Int. Сај—12 


E CALCULUS 


a 1 
п п п 
= роо и + += 
n is n 2 n,3 = 
n n am n n 


e 


1 
o^ [res 1+h Хээ vu Baal 
2 h=} or пћ=1=1—0 and #->0 аз пос | 


zr ахла 1 
эк» Уу туул, т 88045), 
=log 2—1og 1=1ор 2. 
i debt 1 1 T 
G) ono (а си +] 

1 


E L 
= 1 SRS БЕЛЕКЕ it | 
п-> 212 р 12 = -2 9 
rox qs Je п? 


= #50 8 55:58 1258 ta Xu USB шені 


| where h=} ог, пћ==1==1—0 and һ->0, as п–>оо ] 


Lt ^ 1 1 
= ћ 23 4х 
h _—=—-= —=——— 
220 M A2rh таре fi N2x—= x2 
= 1 4х : 1 
harea lim су). 
8873 0— {sini (—1}=0— ( x cx 
ју=о– ( =) ==. 


Lt 1 
0) now ++ ar 


= “+ “йн ЗАЛ 
ШЕШІНЕ ты» aJ 


al 
| ак ЈЕ т=1=1–9 and h-+0, as пх ] 
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see DI Kcu = | RE = [2 Ух], =2. 
(vi) гс HE 1*2 CE m 
т HO O) 
20 ALLA) -4-(28) 4- s ҰСЫ 
(Were һ=1 or mh=1=1—0 and со —0 as n>) 
"aye e En 
(vii) ia Цаа (5 )+tan (2) наа (=) + зээл їап (5) 

S. ДЕСЕ п) tan (1. 28) + (F. ah) +. +t (s nh) | 
(Where =} or, пћ=1=1—0 and -0, as по) . 

n ~ 

о БА DET | Pme је 

~ ов (sec =х)] = је =: ѕес 271% бес 0 | 
"illos /8-0-2 12-і 082 

А 1 

(vii) Let a=, М 5 [(1+3) (145) e (143]* 

У овде It Hio (1+1) ков (142) ---44ов (1+7) | 


п<— го 
m h [log (14-/)--Iog (1+20)+ 17 ов (1 +nh)] 


( Where 4=! or, nh=1=1—0 and һ->0, as п-> ) 
1 


= Lt = Те 
ho hy log (кл) |, log (1+ х) dx 
тэл 
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1 1 3 1 
= = = IM ge dx 
|, 1.8 (1+2) ах [log eot ах], | гы! 
1 1 х á 
ре аз) - f a 


1 1 7 1 
=log 2-0-| (1-4) ов 2— [ x—log a] 4 
=log 2—(1—log 2)=log 4—log e=log 5 

DET ud PONH 54 

20 A=". So the required limit. 


Lt 1 1 IM i626 
Ex. 21. и) =108 
X Show that (; 15 5+ +2) 
[LI T. 1981) 


1 1 
Given limit= It. ELECTI ПА a. uH 


[Where h=} and h>0 when noo: “. nh=1] 


Lt 1 
= 150 қ + xL d жа, 


1 
1+Ё 142% тт) 


= <= 5 1 
Эв») D» Гуд [Where m=5n and тһ=5пһ=5.1=5—0] 


=| 5 LS 
ol "ul log +x) 27198 6—1ор 1=1о 6. 
Exercise 58 


1. Evaluate the values of thi Ч ; m 
e fi . « ко 
the first principle (definition) IMB definite integrals 


b 
Д 2d. "m 1 А 
Ши анд | ata (ii) | хх tiv) | ЕД 


р 2х+1 1 
4: i 2x 
(v) E 274 (vi) ЇЕ TP (vii (ға . 


1 
(viii) ЇЇ e? dx 


œw | степ 
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2. Evaluate : 


9 ЇЕ: Jü-—xSix (4) [cost xdx Gii | cos?xdx 


т 
(iv) | sin*x cos?xdx (у) |? sin xax 
z 


3. A that : 


i 1 T "a xxt 
© J, x*(1—x)*dx—4ig (i) [у= 
(iii) E $160 eos?9d0 = Фи 


4. Р . [7 sin?x UN 2-1 
EP ata | sin x+cos x J2 0944255 


5. Prove that : Г ов O42) дш log 2. 


5. Prove that 0) NF (х--)4х-- | Дух 


Gi) | даке], feos. 


zx sin x dx_2* 


T- Prove that (i) санях 4. 


(1) (7 xtanx dx Llam—2 
| о Sec x+tan x -pe ) 
(iii) | xdx drm. (а, 5)>0 


— GA 
o a?sin2x--b?cos?x 


Меп х хоо dx 
зїп Vein xt dcos x 
езх + sin?x)dx=(a+b) Т 


8, Show that f 


Prove that, Е (а со 
0 


: dx 
1 7 sin 040 (b $  sin?xdx | 
0. Evaluate : (а) Пааөсоз? ) 5 о sin*x-Fcos^x 


л 
1 МО” 22255477) 
1. Prove that: (i) | о 14605 2x-Fsin 2x 16 Б 
(ii) xdx (0+0) 
css Prat 4475" 
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22 л 
(iii) | x cos*xdx-2?. 
0 


12. 
Gi) 


13. 


w 


(8) 


14. 


15. 


16. 


17.. 


18. 


Gi) 


(iii) 


(iv) 


тасу Tus х? | 
Show that: 0) | E анд © de 


а 
lr x Ja? =x? dx=0, 


x im. 
Prove that: (а) аа x=0 
ol+sin x cos x 
[2 sec х— созес x 
— 
*o 1+sec x cosec x 


=0 

Show that, (i) | Н sin 2x log tan x=0 
(ii) f. x log sin xdx—iz? log 2 
(ii) Гг log sin ж €)de=log } | 


(iv) s log (1 --tan 6)40 == log 2 


x 

8 

Show that (i) 2 x sin x сова хана 
о 


G ("smi S 
"о Sinx 


‘Show that () | log x 
0 


везе 1 
(Дата 1089 


Sh (| “айх: Jas уз 
Шы ЈН log ( /8+1) 


salé 142104310 4... 10 1 
Evaluate: () М 142 За p pent іс. Ч 
Lt 1? 22 44 Ё 
dp Jes rone 


lim 1 
n>% Dpt 552 + : | 


| атаса 
lim 


1 Put 
ке МА T Jaa pt... „а 
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(у) lim n 


п-»со |n? mig. ul 
(vi) Jm. [Lut E 2 
20215 + sect шин + ol 
(viii) Aa [35,255 61] 
(ix) ТЕ Ч sin jtm tim жеті 


— 


~ +h хэ ) 
Py nj =". 


è Ай! АШ IN 
E js 224-4, 


ANSWERS 


[In the first four chapters add an arbitrary constant of 
integration with every integral.] 


Exercise 1A 


01 8 5 

о Wo 43 Gi’ -1 09 - 0 Fe 
00 55 (Qi) 216: (vii) mx. 
2. () = (ii) T Gi 97 (9) ge (уу 28 
(vi) sole (vii) m "и 5. 
3. 3* ы 5:844 a? 5 62° 

0 рыз © орт © pps 2 
10) 01057 Gi) 6108 ы 

108,10 10 108,6: 
4. @) 00875 (ii) cos 25 (iii) mse (iv) эш 4 


(улке 2 
(v) E (vi) garo x 


Exercise 1B 
1. 00) Хэрээ G) 8x4 18x?- 18x? ал. 


М. 3 езе x8 4 а" 
ш) Foote. (iv) xt (у) тда T sd 


vi) DET (vii) —cot x—X 


(уш) диап xod 
» G) 4(sin и) (ii) 2 


n= (iv) m (v) a(x+52) 


(vii) го sin 3x--$ sin x 


(- cos 16s pe - cos 212) 
tii Ча 10x sip 2% 
(i) 1 


$ (x+sin x) 


(72128) 


i i in 6x 
9x 0 sin 2x | sin 4x , sin 6x. 
(viii) шагнан” (ix) 1(х+%в 2% те ) 


5х 
1 — 05 3х , cos 7x сов ) 
(x) ї(соз х n T 


2. 


7 5 


2 22. 3 
0) 3х5-4х2--2х (1) 55х35 += 


Nx? 
3 Ой 3 ЭЛ 
j bes -? (iv) анны 

а x? EY EE а 5 
(i) 2-3 (8) ар 0%. 

m -2€ 
(i) x—2e-* 27" (ii) ар мен 

: in 2ax 
ва 6. 180 60 x°. 7. фу ода? 
4 2 “- ж 
ду Sin 12х 1х-1 sin 2%, 10. oot 2x_ y, 

3 
sin 7X. 

a, 12. . —cosec 6; 13. sinx—— 7 


sin x [Со (ict nx cos (m —n)x. 
TRUE косса = | 
6. — 2тх . or 

if mzn; oa ifm 
-3 x41 3x 
5 cos atg cos DE | | 
18. sec х+ совес x, 


() tan x4x (ii) 2х-2 cot x+3 tan x. 
Sin x —cos x. 


tan x —x, 


ое" 


á 23 эд 
log,* пода (D) сы, асе 
И Be 108,4 jog,@ 


() itnx G) -со PURUS) s ds gous 
2(tan x--sec x+cos x — 3). 24. 


„9 sin x. 
2 sin x+2x cos ө. 26, 20x+3 
3 
() dx Sin 2x sin 4х 
4 


sin 4x 
2 B 


"32 (4) 3y sin 4x —} sin 2x - 8, 


( di ) 
28. 2 {ain (a—b—c)x sin (a+b+c)x 


a—b—c a+b+c 
зіп (a—b-rc)x sin (ebbe). 
a—b+c a+b—c 
29, -.<052х соз 4х sin 3x x? 
PU “ЖЕ 30. 2—22 +2 cos x+ · · 
31. atan x —b cot x. 32. 2 cosec x+3 sin x. 
33, 


s 3 
3 Sin 3x— $ sin 2x. 


L Exercise 2А 


M inen Gi) 444х-5)7. (8) a 
(iv) — 5108 (a—bx) (у) (исә, 


% 0 I sin (ax-+b) Gi) } tan (2x+3) 


tan?.x 


ii) lt—isin(4t--6) (iv) 3 cot (2-3)=t (у) 3 


9, арка, => Т | 24-x'| 
alas a 4. (i) $ ME (1) 1108 Роя | 


Gi) 3 log Е- 2х-3 5 | 5, Бан £ a 
6 1 
35 Б log (а-+ 6х). 7. (0 3 log E a = (ii) log pe 
8. (i) log (ах? +bx+0)+k Gi) N wr. 
2 log (e? 475), 10. -Jog (1--х3); 
Ч () (sin7? x)? (i) log (аа! x) 
12 3 
ME (кв bas) (4) $42x?-3 
13, tan x+sin х) 
3 log (1+sin2x). qct 
T5. „2: 1 42 Jmm x-I 
Sy а ee 2 ES (11) ian x—1 
1- во x (ii) 108 1 + со X 
16, а Jog (x^ +b"). 


0 стат (ш ю +9 09 


. (i) э (аға 00-- 


( iv ) 
G) log (1+log x) (ii) 3 {log (log x)}2 (iii) log (log (log х). 


G) log (log sin x) (i) log (log sec x). 
log (x sin x). 20. log (log tan х). 
«біп x ах? 
tan (е%), 22. (а) EUM (5) 2 108.5 
log sin (e*), 24. 2sin Jy. 
=e х 26. dix 
(а) es (Б) 3e". үл 28. е 5 
еңі 30. } log (34-49), 
je +6х+9 32. sk (log x)2, 


e @) 3-1 хз (р VERI (c) =t (ду 2 
х 


J1—* 
X log (3+4 sin x). 


). 
35, à isinx? (Б) —cos (085 
(a) Еапх", (Ы 


—sin (1). 


а сов (a-4-bx") 


(ii) а tan G-4x*) (iv) эб; болин, 


38, 


40. 
41. 
a. 
45. 


46. 


48. 


25512 x 
дел 39. 3108 sec 3х- log sec 2x —108 529 


b? 2b(aq — b) —pb)?^ 
аз 108 (р+ах) 2M ag pb) _ (адр : 
4% ах) аз(р-+ах) 24 (р-+ qx)? 
З log cos 3x. 42, = log (a sin2x — b cos?x)- 
1 

шалы 44. есі (2x—5). : 


– НЕ хор (x—1). 


nb Жа а et. 
$ sec"! x4 hl 49 


3) 
4 
2х2 тёз Gala 5x? —12ax +43 


C wy) 


50. - 243%, х 
оҳан) 3 807 НЕЕ 
52. х 32 ЖҮРЕ. 8 
log 13313452 53. -Л-х-410 x2 
3 5 
54. 31,1. ор (1+х. 85,575. 


E. Exercise 2B 
L O 3ааал15 Gi FIN $x Gi) iti 
A 2 
Gv) јап“ (=) (v) ltan^! = (vi) 3 tan`! oe x) 


(УЛ) tan-! (tan-1 x) (viii) 28 кап“ 1 (28) (ix) баа”! (е9), 


оф гле ae (8) Зов | Ij 0955 а 18 Fa = 


tiv) = log b (у) 4log de (vi) 3 log E 


(vii) на 9-1| сан) log [чап El. 
$ log noil (viii) og | až] 


3. 0 log (x+ Jx249) (4) 1 log (bx4- Ја? 3-b2x3) 
(i) tog (ит та) GV) суза! 55 
(v) sinc" (tan! x) (v) sin"! (tan x). 


ENU ji Ес3 00 1 БОЛОН НАС 


a +1 
s p RET (у) ita! мп 


Jy в 
x2-r1 


2 ааа (уй) 4108 53 


(i) -2 , 
33 ан 
5 sin x 


-1 (x+2) 


(viii) 3 tog р 


(0) ов (x2+4x+5)— tan 
JRE х+1 
(i) хөв 3 Gi) log G3 23-63) уз (вата 551 


(iv) 


(iii) 


(УІ. ) 


4 1. |4542х41| а 
— 4, og [RN log (1—x x?) 


LOC TEM 


2 log (/х—2+ x —3) 


log (x-F 1)+ Jx?-E2x-6b (0) sin"! Qx—5) 


саа. 2x1 
1 2X : in^! = 
519 {4x+3+4,], ++} бу) sin 


45 
ян бегі (vi) P (х—1+ Jx2—8—1) 


log (х-Ғ1)-- Jx? 42x45} 

3s log ( Jtan x=? + Vian x —2). 

log (008 х+1)+ Vlog xj +2 log x+5}- 

Д Ма +x] tog (22 +1+2 Ја Ei) 

3 J2x2-8x45 

2 Vx? +3х +1 +2 log (2х++3+2 J x3 3x E) 
x xk 1- log (2х1) +2. ЈЕ 
Ax?-E2x-E24-2 log (x+1+ Jx2 +2x+2) 
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DIFFERENTIAL EQUATIONS 


CHAPTER ONE 


DIFFERENTIAL EQUATIONS THEIR ORIGIN AND 
SOLUTIONS у 
fü $11, Equations involving derivatives ог differentials of 
actions are called Differential equations. 


Hence x +у—1=0 is a differential equation due to the 


Presence of the derivative 27. 
1 


dx Дау = ху dx is а differential equation, since the differentials 
> ЧР are present in the equation. 


Le | : 
_ 76 us now consider the three equations, 


dy 0 A 
dx ^O, dy sin 2 dz and y dy -dx 


In the first equation, x and у are both absent, though 


р. 
SP 
da^ Present ; у and x are respectively absent in the second and 


equations, due to the presence 


thir, : 
d equations, But all the three 
So, in a 


n Stivatives or differentials аге differential equations, 
rentia] equation both or апу of the dependent and independent 


ari 
Ables may not be directly present. 


T 1 H t 
he differential equation, in which 


Obtai 
Sin ЭНЭ by differentiating the dependent i , 
=e independent variable only, is called an ordinary differential 


ату: "e ! | 
don, In this book we shall discuss ordinary differential 
E “ation and by differential equations shall mean ordinary differential 
vati i i ny farther. 
ations, So, the epithet ordinary will not be used any fa 


the derivatives present are 
variable with respect to а 


] equations. 


$12, Order and degree of differentia 
der of the highest 


T M dh 
М he order of a differential equatio® js the ог 
кал 5 ) 
derivative present in the equation- 
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dj 

Hence, 2202—24 (1) 
wdy+y 4-0 ..0) 

dy)? үүл 550 
(2) аз (3) 

аге equations of the first order, The two equations, 

4?у_ «ау = T 
dgi Заз 10770 a 

dy)? (Фу... 

х 2) =z 6) 


are examples of second order differentlal equations, 

Similarly examples of third, fourth or nth-order differential 
equations can be obtained. 

By the degree of a differential equation is meant the highest 
power of the highest order derivative present in the equation. 


Inthe equation 5384 the highest order derivative present 


is 7? and its degree is 1 and hence the degree of the equation is 


1 and the equation is of the ps order and degree. 


Tn the equation (22) * - 9 дн, the highest order derivative 
present is 427 and its degree is 1. Н th tion is of 
dii gree із 1. Hence the equa ) 
degree 1, у ( 

4у 
The equation 4-9 27 75 2+6 0 isan equation ef the second 


order but of the first degree. In this equation the highest огде 


ар 
derivative present в 5 Whose dergee is 1, Similarly one can find 


examples of differential equations of th 
Now, let us consider the equation. 


(y c 
о 
dxs 


€ n-th order and m-th degre 
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This equation can be written as 
дру)518 _ аз; 
1+ 22) 5_ Ч 
| 2 } Раха 
о, || (87) 715 _ „(ФУ 3 
t1 = (2) 
(2) : 3 (2) 32 (2) =0---Gi) 
ы The equation (ii) is obtained from the equation (i) by 
MM the latter free of fractions and radicals ог fractional 
dices The equation (ii) is evidently an equation of the 


D ? ES 
M order and second degree and so the equation (i) is also 
aed an equation of the second order and second degree. 


j . dy 
Similarly the equation х+ dx „=a сап be written 
п+( 49) 
А/ ах 
ду 
as dx -0—Z 


" а-ә) 


So the equation is of the ürst order and second degree, 


Hence the degree of a differential equation free from fractions and 


Усан Or fractional indices 15 the highest degree ofthe highest 
~ . 
Tder derivative present in the equation. For determination of the 
тер оғ an equation, the equation should be first made free 
Tom 1 , 
fractions and radicals. 


$ 13, Formation of Differential Equations. 
You know that the equation д3--у?-2ав-0--0) is the 


"Quati igin and the centre of 
On of Р through the orig 

the circle ея нэг gros Now for different values of a, the 
“Чин и Jes passing through the 


ion will represent different 019 
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origin and having centres on the x-axis. Hence the equation 
х? у? —2а5=0  répresents a family of circles. The constant 
ais called the parameter of the equation, Now, differentiatias 
both sides of the equation (1) we get, 


2x29 D 22-0 ог, aca y 42 (2) 


Putting this value of a in equation- 1) we get, 


g? цан 27) d seo 


dy 
2 — оду P 2—0 ...(3 
or, p D Tt 0 .-.(3) У 
4 is sal 
Now the equation-(3). is free from a. The equation-(3) 15 x od 
to be the differential equation of the family of circles represen т 
by the equation (1), Note that in the equation-(1) . there 


3 tio? 
only one arbitrary constant or parameter and equ? 


(2) has been obtained by single differentiation of both sides 0 
equation (1. The differential equation (3) has been орга? 
after eliminating а from the equations (1) and (2) 

Let us now discuss equations with two parameters. Wd 

In the equation y-—mz-rc-.(4) m and c are paramet? рї 
For different values of т апа с equation-(5) represents iU. 
straight lines, Now, differentiating both sides of equation-(4) 
obtain Н 


ду 
ae) 
and the parameter c in equation-( 


the parameter m, another differentia 
both sides of equation- 


аша” 
4) is eliminated. То elicit 
tion is required ; differen?” 
(5) we obtain 
dx? (6) 


In equation-(6) both the 
Equation-(6) is the differential 
lines in a plane. 


pt 
parameters m and c аге pit t 
equation of the family of 872 
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E if m independent parameters be present in ап 

a еп the п parameters are eliminated from the total 

Замын (141) equations obtained after successive m times 

Station ee of both sides of the given equation, The differential 

Ё ана tained after elimination of the п parameters is the 
equation originated from the given equation, 


$ 14, Solution of a differential equation, 
A atn between the dependent and independent variables of 
зачу t “арг equation not containing апу derivative or differential 
Solution P леве equation, then the relation is said to bea 
E uisi the differential equation. So the solution ~ а dienen! 
Which de ше equation, free from differentials ог derivatives, from 
Süccsisive ашегепна equation can be obtained after one or more 
е differentiations. 


L 
et us now consider the equation аа – 532 +6y=0. 


Let р=ез“ 


ФР, 2c де?“ 
dx 7 and 25 6 


Hence the left hand side of the given differential equation 


с 
Эв 4era 5,2025 + 6,25" =0. 
ence the relation p=e”” 152 solutio 
Now, if y дозе, 


n of the equation. 


then 29 2y 
m лене and 273 


(2 and d? Ji in the left hand side of 


es the equation is satisfied. 
the differential 


N 4 
0% putting these values 0 


the 

og differential equation, 5/9 find 

“лац У p=e%* and y-Be** both satisfy 
On and both of them 878 solutio: 

чац as p = Ae?” and у=Ве““ both 

п, во pe Ae?" Be? [ where 


Onst 
ants] will also satisfy the equatio®. 


ns of the equation. 
satisfy the given differential 


A and B are arbitrary 
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2 4 : ial 
у--Ае2%--Вез2 і the general solution of the given differenti 
equation. 


>= +6у=0 


We state below 


А a 
what is meant by the general solution of 
differential equation. 


If the number of independent arbitrary constants in a solutio® 
of a differential equation be equal to the order of the equation, the? 
that solution of the equation is called the general solution of the 
equation. 


Ё 5 ities 
Note 1. Inthe relation p—log- +c, the. two quanti 


а 8nd care constants, But log Z +6 can be written as log #— 


ts 
log a+c=log z--k ( taking €—log а =»), So the two consta? 
can be absorbed in a Single constant, 


ü 
Here the two constants 
and c are not independent, 


Similarly, the 


A 2 25 
relation y=Ae*** can be expressed 
у= А.е%е,& 


—Be* which contains only one 


. 2: ә: . һе 
If a relation containing m arbitrary constants cannot 
expressed as a relation conta 


des t ts. 

ining less than п arbitrary ош ; 
then the n arbitrary constants are mutually independent in 
relation, — 7 


2. In $ 13 i has 


arbitrary constant. 


rake jo” 
been found that to eliminate a relat 3 
containing only one Parameter one has to differentiate both sides 


5 1 ів 
the equation only once and the eliminant becomes a differenti 
equation of the first order, 


the second Order, Hence it is quit 
the general solution of а differenti 
equation of the n-th Order, wi 
arbitrary constants, 
3. Determination Of the 501 


means determination of the general solution 
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4. А s 1 Я 2553 : 
+, А particular solution of a differential equation is obtained by 
igni В . 
X gnung particular values to the arbitrary constants in the general 
ution of the equation. 


Examples 1. 


di Example 1, Find the order and degree of the following 
ifferential equations, 


. аз 
9 di 52 +8у=0 (ii) dy РУ 0. 


dx? diim 
(ini) dy = ау ы е гр др 2 УД 
a) +250, +3720 0) Zr (P) +p=0 
( 
уу 4 = ҮЭ 


1 
Ü The equation is of the second order and first m as the 


high 
j est order derivative present is (25) oforder 2and Из degree 


ls 1. 


%) The equation is of the first order and of first degree. Аз 


У highest order derivative present А which 15 of order one and 


За 
pee 18 also one, 
Ч) The equation is of first order and second degree. As the 
ghe; @ which i 
order derivative present in the equation is ds which is of 
in the equation is 


der 
l and the highest power of 2 present 


Gy 


dx] Whose degree i is 2. 
GY) The equation is of the second order and first degree. As the 
ч st degree ое: > 
St order derivative present is 4? and the highest deg dis 


81 
ч а h hi hest order 
i (2 is present ; but 2; w ig not the big 
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y=Ae?*+Be°* isthe general solution of the given differential 
equation. 


eel ae ed 


=0 
dris Заз + 


We state below what is meant by the general solution of а 
differential equation. 1 i 

If the number of independent arbitrary constants in a solution 
of a differential equation be equal to the order of the equation, then 


that solution ofthe equation is called the general solution of the 
equation. | 


Note 1. Inthe relation p—log^ +c, the. two quantities 


aand care constants. But log с can be written as Іор ш- 


log a+c=log +k ( taking €—log а = 2). So the two constants 
can be absorbed in a single constant, Here the two constants 0 
and с are not independent. 


Similarly, the 


relation p=Agat= 
у= A.e?.e.* 


—Be* which contains only one 
If a relation containing п arbitrary. constants cannot be 
expressed as a relation containing less than n arbitrary constants, 
then the п arbitrary constants are mutually independent in the 
felation, | * 


can be expressed aS 
arbitrary constant. 


» Hence it is quite 
s the genera] Solution of a differential 
equation of the nth Order, will Contain п mutually independent 
arbitrary Constants, ў 
3. Determination Of the Solution Ofa differ, 
| means determination of the 


ential equation 
Beneral solution. 


highest order derivative present is 
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4. A particular solution of a differential equation is obtained by 
assigning particular values to the arbitrary constants in the general 
Solution of the equation. 


Examples 1. 


Example 1, Find the order and degree of the following 


differential equations. 


а азу 44 ка 

(i) TPs t9=0 (8) 2 42-0. 

un (DY 1 297 : 5 

(ші) ш) 422 +3у=0 Gv) 2 EN" у +p=0 


e 43 Ў +у= ‚\+®. 


(i) The equation is of the second order and first m as the 
CFI 
Е aar of order 2and its degree 


is 1, 
(ii) The equation is of the first order and of first degree. As 


the highest order derivative present вФ- which is of order one and 
its degree is also one. 


(iii) The equation is 0 
ve present in the equation is dp У which is of 


f first order and second as As the 


highest order derivati 


order 1 and the highest power of Ф present іп the equation is 


(2) ) whose 056526 is 2. 
(iv) The equition is of the second order and first degree. Аз the 


highest order derivative present is 42. and the highest degree et z 


2. 
is]. Here (т is present ; but Ф is not the highest order 
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derivative present in the equation. So its 


degree is not the degree of 
the equation. 


aP pe Tp dy 
M са ers i. 


Squaring both sides of the equation we make at first the equation 


у d*p , 15 . „аду 
free from radicals as (2% + ») =1 тж 


ауа, а?у 2-21. 49 
о (8) Md Pd dle Gils 
The highest order derivative 


2and its highest degree is al 
. Order and second degree. 


present in the equation is of order 
30 2, Sothe equation is of the seconc 
Ex-2. Eliminate > from the following equations, 
АТ РУНИ 
@ р=ох-+° 


ду. ы 
di =0+0= с, 
Hence р— dy act i = dy 
сер "dz 45 (Putting | 
dx 
15 the required eliminant, 
i) 9? —2ex 62 1 
Differentiating both sides with Tespect to x 


dy | 4 ду 
2» == 2c. 53) SPA 


We get, 


2 4; 
Putting c—y x 11 the given equation we get 


dx 
dp, (дүү —— 
ог, yop Ty (2) 


Which is the required eliminant, 
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Ex-3. Eliminate A and B from the following equations. 

0) Ахї+Ву%=1 

Gi) у= 46" + Ве +2? [ Joint Entrance 1984 ] 
() 4х2 +By2=1 


Differentiating both sides with respect to x we get, 


2Ах-+2Ву 49. 
2 ду__Ах . .. (i) 
ах By 
Differentiating both sides with respect to 2 we get 
dy 
азу AP “as 
dx? B yi 
dy 


dip dy ,(Ф)3 
152 dx “4% 


A 285 
n а(% + Psi] ds 
Which is the required eliminant, 


G) p—AeRBe]EE ect а) 
Differentiating both sides with respect to 2 we get, 


Ф. дет — Be +28 uen (2) 
dx 


Differentiating both sides of equation —(2) with respect to xwe T 


42р дов Бог +2 


dg 
кєў — я? +2. Г As from (1) Ае“ +Ве- "= р—:] 
So, the required eliminant is 
diy 2, 
2—®7. 
az? ET 
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ion 
Ex-4. Eliminate the two constants « and В from the equat 


у=«е . Justisfy why the eliminant is of the first order though 
two constants « and В are eliminated, 

p-« DX 

dp 4 (232) +», 

dz dx 


2 ыр, 4) 
So the required eliminant is A = 
6 i ent 

Note here the two constants « and в are not mutually independ 
as the equation p= ag? t x 


p which is of the first order. 


вх 
can be writhen in the form р=ке е 
=y" [ taking yma P as е? 


isa constant] which contains only 
one constant 7, 


Ex.5. What is the diffe 


rential equation of the family of straight 
lines passing through the or 


igin ? 
The equation у=тх те 

, Straight lines through t 
equation p= 


Presents for different values of m different 
he origin. So, the m—eliminant of the 
mx will give the differential equation of the family. 


From p=ms we get 47 = т [differentiating both sides with respect 
tox ] ; 


ite yaa is the differential equation of the family. 
Ex. 6. Find the di 


flerential equation of the family of circles 
which touch the x... axis 


at the origin, 
The equation of а circle touching the x — 


axis at the origin is 
=? (y — a? гах 


or, а? +у? ray —9 eoe (1) = 
For different values of g We shall get different circles of the 


family, The a-eliminant of the equation (1) will give the differential 
equation of the family. 


Differentiating both sides of equation (1) 
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with respect to x we get 


dy 
dy _ „аду 2#+2у 4; 
2x == —20— = = расе о 
%%% s ог, 24 dy 
ах 


Hence putting, 


ог, a-p) $= 2x, which is the required equation of the 


family. 
Exercise 1 
1. Find the order and degree of the following differential 
*quations, 


a dp . ds dy\? dy 9. x2 
1) 422 8127) —2ху— 292 —х3 = 
G) 5 = sin х (ii) х (2) хул +29? —5 0 
qi ФР _ 4470 Gv) 27- d? 4 12у=0. 

) 245 а 2) 0 (іу) dii 7 231 у 


v) p-2= fi (£9) E+: 
? d» 4 ЫГ ( 

2, Form differential equations from the following relations. 

6) xp-c? (ii) у = 46" t Ве" 

(1) р--А sin тх+ В cos m». 

(v) yoa+bx? (0 г=а+ cos Ө. 
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3. Eliminate from the following relations the arbitrary constants. 
G) у=а соз 2х (ii) y?=4ax (iii) ay? — (x— a)? 
(Gv) усе" | (у) p2-2cx-rc?. 


4. Eliminate А and B from the following relations, 
0) 7=4+В созх (1) p=A+Bx 
(i) р=(Ах+В)е-з= 


(iv) у-А sin x--B cos x 
(V) p=A sec z--B tan xz 


5. Show that the differential equation of the family of circles 
whose centre is at the origin is xdz --ydg —0, 


6. Show that the а, b, c eliminant of the equation, 
a+ by-- e—0 (a, b)=(0, 0) is 2 o. 


Give reasons why the eq 


uation is of the second order though 
the number of arbitrary constants is 3. 


7. Find the differential е 


quation of the family of circles which 
touch the y —axis at the origi 


n, 
8. Show that the 4, B eliminant ofthe equation, 
A х 479 2 dy ] 
ft ви A Un | C. U. 
разы iq, 20 [ 
9. Show that the differential" equation ofthe family of curves 
Tepresented by the relation У=а sin X--b cos хи sin ш is, 
dy 
25-2 = уз g2 
4254 уд 
10. Show that the differenti 


al equation the family of curve? 
Tepresented by the relation уже“ 


(а cos + sin X) is 
d'y Дау 
ит “ду +29=0 


CHAPTER TWO 


DIFFERENTIAL EQUATIONS OF 
THE FIRST ORDER AND OF FIRST DEGREE 


$ 21 Solution of differential equations of the first order and 
of the first degree by the method of separation of variables, 

You know that all equations are not solvable, So also all 
differential equations are пог solvable. At the primary stage 
Conditions of existence of solution of differential equations are not 
Necessary. The methods of solution of solvable equations are also 
different, In this chapter we shall discuss only one type of solvable 
*quations, They are Equations of the first order and of first degree 
Which can be solved by the method of separation of variables. If 
а differential equation of the first order and degree can be expressed 
in the form f,(x)dz+fo(y)dy=0, where /,(х) and /,(у) are 
functions of only x and only p respectively, then we say that 
Їй the equation variables have been separated. Ina differential 
quation variables are generally separated (D by inspection and (ii) 
by Substitution, 20269 

522. The method of separation of variables. 


Example Solve: хах +уау=0. 


In this equation the variables are already separated. So 


‘Qt egrating we get, / xdx+ Гуй7=0 


s 2 
ог, PA +у+® =0 


Р] 2 
лог, Рта ЊЕ 

8 p2 захаас 
оу Жм егер nad 


or, x34y?-2c 


on ааа [42—28]. 
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$ 2-3. Solution of differential equations by Substitution, 

When the variables cannot be separated by inspection, then 
in certain cases the dependent variables are substituted by a new 
variable so that the new variable and the independent variable сап 
be seperated. The solution in terms of the new variable is then 
expressed in terms of the old variable, 


Ех. Solve: (в+уј" Bg 


Let, x+p=z 
1447 _ dz dy. dz _ 
ах dX  'ds dx 
? ЕЕН: dz 
2 == 
The given equation is 2 ( dz 1) аз, 


242 _ 3 _ dz _ 
ог, 2 dx = - а", ог, 53 minia. 


2242 2242 
ог, za “4% ог, Ја = ras 


or, [са цаа f dz, 


2%-ға 
—а% 42 _ LZ 
ог, Ја а кд ds, or, 2—4 tan ne ваге 


ог, (x--y)—a tani eir) ==—е 
ог, р=а tan 29) -6 
а 


ог, fac |) ог, сел ан (te), 
a a a a 

5 2:4. Solution of homogeneous e 
first degree. 

In the previous article we have 
equation by substitution. But we have not 
substitution. In the present article and 
discuss the method of substitution in certain 


quations of the first order and 


Solved a differential 
indicated any rule for 
the next we shall 
Specialcases. Іп the 
present article we shall discuss Solution of homogeneous. differential 
equations of the first order and first degree, 
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Homogeneous equations, If in an equation of the form 
PACA уда +] (а, y)dy—0, the power of each term of Л\(®, у) and 
Ја, p) be the same, the equation is said to be a homogeneous 
Equation of the first order and first degree, 

In the equation (x*+y2)dy—zxy dx=0, the Power ofeach of 
23, y? and xy is 2 and so the equation is homogeneous, 


s 
The equation ааа) сап be expressed іп the form 


х?4у= (у? —ху)ах and the power of each of х2, уз, ap is 2 
and so the equation is homogeneous. The equation (=° o p3)dgy— 
æy dz is also a homogeneous equation, 

To solve homogeneous equations, put у=ух. In the new 
SQuation in v ard x after substitution, the variables will be easily 
Separated and the solution obtained in terms of v and x should be 
SXpressed in terms y and 2. 


Example Solve: 227-0 7° 
dx x 


The equation is homogeneous, Hence for the determination of 
Solution, 


dv р, у? 

Let p= Фу. x —. -апаї =p, ~=p?, 
ditis 45 tU dx ЖЕ 
Hence the given equation reduces to 


ду ° у 2 
2а) у у , ог, АЕ yv?, 


dy 
ог, 2400 _рз__ . 
E uw : 
24» ах 2dv _ (dx 
or, racy ш” се расу Js eu 
24% 249 => 1 EN dy 
Now, узр = 551 2 


-1 
5-2 log (»-1)-2 log v=2 log =. 


~. From (1), 2 өшуі =108 2 +108 с 


D. Е—2 
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Pf 8 
У— 12 — tn =. г 
or, leg (?=Т) =1ов eg, or, yc les 
х 
ог, Poe ог, (y—z)? = схуг, 


$ 25 Solution of equations of the form 


dy ахуе, (а) 
dx 45X-b,y-cc, (па, b, 


Equations of the above form can be solved by reducing them to 


homogeneous equations, To reduce the equation in the homo- 
geneous fo rm, 


put x-z'--h and y —y'-k, where h and £ are to be so selected 
that the new equation after substitution does Dot contain any term 
independent of g' and у. 


If e=2' +h and J—y'--k, then 


8,2 +bip+c, and a+b Pte 
тедисе Iespectively to the forms 
038 b, y Fa heb E ко, and ба b, y' ash b, + со 
Аз in the new form there will be no term independent of 
жалау; 
50 81-45, Ё«сү-0--(1) 
апа а В+, E e, 9... (2) 


a, b 
88 qb, от, dbi—a, b 40 


(2) can be solved simultaneously and 
solving we get, 
Ене Же 7110571 1 
8,0, —55c, 014--с44| aiba —a.b, 
60. — bac 
or, ће бб — а а 


01b, —ü5b 
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For these values of hand К, a,;x+b,y+c, and 4,х--8,9-с, 
will reduce to the forms 4,57--8,У/ and а, +b,y’, 
Again as х--37 +h and y=p' +k. 
4х-44х and дугау. 
Hence the equation reduces to the form 


dy aX by 
ах ах +65у' 
This equation is homogeneous in х and у and сап be solved by 
the method of $ 2:4 by the sustitution y'—»x^ but the solution will 
bein termsof ж and у. Hence putting z'—x—/A andy’=yp—k, 


the general solution should be expressed in terms of х and y. 


Example, Solve: 


(28:439-5 9 E (3x29 - 5) =0. [ C. U. 1962 ] 


Now let, x 2 x' +h and у=у +4. 
dx -dx'and ду=ар So, the equation reduces to 


dy! _ 3x +2y'+3h+2k—-5 ? 
dx — 2х'+3у'+2Ё--3#—5 
Now select h and А so that 
3h+2k—5 = 0... (1) 
and 2h4+3k—5=0--(2) 
Solving equations (1) and (2) 


h ке 5 1 
210415 —10+15 9-4 
һшӛшеі and ё=5= 


, 
Let в=х’+1 and у=у +1 and the equation reduces to 
dy _ 3x2» | 


Or, 


dy 2х +3у' 
Now this is a homogeneous equation. То solve it 
“илэг ‚ ду 
let, por; e ди та dx 


| 
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dy _ 313-2 _ 342» | 


dx 24372 — 243v | 
‚ dv 3-22 3--ду--3у? | 
Е 2439), AFO 
ог. 2 3742 у dz’ | 
> зу +4743 x 


Now integrating both sides we get, 
1(4и ах : 3 
cz] petet um СЕ =3 4-4у4-3 
41% ГЕ [ Taking и 3v»? -- Av + 3, ] 
1 
or, log u7— —log x'4-log c 
or, log (3у? +4v +3)? log x =1оЕ с, 
or, log (3v? +473) лов с 
, (G +4¥+3)x'2=c =A 
p? АУ 2 T3 
и, eterna | 
Or, 3y'5-r4x!'y!--3x/2— A - 
› 3(y—1?--4(x— 1(7—1)-++3(®—1)°=А 
[^ хєөхЧ1, s ж-с-і ; 
and y=y'+1, ; У-у-1 ] 
and this is the required solution. 


y'x' 1. БА 


$ 2:6. Solution of equations of the form 

dy dix t у--с, а, _ђ 

ALL 2t wh маа! 

dx ах рус, леп ay 

и zb the equati dy _az+byte, lved 
а, b, quation dx а х Бу жс, cannot be so 


by the method of the Preceding aricle, For, as а-ы 


a, b, 
Or, dib,— 2,0 =0, so the values of A and 2 cannot be 
determined. In this case follow the method as Shown below. 
Method: Let CEPR EAN G 


44 b, т’ 
The equation reduces to 


| 
р 


dy. аі) Ес — 40) 
dx m(a,x-rb,y)--o, 
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Now, ee a,z+b,p=z. 
ds dy 5) dy_\ [dz 


os — = р = 
dz ath, dx 9^ dx b, Vix а) 
Hence the equation-(2) will reduce to the form, 


4 dz , _ 2+61 
b, Mx 11 т+сь 
42 _ bize).- z(a mr b.) 650; 5,0, 
* Ux T 7 ТЕТЕ ETA 
(mz + ба )42 E 


25 аут) сла; +01 

Now the variables are separated and the equatlon can be solved 
by integrating both sides, 

Example, Find the general solution $ 


Q2-- 4-3) — 2g 4x1. 
d 
Given equation is (2x --4y-- 3) z =2у+®+1, 


dy _ х+2у+1 
° dz 2х+4у+3 
dp, х+2у+1 - (1) 
^ dx 2(®+2у)+3 


221200020) 
Now let, я+2у=? 4. t^m ах 
dy —1(ду _ 1) 
' dx 214х К 
у-1 
from (0,0-1 Ц- 243 
dy ,_27+2 Ф- 295211, 4v 5 
о, g io dx 2003 27+3 
(2у--3)49-. 1 47+5+1 ded 
ог, dog sro ах, ог, A ЖОТОЖ ја x 
1 1 le ф= 
S b nl қ 


1 2 
ог, Spars i f dz. 
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ТЕ 108 (49-5 =<+е' | 
Or, 2" *s og ( v )= e 


e i | 
ог, ЕЕ log (4х+3у+5)=х+с = 
ог, 3x+8y+log (4z--8y +5) = c. 


Examples 2 


Ех. 1, Find the general solution of 
a dy 1—y* bet 
@ =; eee А 
Gi) sec? x tan y dx+sec? y tan х dx—0 [Joint Entrance, 1982] 
Qi) куут 1 аву Југ —1 4х-0 ГН. S. 19791 
(бу) yp +a)dx+a(1+y)dy=0 [ H. S. 78, 19841 
~ dy 12:03: 
() Ba DES ог. Я an: 5% ду 
az 1 таз Wi-y Vies) 


> =t ог, біп”! y+sin-1 x—sin-! 0 
UOTE Rida : 


Or, Sinc(m1—y34y A1—zi)-—sin7! с, со 
“ к/ү—у41+у Јт—хе=< 


and this is the required general solution. 


(8) sec? с tan y dx-rFsec?y tan x 4х=0 
sec? x Sec? 
ог у 
, tang таш У -0 


ог Sec? x 


Sec? > 2 | 
! бапа r+ |0072 ау-с 


- (i) 


нь ferie ја 


[tan z-u (say ) 


Sec? ж dx du) 
mlog u=log tan x 

А ЈЕ Sec? y 
similarly | log tan у, 


2. From (i) we get 
log tan #+108 tan у = log c [o'=1og с] 
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ог, tanztan y-c. 
(іі) mJp2—1dz—y4x2—1 ду=0 


or, log(tan z tan у) =105 с 


ог, сааж Уйу — 
Ма: —1 Jp 
x dx p dy 
ог, TELE Tc 
Jari т -1 i 


Now let x2 —1 =u? 
“ 2xdx—2udu ‘ог, хах=иди 


x dx = [= fdu=u= NITES 


ПУР 

2% ду =a 

similarl у = уз | 
y | му? —1 7 1 


Hence the required general solution is /32 —1= му: —1 TC. 
(iv). p(1+2))dx+x(1+y)dy = 0 
1--х 1+7 1 1 
on а — d= = -dy+dy=0 
y PS ie y dy=0 ог, 522444, у Фау 


Пе fax [Fay + Јар = ог, logz-4-2-4108 уу=с 


or, log (ay) +я+у=с. 
Ex 2. Find the general solutions :— 
б) у(1+х°)4у=х(1+7°)45 [H.S. 1980 ; 1981 1 


(8) mcos?y dx —y cos? x dy=0 
[H S. 1985 ; Join Entrance, 1980] 


422 2 dy = р" 
(ій) sin хл}? y Ін. S. 1987] 
бу) У1-у?ах-у? /1-а dy=0. [H. 5. 1984] 


G) 7@-+х2ау=яа pz 
siy — xdx D: | уйу (гийх 
14-95 1+х° ^Oiey 11457 


Now let 1+7°=и 2. 2pdy—du ог, r=% 


or, 


. [z4- dul 
5 es i^ 9108 = log (14-99) 
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х ах 
1+2? 


3 log(1 +у)=1 log (1--2?)--1 log с [0' == log с] 


similarly | == log(1--x?) 


13 lp t 1 2=¢(1+ 7). 
Гүлі 718 с о, 15456 ог, 1+p?=e( 


(ii) х cos? y dy—y cos? x dg - 0. Or, X cos? y dy=y cos? x dy 


x dr у 
cos? x cos? p 


or, /х sec? xdx— Гу sec? pdy 
ог, » [sec? х а | { ху вес х dz} de 


=y | sec? y dy— [eio [веся У дујау c 


> Хїарж- Г ап x=y tan y— f| 
, Xtan x— f'tan z dx у tan у— 
01, mtan x—log | sec x | 
or, X tan z—y tan p 


dy ог, zsec? x 4ӛк-ер soc? у dy 


DE «ап y dyte 


Stan y ду+с 4 
=p tan p—log | sec y | +e 
—log | sec x | -1о | sec y | +e 
(1) sin x 2 суга 


Or, 


: dy d d 
Or, sin x уз or, -2 dx _ 
dy У “> 7-0 sinz 
1 1 
ог, bh -)% = совес x dx 
: 1 
Ар [ч dy— 5 ду = | cosec х ах 
ог, log Ф—1)—1ор D=log | tan z | +log с’ 
У-1 7 
ог, 108“5---8(6 | tan к [) 
2-1. , E 
or, У =e | tan < | ог, (9 —1)? = сауг tan? 2, 
Gv) Маер теве ОВ 
934 
at dx уау =0 
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dx 1—у°= —1 
ог, ———— = 
' 41-z Шет А 
ах 
ог, — = Ji— 
dx dy 
о = a 
" eats | icy ay 
ог, in tej in tp РАЛЕ РЕНЕ вїп^їў+ С 
2 


or, 2sin-! m4-sin yy V1—p* +0 


Ex. 3. Find the general solutions of 


(0) e" dx-re"-*dp—0. 
Gi) log Z= 3x—5 f Joint Entrance, 1984 ] 
аў yip ГН. 3. 1986 ] 
ах х°+2х—3 

dy „У“ 2+7+1_0 

ах TE srl 


(iii) 


(iv) 
т v 
(i) ез-“4х--е “4-0 | 08 Cast dp co 


ог ea dx - e2?dy —O or, seeds једу =з 


9 29 
Gi) log 4738—59 
ог, Е = or, •З"ах=еоУду 


ог, језгах= /е5%ау+о ог, eet +e. 
ар. 9 -Р-2 
(iii) EF 
d л 4% 
у gaa (x+ 3)(x—1) 


e он yey sal 
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ШЕГЕ ЕН ЕМЕ 
ог, : log T = log т ТЮЕ с 

ог, 4 log 7—3 =3 log кі +108 с 
“м E 

ог, (== =). 
ли 

or _dy x 


H dy = dz Nx. 


1 

бы ry tant Fo T 

САҚ uds dt АЫ, 

PEE 
-і 2» 41 2 
Or, tan-1 UT -1 х+1— 
J3 Ttan-! 4 274776 

- 4. Find the Particular solutions of the following equations © 


~ dy 
(i) dx 72» (when #=0 then yz2) his. 1978] 
К а. p 
(8) tan x b = 1 уг when х=" „_ 
dx (when x 2 >=1) (HS, 1980] 


er а. 
(ii) tan a tan у (when х= Р T 


73] Г BS. 19811 
(v) tan s dy —tan y дх=0 


i => when xz 7 

given ул, 74 [H. 8. 19821 
dy 
~ =p Sez. y=1 wh E 

(0 NALE. "M za [H. 5. 1983] 
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4 dy d 
p 2--2 ay = 
Q % poU ov 2dx 


or, [= EIL or, log у= —25+с. 
when #=0, then у=2. 
The required solution is log y 


log 2=< 
= —2x+log 2 


or, Le or, р-2е-5% 


log 2 — 22 of, 


A dy ^ 
M) t Е 3 
(i) tana. 1+у 


| ог, 1529 - jen xdx of, tan-y— log sin x4-log 6 


1+y 
| Now when == then y-l =. гаа! 1=108 sing +log 6 


[77 log 1-0] 


ьа 


ог, 27198 14-108 € 2. 108 с= 


ќап-1 у=ЮЕ sin xí 
which is the required solution. 


(iii) tan aZ? tan у 
) an 22 any ЁС 
ог, //со4у dy= [cot x dx 


or, cot y dy=cot Х dx 
c=log (c sin х) 


or, log sin y —log sin x +105 
or, біпу-б sin X 
T 
Now when х2 с, then у= 5, 
7 УЗ сд ‘s c= 43 


M А 
sin—=Cc sin— or. 
3 65. 12) 


sin y= V3 sin x. which is the required solution. 


(iv) tan X dy —tan y dx=0 
By (iii) above, sin p=c sin T. is the general solution of the 


equation. 
л 2541 
Now у=» when х=7 
3 sinf-csin? 9, tee te = 
4 J2 or, € 42 


Hence the required solution is у= 4/2 sin ®, 


28 


DIFFEBENTIAL EQUATIONS 


dy _, 
(у) di, у sec x 


dy _ Фу. 4 
= = ес x dx ог, |== |ѕес х dx 
то, yu 80 је | 


» ` log у log (sec x--tan 2) +108 c—logíc(sec x-+tan z)) 
от, p=c¢(sec x+tan х). 
Now у= 1 when DIA 


=e( sec Gttan Ч seit 


- (4, JE M36, к. ё--7р 


So, the required Solution is у= NS %-Мап д) 
Or ,/Эр--зес x-+tan x. 


Ex, 5. Find the particular solutions 


) d».355341 
1 
шыты 4ye2 071 when ке) C H.S. 1980 ] 


s od = 2 
(4) ae 598 y= o ад х=1) [ Н. 5. 1985] 
Gi) (1x2) 4 272» (9-1, when 1=2) [E.S 1981] 
(v) log 4 аж =4=- 27 2; given y= 1 when х=1 
: [ H. S. 1983 J 
б) (Dy dy (y? +1) едр ; given y 0 when х=0 
3 "d S. 1987 1 
(vi) а?у FOLE 0; given ya, when д.0. 
[ Н. S. 1988 ] 


F а : 
(18) "вео j given Уп, when о а, H. S. 1988 ] 
у dy 3x241 
9 a 4+2 9^ Opa. 


or, Ј (30°  D)dx— f (4y 4-29 j 


(4у+ 2)dy 


Or, д8 +5 2y? 4-2y +6. 


1 
eor, ({+у%)7=с'® — 9 
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Now y=1 when x=]. 
1412242406 ~ <--?2 


z$-4x22y!42y-2 js the required solution. 
@ мм 
уа ах 2 
or, EAF [2 ог, } log (1+2) =105 #+108 с” 


log (1+ уз)? =108 (ск) 
1+у =? [ с'®=о1 


Now when x=1, then p=0. 
1=с.1 or, cel 
12 1+у? = 2 


Già (- 2-2) 


ог, х? —у?=1 is the required solution. 


d; dx 4 х 
ог, is ог, 12-12 
He log € 


or ilogy— ую |52 


or, log у=108 ae еке} ү 155) 


у= 


с ДЕНІ 


Now yz 1, when 2,5 


- : %+1) is the required solution 
315—1 


Gv) log 4 a 24x-2y-2 
d Зи 
ог, dear = а“ 
ог, БЕРЕДІ?) ог, је аи= уез(у+1)0у 
; e^ erus ог, е4*=2е3(%+1) 46: 
4 2 4 
Now yal whe 


or, 


n =}, 
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2. е%=2е%+с ог, с=—е“. 
e4*=2¢7(¥+")—e* is the required solution. 
(у) (62+ 1)уйу= (у? +1) e*dx 
x z 
"Pr а, reapse, 
or, log(e*-r1)—3 log(y? --1)--log с 
[e*+1=u ог. еах=ау and у“ +1=>" or, уду= 


or, log? 


ог, NN I[(c? —c 

ог, (+1)? —c(y? +1). 

Now when х--0, then у=0 

(14-17 -56(1)8 pe ео] 

€24. 

(е® +1)? z4(y? +1) is the required solution, 


(vi) aty у 2+ bx=0 


OT, 


D 


Or, aty dy+b%x dx ~ 


ауз 635 о 
Е 5 9n шахан 


Now b = 
yz J? when x =_9_ 
a2b? фғдз 
2 m2 =o or, тара 


So, азу%-ђехе— аЬ? 


x y? 
or, aibi is the required solution, 


(m 7 Z іше 


ог, »d»cn'zdx-Q0 or, 


y* Таз! 6 
ог, zt 2 S3 


НТ I хш г 


1%1 


[азу dy+ [ъз ах 


"+l лов 0+1 on © el gap 


6 
2 
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or, у? +122° гс. Now given that у=и when х=а 
2. goma. н 
У т =u? + n2a? is the required solution. 
Ex-6. 6. Solve? 
(i) A (x-+y)?, given that у=1 when ==0 
[ Joint Entrance, 1978 ; Н5. 384 ] 


(8) («жуса [ Joint Entrance, :980 1 


(iii) (9): =1 [ Joint Entrance, 1 83] 


(iv) 9 = Jy—x [ H. S. 78 ; Joint Entrance, 79,281 1 


dy dz or, dy dz ү 


132674 йх dx 
d lez ог, Zait 
dana dee x 
or, es ог, іне = |4х 


or, tan ја=х + 6 


-(х+=х+её and this is the general solution. 


or, tan 
Now x=0, when ус! 
қа кап“ (e+) = х 


1а0-11 80-86 от, =: 


п 
ог, x+y=tan(x +3) 


4 ду. dz dp. d 
Gi) Let x+9=? 1 “баг! ог, a= 1 
dz рд ага? Ad. zi 
: « -1) =a? 07, a == 

9 9.-42 
7 2282 ав or, Z Ха ей ҮҮР 
22-ға 
42 
ог, уе- ата dx 


2 
ог, а a 
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ог, x+y—da tan” 


4 ы 
a 


ог, у=а tani (832) +c. 


(iii) Let x—y=z ХИ 1-9-0 

ог, ana 

. 23 (! 24 =1 or, -& == 

A Em 

or, £2 max or, ЇЇЕ 5 1 as [as 


ог, |42+ = Гая ог, 2+1 log | 1 | =x+6 


ог, @—y+1 log | Жый) 


х-уі1| Fte 

о, уш11о!®-У—1|[ 

Яр: уфт | + 
(iv) Let y zs 

Em 22 dz ду. 42 

а. x ОГ ах 1+22 a 

dz 
1+22 == = 2 d: T. 242 "m 
dx ог, 117 шг 1 or, 25 заг 

ог,:22(42::1:51 5 

ја /4х ог, 2Sde+| Z = fds 
ог, 22+2 log (2—1)=х фс 
о; 24y—x-2 logi Му=а — Пете 
Ex, 7. Solve е 
dp 

— =sin 
(i) 2s (х+у) Қарт 
a dy 2 

=-=tan? (x+ 
d) 2, » 


ІН. S. 288) 
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сео 7 
@ „= (x+y) +сов (x+y) [ Joint Entrance, '88 | 
dy. dz 
Let х+у=2 2 2y 55 dy dz 
ii dca EE а 


zc жу I M dz _ 44g 
5180) a 1--біп 2 ог, тығып 
1—sinz 1—sin z 
Ree +... = пр с- dzz 
” (1-квіп z)(1—sin 2) Уа co | 4206 
or, Гас? zdz— /вес z tan z dz=x-+c 


or tan z—sec z=x+¢ 
tan (x+y)—sec (x+y) = xc 


(8) 27 1-tan* z or, d =1+tan? z=sec? 2 


ог, cos? zdz=dx ог, $/(1 +008 22) dz= f dx 
Цэг 2)-хас or, 3(x+y)+} sin 2(х+у)=х+' 


i (y-x)risin 2(х--У)тс or, sin2 (x) 20 —23)—9. 


(ін) 221 =sin 240082 

dx 

d : ои: Жейед 
тізіп z+cos 2 ог, согар x 


2$ dz 
Deir =dx ог 3560 y 07. gy 
97, Zoos 2-2 sing cos 2 ЖЕБЕНІ 
dv 
Or, | сын [4х 
[ 1+tan =» (say) 1 есс25 dz=dv, | 


i+tan 1. 


or, log 2 


ог, log v=x+log С 


+ 
ог, 1-Мап Е) = се". 


Ех. 8. Solve: 


б) хэрэ (8.5. 1981] | 


D. E.—3 


34. 


DIFFERENTIAL EQUATIONS 


Gi) D lets [Joint Entrance, 19861 


Gii) £ = 1 етеу when exc y2 


ЇН. S. 1986 ] 
(D Let x—yzz 
б dy а? dy , dz 
AS de k 200 dy, ^ 4% 
= Se OE ee gk 
г. 1 е+1 or, 2-6 
ог, —e-* dz=dx ог, — fe-* dz= Гах 
ог, е"“-д-с ог, е-(5-9)-х-0 
or, ез-“шх-с 
а) Let уни 1 1-24 
алтауы. _dz 5 4: 
ог, пе ads АО У ie 
4 _ : 4: e-*d 
+ ыы гж T oap 
\ 52 Е 
Let 2655-4151 7. —2e-*dz=du ог, е-е = — Ч 
2 
—du. l fdu 
“тада or, -4| fax 


» ~tlogu=x+o or, 


ig log (2e-* -1)-х-а 
ог, log Qe *—1)— 


-2х--26 
Жанна ог, (2e-*— pee. д 
=€ ог, 2209) =, 


(1) Let 2x— yug 


or, (2ev-* — p)ees 


мо 2-42 2 dy o) й 
dx dx dx 4х 
dz . 2 dz 
. 2 dx 1+e% ог у let 
d 
ог, itd: ог, == — 2 = dx 
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du _ = 
or, wo {u=e-*—1 (say) 2. e-*dz- — йи] 
ог, —log u=x—log с or, log^-—x 
T с 


и = - 
or -=е® ог, e 8-01--06-5 ог, e*"-?*—]1zce-* 


ог, e'"—-e*-c | Multiplying both sides Бу e?* ] 
Now х=у=2 еЗ —е4= се? 2, c-1-e? 
5. Required solution is e" —e3* =(1—е%)је“ 


Ex, 9. Solves 


(8 +y2)dx —2xy dy=0 
[ given у-0 when х=1] (Н.8, 1982) 
Gi) (ху) dy—xpdx=0 ; x=0, y=! 

[H.S. 1985 ; Joint Entrance, 1979] 


ау.” ду 
Aem — 


Let y= RT 
t porx dx 


G) (x +y2)dx—2xydy=0 


gp ЧУ ха суа 
"а 11227 
ду хау 1497 ог Ф 1+ je 
3» 327502) 729 2у 


М; pe 
or, —log(i—v?)-1o8 x—logc 
or, log (1 — У“) +108 x—loge 01, 105101 — У). х} =log c 
2 
ог, (L-v3).x=6 or, (1-25)==о 
от, 52—у =x. Now у=0 whcnx—l, 2, 6-1 


gi-y2-x. is the required solution. 
a 89. xy ог р ais У 
@ Л т” c dx ®ї+ү*х* Ту 


DIFFERENTIAL EQUATIONS 


Фа v NS lt дү бх 0 
ei dx 1-3 VIV үз 
o, (te Tv, =log o 
1-1 = 
or, -—.. —+log v+log x—log c 
anys 
or, lg =” о Ё 25 
ы с ә.” с 2y* 
292% 
ог, р= се 2)" when х=0, then p=1 
„3 
1=с у--езу XN 
Ex. 10. Solves 
de NN [H.S. 1980] 
(iii) (z* -xy)dy = (xy 4-y2)dx ІН5. 19861 
09) *@—y)dy+y*dz=0 [ Joint Entrance, 1985 } 
Let У--үх дә I dy 
° dx YARIS 


i dy 
3 4-y)2 zx. 
0 азу ыы 2 


dy x—2y 4 
0; = У.Х-2үх 1--2у 
dx zy or, EL Ex" D 
ду. 1-2у 1--Зу--уз 
ын. T II © мда 
, "ara 1--у Iv 4 Taye 2 
dx = 88 
o, f «+ fice 30—594 
dx -3- шоог 
ог, М» ТО = — —dvzg 
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or, 


ог, 


I —3—2» dv = 
Чи: = а 1-30-76. 


dx Е 60.22: 
[2+3 2 n 


where 1— 3y -7°=z .. (—3-2»)dv-ds. 


Or, 


ог’ 


[+ а а 
N13 


1 a m з 


log ga Do 
у13 ЛЕ 
2 7 + 3 
3 


. v+34+—-—— 
y,3— 13 ( 
1 1 eem) 


log x+log (1—3v—v*)* — 27513 log rau 
ESQ 


log æ+} logz—i. 


Зу уы 1 2у+(3— СІ Ә) _„ 

log х +105 (i-3-2y- ZJ Б 25 G4- 13 
z?—3xy уз) _ 2у-(3- 13. , 

log z--log Gr YE 2 E 108 2; E (34- J13)x 


3.1 pe 2226-4122, 
21% (x2 —3xy—y?)— 2413 68 2у+(3+ /13)® 


(22 4-y)dy— (x—2y)dx 
dy. x—2y 
ах 2х+у 
P 4 1—2v 1—4s— 2 
ду x—2vx, 1-29 шиг —À 
ау” 2a ох = о, Ads (249 | (Bee 
1((4+22) до , (dx 
сс јр“ ве 


(2+0)dv NON хү? 
72--49- 1 bj 


4 log (v? 4-4v —1)-rlog &=108 с 


3 Ay Tye 3 
108 (2-1 жело с 


(у ара = 9% у“ фазу - ame, 
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... dy XP у? 
64) dx x^—zy 
45 x?*v-Ex?o*? y+ 73 | dy _v+v?2 2v? 
X = =—- = - 
БЕРЕ dx az?—x'v 1-0 "dx 71-9 1-7 


, -1-108 v—21logz-logc 


y 
la xy 2°. x 
or, — log = log 
ог, -5=108 z 55 = dm or, ху-се s 
Gv) a(x—y)dycy*dxz—0 
crc D 

or, dx xa е 

do p_e de № 
MUTA = ~ 5231-4220 
2 “dy т uc 1 
ог, Бат =0 ог, =a +®—о 

йх_ 2—1, - 

ог, el |w or, log #=9—102: 2 +108 c 

23 
ог, 108-2--0 97, log 83 

v ! 
ог, z= ей бг, yace: 

Ех- 11. Solve: 
@ dy _x+y+1 
dx 3x+3yf1 [ H. S, 1978 1 

.. ду х—у+1 
Gv) аху 43 [H.S, 1985 1 
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dy, х+у\ 
б) х 57у +3 ГН. 5. 1987 1 
шиг 
wi) %- x+y- 
(i) Let x+y=z 
. dy dz dy dz 
5. 1+--== 7-2 
4755 ЯА ЛЭГ 
а 2+1 4:_ 241... 422 
2- -- 1= 
ах 32 +1 0, 4х 5+1 324-1 
32 +1 P: ЈЕ 
о, 22 242 ах т, E Z + 14; = ах 
з (:43-1:5 ч) TES 
or, af тї dz- f dx ог, dz— а = Гах 
ог, $(x-Fy) - & log (z-F3) 9x 
or, 6(x+y)—log (х+у+1)=8х+80° 
ог, бу—2х=105 (сх4+2у +1)+ 8 — log 2 
or, бу—2==108(2х+27+1+6 
Gi) (ба +ду — Dix (22 +3у — 6 
dy _62+9у—7 
ог, jx 2х+3У-—6 
. dy _dz dy 1(42 
Let 20+ 3y=2 48 243%%7йх ог, ay MS -2) 
| um 
1(dz A mii Of, dz = 
(88-29. 67 оча ао 
Ж 112—33 (£73 
и је ag ТЕ 
, х 255 
2—3—34.— 
о, 2—6 4:=114х ог, "LE eis 
2-3 
ог, 2- 25 tog (2243) 7 115 #0 
—3)+с 
Or 2x4 3y— 1572 108 (2Х+37 3t 
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or, 3y—9x=3 log (2z--3y — 3)--c 
ог, Y—3x =108(2х+3у—3)- 4. 
(8) (23-2у--5)4у-4(х-р-- 3)dx 


ог, Я 2.:5-7+3_ 
ах 2х—2у+5 


5 dy dz “ау 42 
іш-р- 4 > Я 
а д dx ах ог, dx dx 
1-2: 22+3 ai 42 1 _ 2-3 —2+2 
dz 22+5 79 dz 22-55 22+5 
2244 | 
eds T, JEH 2+2 нае 7а 


от, 22+108(2+2)=х +e 
, 2Х-2у- log (x—y-2)—x4-c 
» *—2y+log(x—y +2)<c, 


ЧУ) 16рх-у-2 2. 1-Ф.% dy , dz 
dx dx 9^ dx а 
ҚТ ыл лақ ce Vet 
dz 2х—2у+3 ? dx 2243 
dz 2+1 2 ; 
on “ay Zt] 24 22+3 
! dx 22+3 2243 о, 242 42:54х 


22+4—1 
о. аЛа fas 
: 22—log (2-2) ис ог, 


205—5) - logi — y 4-2) = xc 
—29—log(x — y 4-2) фе, 


(0 Let xty=z 0, 140d or 99.0: 
dx dx 9^ dx d 
dy __Б+у d. 
Now = Oran = а 
dx 2x4: +2у+3 ах 2243 


dz 2 % 3 3/2 + 
овоо s IS 1 
dx 2+3+ 22+3 EC 
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ог, = 8+ ах _ ог, Шама, ах 


а, size ог, 32+ 008(2+1) =х ње! 
от, 22+log(z+1)=3x+e 


ог, 2х--2у--оғ(5--У--1)-3х-е 
2у—х+1о8(х+у+1)=с. 


ог, 
"PE 

dx х+у— x+y—2 

4 а 

Let x+y=z Ж 1,2-4: ог, D 
SRL 412222 d$ (72 ,1202-2 

dx ^ z—2,9h dx 2-2 2—2 

2—2 z—2\ ,.— 
or, 22 dz=dx оп, о, 1 2-3) е ах 


1 1 E: 
or, (ҮШІ oc 
ог, 42-3 log(z— ђ= dt ог, 2— —log(z—1)—2x-4c 
or, x+y- оку 1) 22-6 ог, y—x-log(z-4y— 1) 46, 
Ex. 12. Solve: 
0) ух tan e) ` (HS. 1981 ; 1983] 


(ii) be cos ge cos(2) dy * — [Joint Entrance, 1987 | 


(iii) а +) dx-+ev( 1—2)dy=0 
dy Y y 
о 4% co 0) 


m dy e 620) 
Let у=у2 ve Ty да? 


ду. 
5 222 Еа у Let я јр у 


(i) х =у+х tan (2) 


42 DIPFERENTIAL EQUATIONS 
or, fcotv w= [& ; ог, log sin v 2log Ж-105 c 
ог, 1ов (sin 2) =108 (сх) Or, sin 2 =сх. 
Gi) be» cos 6) jas => со ду 


2257 сов eiu eos | 


ЈЕ и 
x | 
х сов(2) сов Q) 

dy dy 

Let у= 2. о вуфхе 

Let yevx dx ba 

5 y-p xd? =! ФУ cos у ёт gd" _ 1 У cosy | Ae 
dx cos y "ах COS y cos у 


ог, созу dv=? or, Joos » dy -f2 
or, sin v—log дс or, sin(7) = log х-ке. 
Gii) (1465) dete (1-3 )ay o 
y 


o, ё "6-3 


ay 1+еў 
Let xayy or, Fy =F. (y) or, 25 y+ yf? 
dv | e*(1—y) Ч dy 
vty 4° Uv) _ ду | e"—ev 
dy THe” or, УЛУК Сүз +»=0 
ду кезу 
or рт 1+е° 
др 1+er 0 ог, [кеек (o 


‚ log +e") ов у log с [ - Фо еуі +е | 


ог, log (v e?)p—log c or, (а) 

8 y P 

ог, &+yev=e. 

Notes Try to understand why we have put Бечу in this 
sum, қ 


DIFFERENTIAL EQUATIONS OF THE FIRST ORDER & OF FIRST DEGREE 43 
Ex. 13. Solve: р 
4у - hol = 
x +2у= ,1--х5 given у=1, when z—1. 


dx 
[Joint Entrance 1978] 


dy 

“2 +2у= Ni+o2 

22 2 ЕКЕ 

ог хэ сахуу Jit L Multiplying both sides by x ] 


or, 2 (утере 

ог, d(x*y)=* Јї+х° dx 

or, Јасзр=/х Јуре dr ( 
= Уа dx where 1-45 ви 
2x dx=du. 

ог, (2-1 и#+о 


ог, zey- X125 +e 
Now when x = 1, then у=1. 


23 
=“ +6 
1 3 ар 


mE 


3 
So the required solution is 
3 
3x*y - (1-x*)5 3— 2 42. 


dy _2x+9y—20 
dx 6x+2y—10° 


Let z— x' +h, yep +k, s. ах=ах’, ду= ау 
ду _ 202 +) +90 +k) —20 
dx 6(x' +h)+2(y' +k) - 10 


2a +9 + (2h+9k —20) 
6х --2у + (6h --2k — 10) 


14. Solve $ 
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Б-2 
Now if 2h--9k —20 = 0 and 61+2% — 10=0, then /,—1 and 2 
and for these values of Л and К, the equation takes the form, 

dy’ 2x +9у. 

dx' 6x'pzy 


SEM ушр w= Tz 4». 
p: rea рэ-219 е, 12:28:25, 
от, 0ана =o 


or, integrating both sides 
or, 2 log (»—2)—log (27 +1) 4-log x'-log e 


2 


ог, log в 6 ог, x'(v—2)2 =c(2v+1) 


Or x’ (7-2) easi) or, Q/ —2x')? = обе 4.2!) 


ог, ()- 2)-2(x— 1)? =<(х— 1)--2(у -2)] 
or, (y—2x) =с(х-2у— 5). 


Ex. 15. Find the general Solution of 


@) (z-Fy)(dx—dy)— dy +dy 


ii х dy—y dx 
(Ш) хах+уау+ EG 


the following equations. 


2 [ H. $. 1986 1 
Gi) ds—dy+y ду а дуд 
бу) p dxtx у= xy(dy —qx) 
0) (x--y)dx —dy)s dx +а у 

ог, (@+p)(ds—dy)=d(a+y) 


[ н. S. 1979 1 
[ Joint Entrance 1983 ] 
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dx- ау- 830, ог, x—y=log (х+у) – 105 с. 
[ Integrating 1 


+ 
ог, x—y=log x = 


TEY wer, or, sty=ce* . 


or, 
с 
А кау—уах _) 
(1) хах+уду+ же Ер = 
æ dy—y ах 42) 
4 4 + ys \x 
OF x+y ау а =— а 
, X y x Ty 1e py 
x? х 
42 
>. 
огд 4х--у dy+ = =, 
рез 


2 2 с 
= Ernte 


or ха фу! +2 tan =c 


and this is the required general solution. 


Gii) dæ—dy +9 dz--x dy=0 

or, dx—dy+d(ay)=0 

ог, X—y +ху=© 

and this is the required general solution. 
(iv) У ах 4у--ху(ду —dx) 

or, d(ny)mxy(dp —dx) 


( integrating ) 


Фо»). дух 
ху 


|409 лају ја» 
zy 


or log (xy)2 —* t€ 
and this is the required general solution. 
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Ex, 16. (i) Find theequation of the curvein which the portion of 
the tangent included between the- co-ordinate axes is bísected at the 
point of contact. [ Joint Entrance 1980 ] 

(i) A curve passes through the potnt (5, 3)and atany point 
(x, у) on it, the product of its Slope and the ordinate is equal to 
the abscissa, Find the equation of the curve and identify it, 

| Joint Entrance 1983 1 

(11) Prove that the equation of a curve whose slope at any 


point (x, y) is (- Ху ) and which passes through the point (2, 1) 


is x? 4-2xy— 8, [ Joint Entrance 1982 ] 


(v) Find the equation to the curve through (1,0) for which the 
slope at any point (x ) is хау? я 
ор ур › У. 72ху - 


G) Let the tangent at апу point (x, y) of the curve intersect 
axes of co-ordinates at the Points A (<, 0) and В (0, в). Then 
the middle point of АВ is Е B 


» 2. By question 375, беу. 


the 


Or, «z2x в=2у, 
Now the gradient of the tangent AB is 
0-8 < 


= _2у—_у 
«-0 B 2 à 


Again the gradient of the tangent at the point (ғ, p) is dy 


dy 

Im -3 ог, хау--у4х-0 ог, d(xy)=0, 
Xy c* (integratin 
it represents a rectangular 


(ii) The 


. 


8) which is the equation of the curve and 
hyperbola, 


Slope of a curve at any point (х, y) of it is dy 


4 а)” 
So, by question PX =х 


or, xdxeydy | ог hore 
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The curve passes through the point (5. 3) 
E 5 = ос ‚. 6=8. 


So, d equation of the curve is 


Я +8 ог x2—yi-16. 


(iii) Тһе gradient of a curve at any point (2, p) of it is = 
x 


So, by question 7 2 2-72) 


or, хйу= —zdx— ydx 
or, хйу+уйх= —xdx 
or, d(xy)e —xdx 


2 
or, x= -5 +c (Integrating) 
| The curve passes through the point (2, 1) 


| 2. 21=—@+с ог, с=4 
| ^. The equation of the curve is 


= +4 ог, х%--2ху-8 


(iv) The gradient ofa curveat any point of it is ау 
22 dp X +9? 

So by question 929 2xy | 
Hence the equation of the curve is 
| ха узек. [Sec Bx. 90)1 

вх. 17. A ball ofice melts, The rate at which ice melts is 
proportional to the amount of ice at the instant. If half the quantit 
of ice melts in 30 minutes, show that after 90 minutes zu "s 
initial, the amount of ice left is 3th of the original. 

: х [ State Council УУ, Bengal 1987 | 
| Letat any time # minutes after the initial 2 denote the amount 
| of ice at that instant. 

Let V denote the original volume of ice. 
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ow — denotes the rate of melting. 
X dt Ч : 


i zd de. kv 
So, by question. ecu ог 


dv 


or, — — —kdt or, log v= —kt+log o [Integrating] 
2 


z У ase-ckt 
== = I, -=е 
ог, log kt Or, Я 
att=0, v=V 
50 Ж ог, с= У, 
с 


olet 
By question when г = 30, then үшір 
1 
UM OI; “80808 11 
[4 


So, when 1—90, 


joe (cime (уш 


y-iV. 
So 90 minutes after the initial 


the amount of ice is }th of the 
original, 


Exercise—2 


Find the general solutions of the followin gidifferential equations : 


dy x-l dp аза 

VETE 2 ЕРЕ х+1 

d» у+1 dx а 
8. ædw-y dp=0. 4. 3 


> 4х—х dye ху ах. 
47) = ах _ У др 
5. (0) ану. в © тера 0. 
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dy. xd») 

dx уа+х) 

9, sec? x tan? ydx-rsec? y tan? xdy=0, 


10. xJ1—y? dxcyV1-xidyz0 


7. dr+rtangde=0. 8. 


11. а2()--1) ау? (х—1)4у=0 
12, m сову dx—y cos?x dy - 0. 

13. (z?—yx?) dy-- (у? + zy?)dx— 0. 

14. х (х dx+y dy) +2@ 4у-у dx) =0. 

15. A curve y — f(x) is such that Z se" If y=6 when х-0, | 


then find Да). 
16, Prove that a particular solution of the equation 


фын О. ган 
Ja TEE = 44%. 


17. Prove that thefoci of the curve through the point (2, 4/3) 
having differential equation (1 --)%)4х--ар dy =0 are ($ 42, 0). 


18. If y=p when x=0, then find the particular solution of 
the equation cosy ах +(1+2е7°) sin у dy=0. 
Find .the general solutions of the following differential 


equations :— 


dy s 2 dy.. 
19, 2778 (x+y) 0. ae 


=cos (E—y) 
dy (р ду 

21. dx Ф x). 22. Th =$ ес (x+y) 
dy etu 

23. — +1=е 24, соз-1 (2: E. 
dx i dx) t 


dy .. 
ий хасаг цас а, a7. узя 


ду 

28, — = ау 8 v 

i, mt bye). 29. de -% 30, (ш? +03) dam ay dy. 
D. E,.—4 


31. 


33. 
34. 


35. 


38. 


40. 


42. 
43. 


44. 
45. 
46. 


47. 


49, 
50. 
51, 
52. 


53. 


54, 
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dy дүн 32, dy 2у-х 
Es y. 


dx ey" 
ay? dy = (X5 +y2)dx, 
X!y dx—(x* --y3)dy — 0, 


Wy _З=+2у 46 dy_ylx—2y) зт. d yx) 
dx 2z—3y ` dx zx(x—3y) dx m(y—x) 


P'dx*(xX*-exydy—0, 39, 1+2 шен, 


dy _ 2х—у+1 1 Чу 4в-5у 53 
dx х—2у+1' ын dx 5х—бу+% 
(62—5y --4)dy +(у—2х41ја: x0, 

dy | 6x—2y—7 

dx Зх—уфа 


(x 4y--3)dy = (су + +1)45 [ C. U. 1963 ] 
(2—3)-Fdy--Cy — 53d =, 

(HEP Ddz- Qx4.2y ао 

dy _6ш—4у+3 dy хэрэ 

dx 3x-2yxp 25. ах ИТ 

dy. Зх +Ар +5 
dx 455946 


4 
+ =0 and 1= =], when із0 


[ Капа L аге constants ] 
ғр +2p=2A, 


dy E41 
dx ут [==1 when y— 1 ] 
dy x! рац 


dx утарар [3-0 when уго, | 


Sec? x tan y dx -- seg? ytan x dy =Q 


ag шет 
[p= g When «= 5 


dy уау ы r 


35. ан x4 xd 8- Гоње у= 
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56, x*(y—Ydx-y*(z—1)dy-0 
[ when 2—2, then y—2] 


dy_ 3x? +2 
57. Show that if 2-2 ау. = and y—1, when x—1, then 


3log +7 +7 3) = 4 tan? -11 


58. Show that the solution of the equation p?dx +(x" --xy)dy —0 
(y==1 when х=2) is 2xy* =-+2у. 
59. Show that the curve for which the normal at every point 
passes through a fixed point is 8 circle. 


60. A curve passes through the origin and the gradientat any 


point (x, p) is 1-5, Find the equation of the curve and also the 


area included by the curve, the x-axis and the ordinates x=1 and 


8--2, 


CHAPTER THREE 


LINEAR SECOND ORDER DIFFERENTIAL EQUATIONS 
WITH CONSTANT С OEFFICIENTS 4 
531. In this chapter we shall discuss about the general ЭЭ 
particular solutions Of second order differential equations of the 
" d i are 
form ГУ +PZ +P.y=0 where the coefficients Pi, usi " 
constants, Аз the highest order differential БОХ 
Present in this equation is of the Second order, so it is d 
equation of the second Order. Since the highest power of t 
highest order derivative 42) 


dz; іп the equation is one, so {Ве equation 
x 


is of the first degree, Note that in this from T isalso in the first 


degree. Befere we Proceed to discuss the method of solutions 
of these equations we must learn the Theorem discussed in the 
| next section, 


5 32. Theorem В Ку=ј (x) and y— f, 


linear differerential equation of thesecond о 


dx? 
+р59=0 {p,, Ро constants) then V=Cy Л, (x) +e, f(x) where c; 
and c, are two arbitrary constants is also a solution of the equation. 
Proof, Ле y= 


Р(х) and F—f.(X) be two solutions of the 
differential equation 


(x) be two solutions ofa 


2 dy 
rderoftheform a Ра 


d?; dy 
Ta P135, FP:y—0--(1) 


As f, (х) ів a solution of the equation -0) 
2 
сұ ІлӨ арузро...) 
з а 
Now, lef +P Е (5) 


meg Gre E ego) tp (ay 
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= а) лел +p, 2. {Л (0Ю}-Ер {7 (а) 

=¢,.0 [ by(2)} 

=0, 

So, y=c,f;(a) is a solution of the equation — (1) 

Symilarly у=еоја (а) is also a solution of the equation — (1) 
Now let у:=с,/(Х) "еј (9. 


С әз 47:7 
= ел9 +9, ЙЛ (x) + с„/»(®)] 


раје, Ј (8) +о Со) 
= а алб) SG 7.8) 


а 
руй, tefie y lef 
ES VA + Palesfs (X) 
3 4 
== fe fA P1 ту {e ћу С] +P Л @) 
2 d 
+@ je, fs pig ка CO pfo) 
=0+0=0 
[ As efi (x) and с» f(x) are solutions of the equation — (1). ] 
‚ Hence с. Од +270) is a solution of given differential 
equation — (1) 
Note. In $14 we have already proved the theorem for the 
d*y 


5 dy 3 
equation En su t0 -0 taking f, (х) = e** and f, (x) e*". 


$3.3. General soiution of a linear differential equation of the 
second order, 


43) |р 
Let qo Pig PP =O) 


CHAPTER THREE 


LINEAR SECOND ORDER DIFFERENTIAL EQUATIONS 


WITH CONSTANT COEFFICIENTS 
631. In this chapter we shall 


discuss about the general and 
particular solutions of Second order 
< 


differential equations of. the 
8, A d 
form Фу +PZ + р,у=0 where 


1 : ient 

constants, As (ће highest Order differential | coefhücie 3 
БОЁ 

Present in this equation is of the second order, so it is к 
equation of the second Order. Since the highest power of t 


the coefficients Py, Ра are 


1 2». . 4 * + 
highest order derivative 43 10 the equation 15 one, so the equation 


is of the first degree, Note that in this from 2 isalso in the first 
degree. Befero we proceed to 
of these equations ұу 


next section, 


discuss th 


9 method of solutions 
9 must learn the Th 


corem discussed in the 
$ 32. Theorem у 


—f1(x) and у=, (х) be two Solutions ofa 


d'y 2 DA 
Оп of thesecond Order ofthe form ae +P} dx 
TP39— 0 (p,, Po 


constants) then у=с f, 
and c, are two arbitrary constants is also a 


Proof, Let P—fi(x) and =, (>), b 
differential equation 


(0 +ез/,(х) where ei 
Solution of the equation. 
© two solutions of the 
ay | „ду 2505. 

ах "Рад, ТР:У--0 (1) 

As 7, (х) is a solution of the equation — 


(1) 
201277 


af C pity... cy 


Now, BSD цол, lef, (8) 


ee АЛ), ол) 
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[лр ЭТЭ 


=<1.0 [by (2) } 

=0. 

So, у =<)71 (в) is a solution of the equation — (1) 

Symilarly у =6,/,(=) is also a solution of the equation — (1) 


Now let у=е, [1 (7) tesfs(x). 


dy 


E 
ағу, ЖР; +2: у 


dxà 


= Lilt PAO Не (2 И +7, Пећ (x) + caf aE] 
+рајо, fi) es f G2) 


ales) (ЛА) 


АСТАРҒА ДО) 
ДЖО АСТОН 


ОН адсл С) Ра Л) 
+E loh {eaS а) +P2fo@) 


=0+0=0 
Г Аз ef, (2) and csfo(x) are solutions of the-equation — (1). ] 
|. Hence сло) феб) is а solution of given differential 
equation — (1) 
Note. In $1'4 we have already proved the theorem for the 


equation 2-599 +. 6y—0 taking f. ва 
dz: "dx E Л)  e** and у(х) ез". 


$33. General вош оп of a linear differential equation of the 
second order, 


43 dy 
Let фра Ра НРзр=0--.(1) 
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be a given differential equation, 

Let y—6"* be a solution of the equation. 

Asy=e™, e, те" апа E =m?" ет” 

So from equation-(1) we get: 

тета | p mene росе" 0, : 

or, т?--р,т-Ер„=0...(2) [77 ете 50] 

This equation-(2) is called the Auxiliary equation of the 
equation — (1). 

The €quation-(2) is а quadratic equation in т and so will give 
two and only two values of m. Now three cases may arise. 
The roots of the €quation-(2) may be 

(i) Teal and distinct 

(i) real and equal. 

(iii) Imaginary. 

Lot us discuss these cases one by one, 

() Let «and 8 (хэр) be the 


two real roots of equation-(2). 50 
р=е^® ang у=еб® Г 


are two solutions of the equation, 


Hence Pe, en с „бк is also а solution of the equation 


[ See $372] 

Now tha Solution poe 

arbitrary Constants, 
the equation, 


Кети c, ебх Contains two independent 
Hence this Solution is the Beneral solution of 


(il) Let the roots of the auxiliary equation- 
and be 4, 4, So by the theore 
where c, and с, are two arbi 
the equation, But these const, 


(2) be real and equal 
+ «х xx 

m proved in 832, шСіе "4-040 t 

trary constants isalsoa solution O 


ants o, and с, are not independent a$ 
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1 ete, е“Х can be written as (e; сэ) eV =се“®. So the solu- 


tion pc, e+e, e* is not the general solution of the equation. 

In this case the general solution will be у=(с1 + c.) е where 
су and с, are two arbitrary constants, That in this case 
у=(су+ с» X) е is the general solution of the equation will be 

proved in the next section. 

(iii) Finally let the roots of the auxiliary equation be imaginary 
and be «ДЫР. 

| We know that imaginary rocts of quadratic equations with real 
coefficients occur in conjugate pairs ] 


In this case p= с cos Вз and у= sin Bx will Бе two solu- 


tions and the general solution will be у= (А cos 62+B sin Вх) 
where A and B are two arbitrary constants. But its proof is beyond 
our sclope we shall verify it by examples in the Examples set 3. 
Note 1. Theauxiliary equation of a given second order differ- 
ential equaticn can be written atonce by putting m°, т and 1 for 


ре: Ры 4 : K and y respectively. The students are advised to verify it. 
x 


2. The symbols D and D? are frequently used to denote the 


d d? д : 
operators 2- and s respectively. They are called symbolic opera- 


tors, In higher classes you shell find that use of symbolic operators 
are very much helpful. 

Let us once again consider the differential equation 

dày , y, d» 

Get Pag, РАР 00) 


d? 
As D?="_., so D? _ Фр 
ахі 7 is d 2-40) aii 


ә 80 D= T 4 0-2 
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So (D? +p,D +P2)9=D9+p,Dy+p,9 
d? dy 
“да PEE. 


Hence €quation-(1) сап ђе Written as (D2 +P,D+p,)y=0...(2). 


Yo can atonce see that putting D=m, in D?+p,D+p,=0 
equation-(2) we get the equation тї +pım+p?=0 which is the 
auxiliarly equation of the giv j 


dx * Poy = 0 bereal and equal, then the 
x ? 

Seneral solution of the equati 
are the equal roots and с, and 


Proof: We have se 
differential equation 


on is У = (с, +¢,x) e** where «, « 
са are two arbitrary constants, 
en in $33 that the auxiliary equation of the 


d?y dy { 
аз Piu +р,р 70--.-(1) is 


m™+Pim+p, =)... (2) 
It is given that th 


e roots of the €quation-( 
Dd are x, «, 


2)are real and equal 


<*+«<=—р, 07, Pi——2« and Ра===8, 


So the Squation-(1) can be written as 


d'y „а 
di: 2+0 эн (3), 


тү: : 

Let y=" р Where V is а function of х be asolution of 
equation-(3), . 

Аз p= em [4 


ЖЕ “Хр, ахар xr ар, 
ix е ыг TETE (74% 
Фр d (dy -.4 | ах ар, 
ім 587120 Sal (9+2 j 
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57 


«x dV «+ ay 
$5 (ата *ds* dx 
= 49 dV , dV аз 
ls e Pr “ах dat 
=е** d? d +37) 
Putting these values or Ф 7 and л 25 7 in equation-(3) 
we obtain. н 
4 +2497 У 4429) —2 ко («v = жаз y -0 
ог, 223 T Фу "ir Vy —2«?V—2« ДУ зу )=0 
e ау” 
ог 
ш dx* =o 
ФУ XX 
Or, = 
^ de 0 [as `е #01 
d | dV ағу 
4(4)-0 о, 4( )=0 а 
dV _¢, [ Integrating, where с» is an arbitrary constant of 
integration ] 
ог, dV-csdx, от, JfdV— fe,dx 
ог, V=egx+ey where с, is an arbitrary constant of integration, 
Hence y — e (ej сұл) is a solution of the differential equation, 


The two arbitrary constants €; and c, are here independent and 


so the solution у=е“ (e, +сл®) is the general solution of the equa- 


tion-(1). 
435 Сузе, 
1. The auxiliary equation of the differential equation 


2 Ep. Ф+ру= 0 is 
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т" + p,m-rp, =0 which Can be written atonce by putting m°, 


т and 1 for, 254 4 and y respectively. 


2. If the roots of the auxiliary equation be 


G) real and distinct <, В (say), then the general solution of the 
equation isy—¢, 2“ T reso 


(i) real and equal 4, « А Say), then the general solution of the 
equation is p= (c; 4-652) е 


5; Imaginary, « Lif (say), then the general solution is 
xx a сов BX-FB sin вх) 
Note s 
Verify them, 


r 


This case (iii) cannot be proved at this stage. We shall 


~ 


Examples 3. * 
| Example 1, Find the genera] solution of the following equa~ 
tions, ^ 
y oo. diy dy 
@ dii да 2V=0 (4) 43 mu ss =0 
ш) Фу „4. 
(iii) dis +2 = 0 v) 203 54 а t= 0 


d*y 
б) 5-2-(а- 4 J taby=0 (yi) ФУ. 4y-0. 


б) Let p= eme bea solution of the given equation, 
Аз уе" 2. СА muc атр à 
y da. AES д тее 


So from the given equation we get 
m? ent тета дета y 


ог, &"*(m?—m—2)=0 
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Or, .m?—m—2=0 [as en? £0 ] 
(т-2)(т+1) ~<. т=>=,—1. 
Hence the required general solution of the given equation is | 


OT, 


у= 0,62 4-cs67* where су and c, are two arbitrary constants, 
(i) Evidently the auxiliary equation of the given equation is 
т? —3m—5=0 
[ We refrain from repeating the process of determination of the 
auxiliary equation in every sum 1 


Е 18:20. 3+ /29 
: 2 


2 
Hence the required general solution is 
3+ JU), -3%У%, 
р=<1е 2 +ее 


(ій) Evidently the auxiliary equation is 


m*--2m-0 ог, m(mT2)-0 .. т=0,—2. 


Hence the general solution of the 


poe, toc 
-5 0.5 — 
о m=0, we get сје ™—=¢,,e°=c, ] 


given equation is 


[ Corresponding t 
(iv) Evidently the au 
2m3 —5m 4220 ог, (2m—1)(m—2)=0 


т=2, ог, 3. 


xiliary equation is 


Hence the required general solution is 
Р-сі Pc, er. 
(v) The auxiliary equation is 
т? —(a+-b)m+ab=0 ог, (m—a)(m—b)=0. 
2, mea. 
Hence the general solution of the equation is 
усе" +65 e^? 


60 


DIFFERENTIAL EQUATIONS 
(vi) Theauxiliary equation is 
m2—4=0 or m=42. 


: тай 
So, the general solution is у--сүе25 Бод 88, 
t) 


. . Ч 1 
Ex. 2. Findthe general solution ofthe following differentia 


equations, 


à Фу 24 i) 2 ыт 0 
Q 22- 20+у=0 (ii) di 4g, +4 


= а 
(i) (р? +60+9)у=0 Тэс) 


Gv) (0+1)?)p=o [р=4] 


4) Тће auxiliary equation is 
т? —2т+1=0 ог, (т—1)1=0 . т=1,1 


So, the general solution is y—(e, Tesaz)e*, 
[ Here the roots are real and equal ] 


(i) те ==e™ be а solution of the equation, 
LER d?x 
0050 dt? 


So from the given Equation we get 


тет! деті +demt =0. 


Or, emt (та 


(iii) The auxiliary equation is 
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(m+3)?=0 .. т=-3, —3 
gX)e- 9^ 


m?--6m-F9—0 ог, 
Hence the general solution is р=(с, +0 
(iv) The auxiliary equation is 
(т+1у=0 > т==1, –1. 
Hence the general solution is yz (ei +022) ^ 


Ex. 3. Solve? 
dy. ey 
di 9 when к=ој 


зүг d*p „ду А 
i) .£P9—42-43y-0 iven y 535, 
0) ах" M 9 Ї 
„у dy ду 0 5 а d?o, TEE 
00 et ax 2у= [>= 2050, when х | 
(iii) d?x 34270 when ¢=0 then 2:2 and dx 0 
ar. dt 
G) The auxiliary equation is m? —4m-F3—0 
or, (m— 1)(m—3)=0 m=1,3. 
So, the general solution isp=c,e*+e.e°* + (i) 


у с, ех + 30,63" ove Gi) 
[ differentiating both sides of (4) 1 
Now у= 5, 2.9 when х=0. 
From (i) we get 5-60 4697777 ii) 
+3c,°" (iv) 
=3, 6, =2 
4-2,69*. 


From (ii) we get 9=<, 
Solving (18) and (iv) we get €; 
Hence the particular solution is У = 3e? 
(ii) The aux iliary equation is 

т2--т-2-0, ог, (т--2)т-1)--0 


 т-1,-2. 


Hence the general solutions is 


ye cue ese” TE “> (i) 
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differentiating both sides of (i) with Tespect to 2 we get 


d) sese — 2050-2... 


==0 


x 
So, from equations-(i) and (ii) we get 


Now when х=0, then y-3, = 


,5—6-Fc,---(iii) and 0-с,-2с,--(іу) 


From (іу) we get €1—2c,. 
From (iii) 3=3e, 3 =. 
Hence the required solution is y 2:2e* +е-а= 
(ii) The auxiliary equation 13 


|o m?-—3m-42-0 ог, (т—1ут—2)=0 “ m-l,2. 
Hence the general Solution is 


х=еје' Fe,e3t,, (i) 


О 


ss = се! +2с,е% 8441) 


Now when 170, then х=2 ang art, 


2. From (i) and Gi) we get 
2=¢, ,--(iil) and 0c, "202 (уу) 
From (iv) c Ше -- 205 


ʻe From Gid, 2= 20) е= 7-64, ог, com —2. 
^ 0= 52209 =4. 
Hence the required Solution js Х=4е! — 2621 
. 4. Solve. dy dy ЕЈ 
Ех olve . аха 42%49-0, 
р=2, Bao when 0—0, 
The auxiliary equation of the giy 


en equation 5 
m? —4m--420 Or, (m 


-3 92g . m=2, 2, 
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So the general solution is 
р= (с, Е 022)e*? -+ i). 
Pac, rc,2)2.62* сле" (ii) 


Now when 2-0, then y =2, 2-0 


From (i 2-26; 
From (ii) 0—2c,--69 (01, са= -2сі--4. 
So, the required solution is y -(2—4x)e?* 22(1—22)e?*. 
Ex, 5. Show that у ==с05 x and y —sin х are solutions of the equa- 


tion ФУ +у=0 and heuce find the general solution of the equation. 
2? 


: в; 
Let у= соѕ X, 4. dy — sin x, 73 = – cos x. 


Фу у= —cos %--сов 2--0. 
dg“ 

So p=cosx satisfies the equation i.e, is a solution of the 
*Quation. 


5 . dy diy гы 
\ Nextlety-sinx ~. с 200518 dom sin 5, 


. dy = —sin x+sin ж=0. 
id 


So y—sin z is also а solution of the equation. Thus we have 
obtained two solutions y=cos 2 and y =5іп x of the equation, Hence 
р--А cos x4-B sin m, where А and B aretWo arbitrary constants 
is also a solution of the equation. Herethetwo constants A and B 
are independent. Hence у= А cos +B sin х is the general solution 
of the equation. 

Ex.6. Show that y—e?*. cos 2x and y=e8* gj 
solutions of the equation. sin 25, ЈАДАР 

Фу (dy 

> 6 4-13у=0 а 3 

ДА a R nd hence find the general solution of the 


equation, 


DIFPERENTIAL EQUATIONS 
Let y—e9* cos 22, 
a 225 3685 cos 2x — 2е3= sin 2x 
ах 


=e??(3 cos 2x —2 sin 22) 


gi TP 36823 cos 22—2 sin 2x) 


+e°*(—6 sin 2x—4 cos 2x) 
=e? (9 cos 2x—6 sin 2x—6 sin 2x —4 cos 2x) 
=е3*(5 cos 2g .12 sin 2x) 


42у (ау 
.. Дх? с idi 13y 


--е8%(5 cos 25—12 sin 22)—663*(3 cos 2x—2 sin 2x) 
+13e3*cos 25 


=е5:(5 cos 2х--12 sin 2x —18 cos 22.112 sin 2x--13 cos 22) 
=е8=0 =), 


So е2 cos 25 is a solution of the equation. 
Next let V-e** sin 25, 
о 
dx 76 “біп 2х- 2685 сод 2Х-е34(3 sin 2х--2 cos 2x) 


. dày : 
UU ада 36 5(3 sin 2x +2 сов 22)-+e°(6 cos 2х--4 sin 2x) 


==28:( 12 cos 2X-F5 sin 2x) 
d'y ау 
dist 64, +13 


=е8%(12 cos 22-5 sin 2x) — 663*(3 sin 25-82 cos 2x) 
+13е32 sin 2x 


7e?*(12 cos 224-5 sin 2x—18 sin 2x —12 cos 2x 4- 13 sin 24), 


So e8” sin 2x is another Solution of th 


Hence у=4,28% cos 254 рез» sin 25, 


е equation. 


D 
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—e9*(4 cos 22--В sin 22) is a solution of the equation, Also 4 
and В are two independent arbitrary constants so ; it is the general 
Solution of the equation. 

Ex. 7. (i) Show that y=cos д and y=sin x are two solutions 


Of the equation 5-7 dy 249-0 and hence find the particular solution 


ах? 
Which satisfies the conditions 


when z —0, then y —4 and when z— т then y=0. 
(ii) Show that х= соз nt and a=sin nt are two solutions of the 


equation ар -Епїх=0 and hence find the particular solution which 


satisfies the condition x=a, 40 when #=0, 


Gii) verify that y =е3° cos 4х and p=e%* sin 4x are two solu- 
tions of the equation. 

d'p (4у 

еш -6-- da +25 y=0 and hence find the particular solution of the 
equation satisfying the condition, 


у=1, 2-1 when 2-0 


G) Ifp=cosx .. Basins, % 42У созш 


22 a У+у= — cos x+cos к--0, бо y=cos z is a solution of the 
equation. 
d* к 
Again if y =sin x, 4? cos 9» d ze unc 


nS Pyy- —sin x+sin zzz 


So, y=sin x is another solution of the equation 
2) ред cos zoz sin с, where A and B are arbitrary constants, 
is the general solution of the equation, 
D. E—5 
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Now when z=0, then у=4. 
7. 4=А cos 0-ҒВ sin 0=А. 


Again when х=7, then y=0 


2. 0=4005%+8 зщ ғ ог, 0=В 
2. The required solution of the equation is у=4 cos x. 


= = — nsi = – р? cos nt 
ji = >= —nsin nt, 4-5 n 
(Ш) If x—cos т, 4 


аз 
" di? 
3 с 
d пад. =n" cos nt -- n? cos nt=0. 


So z—cos nt is a solution of the equation, 


Again when x=sin nt, сар cos nt 


and ав =n? sin nt 
9223 аа ту =n? sin педа sin nt=0 


= nf is another Solution of the equation, 
solution of the equation is x= 4 cos nt+B sin ni 
те arbitrary Constants of integration, 


Hence the 
t, where A 


general 
and Ba 


Now z= 4 сов nt +-B sin nt....... (i) 
dx 


dr" 4п sin nt+ Bn cos nt ---(ii) 


It is given that when 1:50, then х=а and 2-0. 
From (1) and Gi) we Bet, 

а= А cos 04- B sin 0 7. А-а 
and 0— — 4 sin 0--В cos 0 ог, 0« B, 


So, the Tequired Solution is 4-0 cos nt. 


Notes Let us consider the general solution x=A cos nt+ 
B sin nt of the equation. If we put 4=a cos Сапа В--а sin € 
where € is a constant, 


the general solution can ђе Written as 
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х=а cos € cos nt—a sin Є sin nt 
=a cos (nt +£). 
Here a and € are two arbitrary constants, 


dy 


dic 3e** cos 42 — 423" sin 4x 


(ii) Let у=е3° cos 4x 
—e9*(3 cos 4x—4 sin 4x) 

аа (3 cos 4х — 4 sin 4x) +e3*(— 12 sin 4х—16 cos 4x) 
x 


—69"(9 cos 4x —12 sin 4x — 12 4sin x — 16 cos 4x) 
= — e3* (7 cos 4x --24 sin 4х) 


dy 
dx? 
= —63*(7 сов 4х--24 sin 4x) —6e8*(3 cos 4x —4 sin 48) 
+25е37со5 4x 
= е3*(—7 cos 4x —24 sin x — 18 cos 4x 3-24 sin 4x --25 cos 4x) 


—6% +2 
et 5у 


=28%,0=0. 
So 685 cos 4x is a solution of the equation. 


Next let y —6?^ sin 4x. 


ap - ЗеЗ® sin 4х--4е5% cos 4x e?"(3 sin 4x +4 сов 4g) 
x 


d se ( sin 4x+4 cos 42) +е3*(12 cos 4x — 16 sin 4x) 


=e*"(9 sin 4x 4-12 cos 4x+12 cos 45—16 sin 4x) 
=е3*(—7 sin 4х--24 cos 4x) 
{Р - 64) 25у 
— e**(—7 sin 4x +24 cos 4x) — без= (3 sin 4х--4 cos 42) 
-4-25e*" sin 4x 
=e8*(—7 sin 45--24 cos 4x — 18 sin 4x — 24 cos 45--25 sin 4х) 
=е3*.0=0 
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2. 6€? sin 42 is another solution of the equation. 
у= 425“ cos 4х + Be8 sin Ax 

ог, p-e*" (A cos 4x 4- B sin 4х)----40) 

where А and Bare arbitrary constants is the general solution о 
the equation, 

From (1) differentiating with Tespect to д we get 

dy 8 2 3 
dp 3°) (4 сов 4x--B sin 4x) 


"Fe**(—44 sin 4х + 4B cos 4x) 

or, 49 -о88(34--4В) cos 4x-F (3B —44) sin 4) е (i) .- 
Now, p — 1, drm when х=0 

From (i) and (ii) we get, 

12e? (4 соз 3+3 sin 0)=4 

From (ii) we get 

7=е°{(34-4В) cos 0--(3В -44) sin 0} 


=34+48. 


But 421 4=4В or, B=}, 


Hence the Tequired solution of the equation is 
V = e3* (сод 4x+sin 4x) 


Ех. 8. If p? —u i 


21 | 
K^, verify that хе cos pt and 
віп pf are both solution 
d?o ,4х 
ate di^ "x0 and hence find the Seneral solution ofthe 
equation. 


| 2 Р 
wae of the equation 


If xz, 1 COS pt 


—ikt, End 
— = —ġke 2" Icos pt—e™ 3% 


di fp Sin pt 


1 
exug ЭЭР (14 cos pt 4- p sin pt) 


7 


Й 
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dim 1, — ikt, y : 
asa 1 7780 (Е cos pt+p sin pt) 


-14 (-2 pk sin pt+p? cos г) 
d ЈЕ —p*) cos pt-+p sin pt 


, ay dx 
ES 287 ш? Ни 


к cos pt -- kp sin р} 


lke 1 
ће“ 3 ^ Ё cos pt --p sin р ке” zkt cos рі 


-4441|8 
8 зы — p? — AK? +P) cos pt 4-(&p — kp) sin pt} 


me MY {u— (2-5) cos p] =е Fakt (и — и) cos pt 


in 


Li 
[es pi-u-ip, pae] ze- 0. cos pt =0. 


So puo dH cos pt is a solution of the equation. 


1 
Again. let PRESS dd sin pt 


зн 


ах 1,639 sin pt+o p cos pt 
dt 4 


=e akt (p cos pi— ЗК sin pr) 


a к -44t (p cos pt—ik sin рг) 


NS 


= cepe Mp) cos pt-- (р? — 149) sin pt } 


d? |. da + 
ats TET 


-(—p* sin pt — Ер cos pr) 
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e EH { (kp) cos pt+(3k? — p*) sin pt } 


-1% 2 
qe 3H р cos pt — 1£? sin pt)--ue 27 sin pt 
EAE kp+kp) cos pt-+(442 — p? — 14? +1) sin pt} 


=e at 9 Cos pt 4-(u — (p? +1k2) sin pt } 


И рано. 


21 А 5 Р nc?. 
So, х=е akt sin pt is another solution of the equation, He 


EY > 
х=Ае V соз pt+Be НЫ sin pt is a solution of the equn. Clearly 
the two arbitrary constants of integration A and B are independent. 

ain К "S | 
Hence х= Де 28 oo, pt+Be aie in pt 


21 А 
о, х=е oidi A соз pt +B sin pt) is the general sslution of th? 
€quatian, 


Exercise 3 
Determine the general solution of 


the following differential 
equations (1 — 16) :— 


E AREIS eoa, 2522. $2 - 57 keep. 

3 THP o, 4. 273 +50 хау--0 

5, залы ах о, ИО, 
7. (D*-1)-0, 8. а. (+142 карт. 
9, oP 4.22 —8у=0 10 ту Р бро. 
11. 99-22 фуга. 12, 4028 44% 4 6 


OED ORDER DIEEERBNTIAD EQUATIONS 


LINFAR SEC 
48 _ cds E 4 ate рану a2y— 
15.28 алин 0. алх +д%у=0. 


15. (D-D*. - 0 16. а2029 заво? 4-b3p—0. 


17. Show that у--с” cos and у = sin x аге two solutions 


of the equation 
a = +-2y =0 and from this determine’ the general solution 


of the equation. 
18. . Show that y=cos 2х and p=sin 2% are two solutions of the 
of the 


equation AP +47=0 and hence find the general solution 


equation. 
19 Verify that y—e ?^ cos 6x and pe?" sin 6x 
are two solutions of the differential equation. 


2 ; 
d*y 44) +40p=0 and hence write the general solution of the 
аха ах 


equation. 
20. Verify that ке-ез! cos Si and х=е 


tions of the differential equation 4 ша хэ 692 +34х = 0. Also determine 


st sin 54 аге two solu- 


the general solution of the equation. 


21. Show that p=cos 3% and p=sin 3x are two solutions of the 


differential equation 49 +9у= 0 ара hence show that the general 


solution of the equation can be written as y = а cos (3x--«) wher 
and « are two arbitrary constants. ik 


22. erify that t solutions f the а і + 
V wo üt о equati 22555 2 
on d ак () ате 


x=cos ut and x=sin Р? and from it show that the general soluti 
of the equation can be expressed in the form х=а cos (Pt olution 
a and € are two arbitrary constants. d ag 
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Find the particuler solutions ofthe following differential equa~ 
tions. (Ex 23— 30). 


23 P Ф у=0. p= ау 1 hen x=0, 
23. 213 211% 0, y 5% 8 w 


24, 2299 4. = =5 when x—0 


2 4 
25. С?з copo у=1, 20-0 when х=0 


26. CP +517 о у=3, о when g: 0 


27. (р+2узу—0, - 2 when z—Q. 


28, € 8.4.02 0 


=4 dx. _ % 
йз +24; в 2 when 2—0. 


! 


29. Verify that p= ¢-2« cos 32 and у=е- sip 3: аге two 


Solutions of the equation, 


s 1:140 у 137-0 and hence find the particular solution Les 
equation P. will satisfy the condition 


252: x ^ | when xz0, 

30. Verify that X—e^! cos 21. and E—e^! sin 2; satisfy the 
equation dr ass 0. Also determine the Solution of the 
equation which satisfy the condition к= 4, а. —2 when #=0 
31. Solve ж bos 

not +в 4 ot 1-0 where R?c 4r. 


32. re æ=cos 44 and кіп {ү both satisfy the equation 
2% 4 
аа dp = - Ps and then provethat is 5—0, a Т thon 


a=! Ё sin kt. 
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33. Verify that 9=cos је and 6-sin;/ Et are two solutions 


of the equation = 70 + go=0, Hence show that if 0=4, 49 =0, 


b i^ Т2 
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Exercise. 1 
1(i) First order and First degree 
Gi) First order and second degree 
(iii) Second order and first degree 
(iv) Second order and first degree 
(v) First order and second degree 


ФУ уул ij 47. т? 
2. (1) 5%; +у=0 ‚ G) 258 m?y 


ATEM 

(8) gtm y=. GV) aes ах 
9 

(у) or ot g=0 


s.) Z m. 
(i) ах 2” tan 22—0 Gi) yar, 


... dy ала ду 
(iti) х 2) Lus 


Gv) 48 ууна, (v) ухаад У у)“. 


д d'y oy зү dà 
4. (i) a ds сой. (1) 29-0 
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DIFFERENTIAL EQUATIONS 
== Gap арӣ? NT зү div 
(iii) Get Ул 47=0. (iv) ат? 
ар. ду _ 222 
(у) de tan Ux p sec?x—Q. 


T 2x yr a, 


Exercise 2 
2 
1. 193-25)44р--а)-6 2, Vp rm +2 sate 
3. 02—у2 =q? 4. ype—ex 5. ас PY А 
б. хевућфу 7, TS€C088 8. 142. 201 4-93) 
9, cot x+cot y=¢, 10. УГ-ай- Мс. 
М. @+0+0 +1)? +2 log (=— 1)(у 
12. пах —log sec x=y tan y 
13. log? 5-р 
2, ТЕ? 14. (E? + у%](х--2)з суз 
15. р-5еіі 8, 


-1)-с. 
— log sec p+c. 


(+2) sec у=3 м2. 


19. stan (y) -sec(x +p) с 20. —сог (242) ке. 

217 9—2-D! (p pi 1) цаг. 22. y=tan (227 +. 
2 

23: iet ure 24. tan (=>) =E +0 

25. (пуну casos 26. (х-+-р+2)° = өзезу 

27. 2| Му Лов а+ Мх-у)ј=х +е. 

28. 


>f de 
х= Гуж, Where 2-х бус. ` 


29, 0? —py*? = стро 30. log «= 
| 8 ове 
31. сх-е? 32, (®+у)% ора) 


3 
= 


33. p3-x* log ez® 34, p=" 
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3 log (x? + у") =4 tant2+e 


| узе mex? 37. ap=ces 
пара обе 42). 39 e tree 

хз фрг—хуфх—у =c 

2x3 — 5ху- 3? +32 -2у=< 

(бу—2х— 3)“ = су —42—3) 

21—y—15 log (32—р+19)=с 

log (4x-+ 8p +5) - 4x— 87 +c 

(3y—52+10)? с=(у—®+1). 

бу —3x = 108 (3х-+3у +2) A. 

2x —p=log(32—29 +3) + 

p—«=log (+9) +С 

3x? 4+8ху— 59? +10х— 12y +с=0. 


- 8 
К 51. ре=Афста. 52. у —22=2(2—0). 


Il e 
Io 
з 8 2 
. E се 54, taa х їапу=1 
_ 2%+1 _1 2-1 2r 
tan ? ——— t+ tan === 
43 ci ТЕ) 3 


(2413 + (у +1)! +2 log (®— 1)(7 – 1) =18 


Ехегсіве 3 


pore 2. pace? eV 


zl 
р-с1--с26 87. а. у= суете 45 
— в. 6-3" ait 
х=616 +c,e 3. 6. у=с, 03264082, 


paar Tot. 8. v=o eb +004, 


9. y—o,e 
10. 
11. 


13. 


15: 


17. 


18. 
20. 
23. 
25: 
27. 
29, 


30. 


31, 


DIFFERENTIAL ЕОЏАТТОМВ 


2 4x 


Xe 

ME: A eT 47) | 
ple, +egxje-* 12. z=(c,+e,t)¢7 3 
5=(61 6,68" 14. р=(о; +e,x)e%* 


b 
ye, +с„х)в-* 16. у= (e, Hexe” 


у= Аё” cos z-- Be? sin =, 


ў:=А cos 2x-+B sin 25; 19. y —2-37(A cos 62 +В sin 6x) 
8-48ЧА cos 5148 sin 52), 


у= 263% +347 24 зз рх. 


y-—2e-"—e-*?, 26. x. 4e-t —в-4* 


D=(2+6x)e-22, 28. Х--(21--4)8-4 


D=er "(2 cos 3z--sin 3x) 
4244 соз 2t-+sin 22) 


-zt 
i=e "e, + 6,9), 
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CHAPTER ONE 
SIGNIFICANCE OF DERIVATIVE 


$ 1.1. Average rate of change of a function : 
Example 1. Let the variable y be a function of x. and у= x?, 
Let us discuss the increase in the value of yas the value of x 


increases from 2. 
The following table shows the values of 7 corresponding to 


values of x very close to 2. 


x 2 |210| 201 | 2'002 | 2'0003 


| 


у=? 400012009 


4 | ea] 40401 | 4'008004 
: Р 


from the above table we find that as x increases from 2 by 0'1, 


у increases from 4 by "41. So when x increases by 1, у increases 


by Xx -41. Неге we say that as x increases from 2 to 21, the 
average rate of increase in the value of у is 4'1. Similarly as the 
value of x increases from 2 to 2°01, 2:002, 270003 the average rate 
of change in the. value of у are 


*0401 ,. '008004 -,. '00012009  ,. 

0401. о, 208004... goa, 00212009... 0003 

So, when the value of x is 2, then the average rate of increase 

of y is not the same for different increases of values of х, In the 

above table we have considered actual increases in the value of x. 

Similarly by preparing table corresponding to decreases in the 

values of x from 2 we can see. that the average rates of decrease 
in the values of у will also be different in different cases. 


Note: If the values of x increases then the values of у may 
increase or decrease. In case of the function y= 2, as the values 
of x increase, the values of y also increase and as the values of 
x decrease, the values of у also decrease. But in many cases 
corresponding to increase ог decrease in values of x, the values 


o£ y respectively decrease or increase, 


4 APPLICATION OF CALCULUS 


In the above example we have seen that the average rates of 
increase in the values of y “for different increases in the values 
of x from 2 are different. So, none of them can be taken as the 
instantaneous rate or rate of increase of у with respect to x when 
х=2. But determination, of this instantaneous rate is very 
important in mathematics and different branches of science 
This importance is illustrated by another example. 

Example 2. Average velocity of a particle moving along 2 
straight line at a particular instant. 


Leta particle moving along a straight line AB comes to the 


Position P at time t units of time after start and the direction of 
> 


motion be АВ ( i.e., from A to В). “Let thedistance of P from. 
а fixed point А of the; straight line be x ie, АР=х. Let after 
a subsequent: time At, the iparticle reaches a point. Q of the 
straight line and AQ=xtAx > PQ=Ax. Even if the time 


Atbe very'small, it cannot be assumed that the particle has 
traversed’the distance РО-- A uniformly. 


Ax 
So At Cannot be taken as ‘the velocity of the:particle at P+ 


« [The ancient Hindu Mathematicians used 
the term “Tatkalya gati". ] 


Note: In the А : | : 
a above discussion ‘Ap may b iti tive. 
y be positive or ne£a 
If At be negative, t P 


h 
it reaches the 
negative, then а 
or ‘x’; but in 


$ L2. Significance of derivatiye : 


Let x and у be two variables and 
relation y=f(x). So if there is cha 
the value of y will also change, 


they are connected by the 
nge inthe value of x, then 
Let the value of x changes to 
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xc Ax. Then the value of y will change to s-F Ay f(x4- A x) 
and Ax and Ay=f(x-+Ax)—fix) are the corresponding changes 


A 
in хапа у respectively. Hence ігі is the average rate of change 


of y with respect to x. In this caseif | Ax | beless then any 
positive number however small i.e., if Дх->0 (Ax cannot be zero, 


for then A? wil become undefined) then we can assume that 
У changes uniformly corresponding to the small change Ax of x. 
Inthis case we can say that A» is the instantaneous rate of 


change of y with respect to x. 
is Lt Ay dy 
Ах-0 Ах dx! 
is the instantaneous rate of change of y with respect to x. 
Example 1. When ж= —1, find the rate of change of y=2x°® 
with respect to x. 
Let the value of x changes from —1to —1+Дх; so the 
changed value of v is 
yt Ay=(-14+Ax)8=-14+3Ax-3(Ax)? GA)? 
Лу=(=-1+ 32) – (– H= -1+3А х – Зл) (А) -1 
—98Ax-—3(Ax? (Ax)? 
Ду 3Ax-3(A2* (да? 23-3 x4 (A) 
Ax Ax 
So, when x= — 1, the rate of change of у with respect to x is 


Ac А. аар Ü-SAxt(A9ti-a. 
% 


the derivative of у with respect to х, 


dy = 
Again note that д. (x9) ыза, 
а» — [3 39 Ж 
zs (2 тае (з Ay 3x1=3. 
So, the rate of change of y with respect to xis 3 when 
x= — 1 аћа is equal to E when xz — 1, 
$ 1.3. Velocity and acceleration of а particle moving along a 


straight line at time ‘? units after start, 
See Example 2 of § 1.1. 


6 APPLICATION OF CALCULUS 


In this case, the position ofthe particle at time ‘Р after start 
isat Р; at that instant i.e., at Р the average rate of displacement 


i.e., average velocity of the particle is АХ . Sothe velocity of the 
Lt Ах dx 


icle at that instant i Tem 
particle АО: 


284: dx 
Again if the velocity of the particle at P be v= Г? then the 
acceleration of the particle at that instant is the rate of. change of 
! „_д» d[dx| ах 
v» with tot= > =— | == 142 
У respect to t dt dt ( di dà 


i, 4 _ ду ах dy 
e ЕСЕ Тақты 


2 5 а» азу ау t 
Note 1. Use one of the expressions = @ X £ to denote 
ay gia Уа 


acceleration of a particle according to convenience or necessity: 
2. At first Newton and afterwards the British Mathematicians 


. . » чи) d 
used for sometimes the notations x and x instead of dx and dt? 


to denote derivatives of X with respect *p. 
3. Displacement 15 frequently denoted by s instead of * 
n terms of S, evidently, the expressions for velocity апа acce- 


lerati та ds 43, j 
10n at time *Р are d; and de тезргесцуе у. 
dx а? 
40-02 ах : . 
ар and а? TePresent velocity and acceleration in the 


direction in which x is Positive. 


5. cae 
Negative acceleration is Senerally called retardation. 


$ 1.4. Geometrical interpretation of o or derivative, 


Let the two variables y 
y=f(x) Draw the raph 
chosen pair of mutually " 
as cartesian axes of co-o 


and y be connected by the relation 
of v—f(x) with Tespect to a suitably 
тећовопа1 straight lines OX and OY 
tdinates, of course with a conveniently 
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close to P. Join PQ; PQ is then a chord of the graph. If 
GF Ах, у+ Ду) be the co-ordinates of О, then the gradient 
of the chord PQ is tan go PE Ree, (0 being the 
angle which the straight line PQ makes with the positive direc- 
tion of the x-axis). Let now the point Q gradually approach the 
point P along the graph. In the limiting position as the point 
Q practically coincides with P, the chord PQ becomes the 
$ А 


Fig. 11 
tangentto the curve at Р. Letthe tangent intersect the x-axis 
ata point T, making an angle % withthe positivc direction of 
the x-axis. So, when О-»Р then 9-4 or tan 0tan у. Again 


Р, then Ах->0. 
when ОР, ix Aer 


Lt = кт? 
So tan Y= A, „рап 9 дуњо Ax а” 
We know that the gradient of a straight line is the tangent 
of the angle which the straight line makes with the positive 


d ау . 2,4% : 
direction of the x-axis. So when dx 9Xists, it is the gradient 


tan У of the tangent to the curve y=f(x) at x— P. 
Note. 1. The gradient or slope of the tangent to the curve 
: : ду 
== int P(«, В) is (2) А 
y=f(x) at the point P(«, В) dx] (ap) 


2. | rA |. 8 is also said to be the gradient of the curve at 
x » 


the point P(«, В). 
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Sa ke 2o at any point, then the tangent to the curve at 
24 
5 Е ду Р i t 
the point is parallel to the x-axis; if dx 5 undefined at a poin 


. : е1 
of the curve, then the tangent to the curve at the point is parall 
to the y-axis. 


$75. Significance of the sign of derivatie. 


Let the function у= (х) be differentiable at the point i 
(i.e, when the value. of х1з а). Let there exists an interva 
а-һ«х<а-Еһ, where h>0, may be as small as is segui, и 
that the function f(x) exists and is differentiable fat every раш 
of the interval and f(%1)>f(xa) when ever Хү2-Ха for every рат 
of points x, and хо of the interval In such casesthe function 


is said to be increasing at the Point х--а. So if f(x) is increasing 
at x=a, then if the value of : 
a-hSx<ath increases, Again if in 
the interval а-һ<х<а-Еһ, for every pair of points xı? %2 


Тас ха), then the function is said to be decreasing at x74 


з ; 5 
© when f(x) is decreasing at х= а, then the value of f(x) decrease 
as x increases within the interval, 


: Е а 
, Theorem ; When x=a, ifa function f(x) is differentiable p 
f (а)>0, then the function is increasing at х=а and the functio 
Is decreasing at x—a if f'(a)<0. 


Proof : 


First Let s =f"(x)>0 at х=а, 


So if | h | be sufficiently small, then feth -ta (a) 
So when h>0 


Also if һ<0, 
So, when x— 


is positive 


» then f(a+h)—f(a)>0 iè., Ка+ћ)>7Ка). 
then f(a+h) —f(a)«0, i.e., Ка+ћ)<Ка). 
а, f(x) is increasing. 
Next let when x=a, then a <o. 

x 
So, if | h | be sufficiently small then fath Йа) со, 


when KPO, then Қад) Крус ће, Қа) and 
when h<0, then flat+h)—Fla)>0 е, f(a--h)-f(a). 


So when x=a, f(x) is decreasing, 
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Geometrical discussion : In Fig 1'2 when x—a, the point (a, 0) 
48 the point P on the x-axis, and when х=а1, йа, аз ог ag, then 
the corresponding points on the x-axis are Ру, Ра, Ps, P4 and 
44 Саз Са«аз Саа. At these points Ру, Pa, P, Ps, Ра, Р,01, 
Рао. РӘ, РзОз, Р.О, Y 
are drawn perpendiculars 
on the x-axis and they 
meet the curve y=f(x) at 
the points Оз, Оо, О, Qs, 
Qa respectively. So P410, 
—f(a3), Раба —f(aa), PQ 
= а), РзОз=Каз) and 
Рао, = Кад. From the . 
figure it is seen that P4Q1 
€ Р.О, < РО < Рз0з < 
Р,О, Similarly taking 
other points on the «x-axis between Ру and Pa, it will be found 
that as the abscissas of points on the curve between. Оз 
and Оз increase, the corresponding ordinates also increase. 
So at the point P ie, when x=a, the function y=f(x) is 


increasing. Notice that in this case the tangent to the curve Q 
makes an acute angle V 


with the positive direc- 
tion of the x-axis. 


5 


Р.Р ВР, 


Fig. 1:2 


_ду 
tan у >0. 


Again in fig 1:3, we 
find that as the absciss- 
as of points on the 
curve, very close to 
О{а, Ка}, increase, the 
corresponding ordinates 
decrease. So, in this 
case the function y=flx) is decreasing at x—a. Notice that here 
я e curve at the point О makes an obtuse angle d. 


Fig. 1:3 


-the tangent to th 


ЭЛ . ду. Р 
„with the positive direction of the x-axis. Sotan = is negative. 
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$ r6. Differential. 


Let the function y=f(x) be differentiable at the point x and.’ 
Lt Лу dy . 
59 Ax Ax dx Sts. 


So Ar and f= F(x) аге not equalin value but they differ 


by a very small quantity. 


y c : v : 
Let Arf (2) + « where < is Positive or negative but not 0 


and when A x-0, then «->0. 
From the relation A —f'(x)--« we get 


Дэ”) Ax*&Ax e wn (i) 

So, the increment Ay of the dependent variable y is the. sum 
of the two parts f(x) Ах and «Ax, 

The part (Ах is called the differential of У and is denoted 
by dy. 

dy- f'(x). Ax. 
Now if v=x, then dx= LAxs= 
(а) is equal to 1.] 

So, the differentia] o£ the inde 
Small increment Ax. Now аз Ax 184х .„. dy—f'(x) dx. 
Мо. ~ Here f'(x) is а quantity independent ој dx. 

dv is Proportional to dx and dy~+dx=f'(x), 


d у 
56 Рау а, Le, | 
of x). 


d 
Ax [as when v=x, then & or 


dx 


Pendent variable 15 equal to its 


differential of Y )+( differential’ 


‚ (i) A Эф (ә) i.e., deri- 


а dv dx i.e. (differential: 
of y) (differentia] of x). 


2. Ifuandv be two differentiable fun 


d ctions of x, then 
== а 
Жижуј= 7 (из) &.=[Ф 


ТШ 
4 4 ^ 
u > 
Ed dx + dz dx du-kay, 
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Similarly if can be shown that 
и) — udv-- vdu and d (Қыз. 


8177 Geometrical representation of differential. 
In figures 1'4 and 15, the co-ordinates of the points P and 0 


are (x, у) and (х--Ах, y- Ay) respectively. PL and ОМ are 
drawn perpendiculars on the x-axis and PN is drawn perpendi- 


Fig. 1-4 


QM on PN intersects МО (infig. 1'4) or МО produced 
nt N. Let the tangent to the curve y=f(x} 
(Вв. 15) at R. 


cular 
(in fig. 1'5) at the poi 
at Р intersect. MN produced (fig. 1'4) ог MN 


Fig. 1:5 
PL=9, ОМ=х+ Ax, QM y+ Ау. 
PN=LM=Ax 


Now OL=%* 
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Now in fig. 14, ЕМ=РМ tan $= Ax f'(x) 
1" ZRPN- ZPTL-yj- "(x)dx— dy. 
dy— (ordinate of the point R)- (ordinate of the point N) 
Again in fig, 15, /RPN- 7 — y. 
“. ВМ=РМ tan (-Ш--РМ tan $= —-f'G)Ax— — f'G)dx. 
ду= —f'()dx— - ЕМ = (ordinate of №) – (ordinate of R) 


$ 18. Calculation of approximate value and Error. 
Let y=f(x). When the value of x is Xd Ax, then we are to 
determine the value o£ Y Ay-f(x4- Ax). 
Now from the relation (i) of § 1-6 we Bet 
As (да+ Ax where «=> () ав Ax-0 
or, OF Ay) жк, ла 
ог, Yt Дуу) Aa e Ax 
ог, f(x4- Ax)=f(x) + Axf'(x)-- «, A х, 
Now if Ax be very small, then < will also be very small and 


consequently <, A x will be smaller. So ic we neglect this smaller 
quantity КА x, we Bet as an approximation, 


$ 19, Relative 


ercentage error. 
If Ax be th 
‘then Ая _ ак 


the computation of the value of 2, 
& - [Ax=dx] ij called the 


Error and р 


е error in 
relative error in 


ве error in х, In $ 1'8 we have seen 


(дах Lé, the error in y due to an 
: 4 
error Ax=dx of x is ду, = and 37. 


y Х 100 are respectively the 
relative error and percentage error j 


that if y=f(x), then Ф-р 


п the values of у. 
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‚ EXAMPLES 1 


Example 1. Rate of change of radius ofa circle is 3, Find. 
т 


the rate of changes of (i) circumferential length and (ii) area of 
the circle at the instant when the radius is 2 units. [H.S. 1985] 


Let $, А and т denote the length of the circumference, area. 
and radius of a circle in units, square’ units and units respectively. 


8--2туее:“(1) and A=7r?. 
18 


So if‘? denotes time, then Буг question ^5; =m 


4872 ЖЕТЕ 
Мок “эрээ, dt =2л. = ==2 
Also from (ii) we get when 7=2, 
ал _ di Abt. 
dt =2тт d e = =4, 
So when r=2 units, then the rates of change of circumferen- 


cial length and area of the circle are 2 units/unit time and. 
4 square units/unit time. 

Example 2. If the area of a circle increases аба uniform rate,. 
show that the rate of increase of its circumference is inversely. 
proportional-to the rate of increase of the radius of the circle. 

[C.U.] 
Let S, Аут and t denote the length of circumference, area, 


radius of the circle and time respectively. 


So Sean) Amy) 
From (1), rate of increase of the area is ай 2", A 


: dA . dr 
So, by question, “aed is constant or 2vr ат (say). 


CLAN alak? 
Of, dp ^ т 


“Кот rate of increase in the length of eircumference is 


бш on eon ee | we Dae 
from (8) ЭРЭГ” а an Фпт r * di 277 


ate of change of the circumferential length isin- 


The r І 
is a constant. 


versely proportional to the radius as k 
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Example 3. The volume ofa spherical balloon is increasin£ 
atthe rate of 10 cubic centimetres рег second. Find the rate 
of change of its curved Surface atthe instant when the -radius 
is 16 cm. [ Tripura 1981, '87 ] 
area of curved surface. and 
metre. square centimetre and 
denote time in second. 

By question rate of change of volume > =10 


Let V, Sand 7 denote volume, 
radius of the balloon in cubic cenri 
centimetres respectively. Also Jet ‘p 


(given). 


ah в с nies it 
Now »= 3 "r? or, 4 = Ату 


dr dr 10 
d Gt _ . FAV 
Апу dr 40:22. dt "amp 
Again the curved surface S= 44,2 
rate of change of the curved surface 


Wasi dr 10 20 
d -—8mr di "ier F 


1674 
So the rate of imcrease of the curved Surface is г, 
Example 4. T 
ға uniform rate. 


So when 7= 16, сэн 2.25 


sq.cm./sec. 
ће magnitude of ап angle 


à unif Prove that When the magnit 
is 605; then the rate of increase of 


is increasing at 


the. magnitude of the angle 
in radians апа time in Second. So by question, de = constant 
=a (say ) : 
Now the Tate of increase of sine of the апдје= — (sin 6) 
40 
=cos 0 dt 


г a 
angle is ф Чап 0)=sec® а sec? ө, 
So, when 055607, then 


rate of increase of tangent q sec? 60° 
rate of increase of sine = а сов 60% 
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So, when 0=60°, the rate of increase of the tangant of the 
angle is 8 times the rate of increase of sine of the angle. 


Example 5. The candle-power of.an incandescent lamp and 
its voltage V are connected by the equation C—5x 10-11ye, 
Find the rate at which the candle-power increases with the 
voltage when V —200. [ State.council W. Bengal 1986 ] 

Here the rate of change of C with respect to V are 

a = 30 x 10728 .y 5, 
So when 7 —200, its value=30 x 10-11 x (200)5 
=3x 32x 10-11 x 1011—96. 

[ (200)5=25 . (100) =32 x 101? 1 

Note: Inthe first four examples the rates of change were 
measured with respect to time. So, the students may think that 
rates of change are always measured with respect to time. But 
that it is not true has been illustrated in the ex. 5. ] 


Example 6. One end ofa ladder 25 m long rests against a 
vertical wall and the other end on the horizontal ground. 
‘The horizontal end slides away from the wall at the rate 
5 metres per second. When the height of the ladder is 24 metres, 
find with what velocity its upper end is coming down ? 

Let at time t (second) the position of the ladder be AB. 
Letthe perpendicular drawn from A on the vertical wall and 
the vertical line drawn on the 


2 & 
wall through B intersect at O. 
Let ОА=х metre and ОВ=у 
metre. 
So, the velocities of the lower and ч 
upper ends are dx and ду, res- 
dt dt 
pectively. So Ч = =5 (given) о т á 
Again 22 25 m ( given ) . x2 y2@— 952 у 
2% 2x р z E d и | [ differentiating both sides with 
Tespect to t |. 
p x dx ] 
о, = = 


dt у а” 
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Again when the height у of the ladder is 24 m, 
Then 24/257 —242—7, 


So, when y=24, the velocity of the upper end is 


ELNE 799991 
dt 724) 247 


Тһе пева уе Sign of dy 


3 miles per hour. Find the 
i [ Joint Entrance 1979 ] 


Let the Source of light be 

P placed at the top В of the 

lamp-post and CD be the 

Position of the man at time 

t(hour). BD is joined’ and 

Produced to intersect AC 
Produced at о. 

5 So СО is the shadow of 

£ Ў the man and О js the furthest 


" extremity of the shadow. 
Let ACS, and СО-). 


АО-АС--Со-, Ж» (each it 
mile ). 
Now from the similar triangles ABO and CDO we find, 
ОҢ Аһ 1 х+у 5 
OC Сре 2-2. ог "yr Se 
Or, 5y—2x--2y. ог; Зу=2% ог, y— x 
dy B 
авт dt а 323. 
D The man is Moving away with а velocity of 3 mph, so 
dx 
— =3, 
а ] 


So, the shadow is lengthening at а Tate of 2 miles per hour. 


dr indicates that the velocity is in the 
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spurl a ој и өн ШУ 
Again a 49- di (x+y) = di + 2 =3+2=5 
So, the end О of the shadow is 


moving away at the Tate of 
5 miles per hour. 


Example 8 A circular blot of i 
rate of 254. inches Per second. 
radius is increasing after 2; second 

Let A, r and t respectivel 
radius (in inches) of the circul 


5. 

Y denote the area (їп sq. inches), 
ar blot and t time (in seconds). 
So, Ао ( by question ). 


Now the area of the circular 


blot after 27ү second is 2x ary 
= $$ square inches, 


77? — $$ square inches 


24. (50 56 56х7 , 14 
77 = a=; r= — 
Пхт 11x35x22 © 11 
аА ду 22. 14 dr 
54 Iq = =2x 42 5 13 dr 
Now А = пу ог, d Amr Zh 2x 7 X ТО 
2 2=2х22 „14 агуы а 


1 3 
В іы Ғұн лен 
Hence radius of the blot is increasing at the rate of 0°25 
inches. 


Example 9. Water is poured into an inverted conical vessel 
of which the radius of the base 156 metres and height 12 metres 
at the rate of 5'5 cubic centimetre per minute. At what rate is 
water level rising at the instant when the depth is 35 ст ? 


; [ State Couneil W. Bengal 1987 ] 
Letat time t (minute), the volume: of water in the vessel be 
V c.c, the radius and height of the water level b 
h cm. respectively. 


So, from figure’ we get OA=12 Metres, AB=6 m. ОС=ђ 
and Ср => cm, (О is the vertex of the cone.). d 
Now from th 


e similar triangles 
OC CD OC OA 
бА АВ % CD^Ap^ Bm 2. 
CD=10C ie, тлі) 
У= рта и тара р Wnh? 
App. Cal.—2 


OCD and OAB We get 


18 
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Differentiating both sides with respect to t we get 
d» 1 dh 
t 


Now for all values of t dv 


= == 2 
dt = ад 7h а 


М 1 
dp =55= 2 : 
. сна Бе ЛИ и 22 7х7 dh dh. 115. 
j When һ=35= 7 "a eX ххх di 7 
level is rising at 


Let at time t 
and the radius о 


б dr 
By question, 3" = 
Ч mdi 


Now v=4 ту 


So, when r= 


Hence when the 


а spherical balloon JH 
ст. persecond, Find е 
when the radius of t 


( second » the vo 


lume of air inside the balloon 
f the balloon be » 


с.с. and у cm, respectively. 
; , e 
—5 [As the diameter is reduced at th 


rate of 1 cm/sec: | 
з 


ог, атай. 
а 
2, di 74m. (ушар 


radius of the р 1572 water 15 
discharged at the rate of 8; а e Palloon is ME 


Note: Asr 


found negative, so the volume of 


'€- per second, 


: : dr . А d» .. 
15 reducing, зо ар !5 negative. Again as аг" 
air is decreasing. 
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Example 11. The pressure P and volume V of a gas аге 
connected by the relation PV***=C (С is a constant ) when 
P is 10 kg. / sq. metre and У —3 cubic metre, then V increases at 
the rate of 0'3 cubic metre/sec. Find the rate of change of 
P at that instant. 

Let ‘ denote time ( in second ). 

Now.P.V'*-C ог, log( P. Vt'*)—log C 

or, log P+1°4 log V=log C. 

Differentiating both sides with respect to ‘t’ we get 

1 dP 14а} 


Pi ap +14 dp 


ао. 
en c» ouo. Пр авар со Deas 


РЕНО 57551 a? =03 ( given ) 


then ae --14х30х03---14 
Hence pressure P is decreasing at the rate of 1:4 Кв. / square 


metre. (The negative sign indicates that the pressure is 


decreasing ). 

Example 12. While a train is travelling from rest to the 
next station, its distance x km from the start: in t hours is given 
by x-90t?—45t?. Find its velocity and acceleration after 


6 minutes. [ H.S. 1981 | 
2 
[р =velociey and TF = acceleration Ї 
6 mins=Yy hour. x-—90:? — 4513, 
denl DU uS VN Г 
T = 180t—135¢? ; 28 180 —270: 


ах 


dt ) t= 
1 H 
Also acceleration after 6 mins. = 180 — 270 x p= 153 km/(hour)? 


Hence velocity after 6 mins=| 


Example 13. A train starts from A and moves іп a straight 
path and stops at B. Its distance x km. from the start after 
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. dx 
t minutes is given by x=% 11-143 and its velocity then is ДЕП 


Find the distance between А and B. What is the "e 
velocity of the train ? [ H.S. 19 | 


‚сеи зар” о. єє -іи-ій 
% 
As the train stops at В, so its velocity at B is 0. 
da OE рака (осе МК у сы, 
t=0 corresponds to the time of start from A. 
So the train takes 2 minutes to reach B. 
distance AB— 3.22 — 2.2?— Пав. 
Again velocity at any time t ( in minutes ) is 
dx 


Crus MES 


di Tat- RP= - NP -20— а 244 1) 4.99 з, туз, 


So, 


the velocity will ђе maximum when 3(r— 1)2=01е., when 
ї=1 ап 


d the maximum velocity is 8 km/minute. 
Example 14, 
ina Straight line 
Tetardation of 
Velocity. 


If the distance traversed by a point moviné 
at timet is 5= Vt, show that at any time the 
the point is proportional to the cube of the 
[ Use the method of Differential Calculus ] | H.S.’88} 


з= yt R ads I d*s 1. 1 


8 7 (anys уд” Ter ; 
2 dt 

48. а? У 
Now, dt and a are respectively the velocity and accelera 


tion of the Point at time t. 


tion is retardation a 
to the cube of the vel 


435. ы 5 
As дүз 15 negative, so the accelera 


: 22%. sonal 
nd as2 isa Constant, so it is propertiona 
Ocity. 


Example 15. A particle starts with a velocity u and moves 
in a straight line, its acceleration being always equal to the 
displacement. If у be the Velocity when its displacement is № 
then show that v? =u? + 22, [ Joint Entrance 1984 | 
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We know accelaration- v ше ; 
Again acceleration— displacement | Бу question | 


ду . 

v =— =x or vdv=xdx 
dx 
2 


УНЕО А Я % 
о, => ох (Integrating both sides) or, v?=x?+C. 


Now when х=0, then v=u 
ui-C. 1. v=x tu. 
Example 16. The distance scm. moved by a particle in time 
tseconds is given by the formula 5=2-—47 +3. Find its 
velocity and acceleration after 3 seconds. 


2 
s-250-4-43t 2. E =612 —8:43. 24-12--8 
So its velocity after 3 seconds 
= (8 | —6,32— 8.3--3— 33 cm/second 
1-8 


dt 
and acceleration after 3 seconds 


– (22) --12.3--8--28 cm/second? 
. di? | es 


Example 17. If s=at®+bt+c, where t is the time, s is the 
distance traversed, v is the velocity and a,b,c are constants, 
prove that 4a(s—c)=v? — b? [ C.U. ; Joint Entrance 1987 | 


Velocity »= & =2at+b. 


уз — = (да+)? — b? = 4a?t? + Aabt -- b? —b? 
= 44212 + 4abt— 4a(at? + bt) 
= 4a(at? +bi+c—c)=4a(s — c) 
4a(s— c) v? — b?. 


Example 18. “A body was moving along a straight line accord- 
ing to the law of motion x=}vt. Prove that its acceleration, 
was constant. (ж, v and t have their usual meanings). 

[ Joint Entrance 1981 | 

х-ул-і up ог, 2; 22 


or, 2108 t=log х-108 c ( Integrating both sides) 
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or, log (ct?)—log x Or, x=ct? 
dx _ 4221) 
"IB =2ct, or, di? =2с. 
.-. d*x 
So, acceleration ағ 2с. (constant) 


О tiatstietunction Два agr LT 
is increasing when x< —2 ор x26. 
f(x) x8 — x2 — 364-7 
f'(x) 3x3 — 124 — 36—3(x* — 4x — 12) — 3(« — 6)(«-+2) 
Now when х< —2, x—6and x42 are both negative 
So 3(х—6)(х-Ь 2) is positive 
when x26, х-6 and x+2 are both Positive and so 
3(x — 6)(x+42) is Positive 


when х<—2 or x>6, then f 


(х) is positive ће, f(x) is 
increasing. 


Example 20, Но», 
creasing. 


Let Ка) дада _ 3)= 458-3, 2 (0) = 12,3 — 3=3(4х® —1) 
When х», 7'(®)>3{4.(3)1 -Ш-2(1-1)-0 

So when x21, f'(x) is Positive i.e, 
Example 21, 


Show that X(4x? — 3) is steadily in- 


f(x) is steadily increasing. 


Show that хз — 3х2 + 3x increases as x increases. 


[ H. 5. 1983] 
Let Қаз-да. да з, Р) 2343 — ба +3=3(; — 1)? 
So, Ғ(ә>0, when 1521. 2 f(x) is increasing when х91. 
a ҮНЭ Ж>1, 00 1) and when x<1, f(x)<f(1). 

хэ і 


Example 22, 14 M Fed adeb how (pat КО 
decreases in the interva] (— 2517 [Н sS., 1984 | 


Хо) = 4x94 бул .. 24%+1 


f(x) 12x2 + 125-24 12(х4 44 — 2) 12(x4- 2) 1). 
When -2<х<1, then х--2 i. Positive and x—1 is negative- 

So f'(x) — 12(x — 1)(х-Е2) is Negative, 
f(x) decreases in the interval] 


Note: Here (2, 


-2<х<1. 
1) denotes the open interval- 241. 
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Example 23. If f(x)=log, пон x20 show that f(x) 


increases with x. 
a _1_ 
fGo-—1os, E 


pi) a түг 20 
it (1-9 (+x)? (1+5) 
(1+ x)? is positive. 
а 15 positive. 


So when x>0, "00-20 


When x70, f(x) increases with x. 


Example 24. . Show that if x70, then x>log а+®>т i 
— Let f() 108 (1+2) 


IU e 
х>0, so x and 1--х are both positive. 

So when x20, f(x)— x —105 (14- x) increases with x. 
f(x) >7(0) or x— log 14-220 198 1=0 


or x>log (1+х) ter @ 
Next, let ¢(x)=log (1+ De 
p sob о s: disc xl 
Әта пар IFs (459 
“Gani? Ї 22011 


When x>0, $(х) increases with x. 
$(x)>¢(0) when x20. 


0 
But $(0)=log (1+0) – үд р-108 1—0—0 
$(х)>0 when x0 


or, log Ет when x>0 


ог, 105 (> when x20 pis verti) 
Combining the inequalities (i) and (ii) we get 


х 
х>106 (1+9) >14 when x>0. 
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Example 25. |: A) =(x -1) 
for all Positive values of x, 
f(x) = (x — 1) e*4-1. 
Б(д-(х- 1) e*+e*= x.e* 
Now e* is Positive for all x and x>0 (given) 
xe*>0 ог, f(x)» 0. 
(x) increases With x when x0 
f x)>#(0) when x>0. 
Now КО) = (0--1) е--1- –1+1=0 
i.e., f(x) is DOsitive for Positive values of x, 
` Example 26. 
each of the follo 
(0. fix) 2 x2 when the value of x increases from х=2 to 
х==2'01. 


Gi) Қа) 


2 +41 when the value of x changes from x=2 
to x—]'9g. 


e*+1, show that f(x) is positive 
[ Joint Entrance 1985 ] 


So fi 


x) 20 when x20. 


А : Я ial of 
Determine the increment and differential 
wing functions, 


(iti) fi) i when the value of x changes from 1 to 101. 
(i) F(2)=22 = 4 Here increment of x= Ax=2'01-2=0°01. 
12:01) = (2-01)? = 40401 
So inctement of 
Again F" x)=2% 
differentia]. f(y) 


the ЁипсЧол--470401 – 4=0'0401. 
f'(212.2— 4. 

Ах=4х 0`01=0`04. 
f(2)=22 +2+1=7. 


8--1:08--1- 3:9204--1:98--1--6:9004. 
*)=6°9004—7— — 0`0996 


Т 40888 чад > Р(2)=2.2+1— 
differentia] of = Anas х (–'02)= –01. 
$t = s SX gru 
(iii) He) = дей Ж == 3-15 
ктођ= — 3 


101+1~ = 


2:01 14925 ( nearly ) 
Increment of f(x) - 14925... 15= —0:0075 
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Now Р(2) = - Ст < f=- WES Л 
Increment of х= Ах--101-1--001 
differential o£ f(x)=f'(x)-Ax= – 0°75 x 0'01= — 00075. 
Example 27. (i) If y=x?+x, find the increment Av of y 
for the increment Ax of x and also the differential dy of 7. 
у=х%+х. 2. yy ВА О Tx Ax), when x increases 
by Ax. | 
Increment of y= Ау=(х+ Ad) (x Аж- (x? +x) 
— x3 2x. Ax (Ax Mx Аххх 
— 2x. Ax (Ax) + А х= Ax(2x- Ax 1 


ШЕГІ 
Again di =(2x+1) 
differential of yp=dy= 2. Ax (2+1). Ax Qa 1) dx. 


Gi) If y=sin x, find the increment Ay and differential dy 


for the increment Ax of x 
=sin x. So when x increases by Ax, » becomes y+ AY 


=sin (х-Һ Ax) 
So increment of y= Ay sin (x+ Ax)-—sin x 


=> ax+ Ax i Ax, 
=2`с05 5 зїп > 


Also dy— 89 Дис x. Ax=cos x dx. 
Example 28. Find the differentials of the following functions. 
(i) y=sin?x (и) y=log x (11) у=108 (log x) (19) v-4/2— x. 


2 f dy i 2 
(i) y=sin?x .- Bo sin x cos x—sin 2x. 


F dy= 2, dentin Dudes 


бр »-lgz с Ba, | dy- D dx=} даг. 
e . dy 1723, 
ii) »-log(log: 2. “16 рову х? 
АЛЕ. а 
гу а х log x dx. 
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4 25 CU NEN А 
Е 712 2 /2-х 
би dy sil 
and 3 di .dx mem dx 
Example29, (i) Jf х= 1997, find the approximate value of 


xt+ Ax? 4-1. 


00) Tt 4/5776 =2'4, find the approximate value of ./5 82. 
(i) Терра) лерда + Р(х) = 4x9 -- 8x. 
Let x=2,x+h=1997 .. h—1:997-2-— 003. 
Now f(x--h)f(x)--hf'(x) 2. f(1:997)— f(2) -- (2) 
~ TOY*-Q?--14-(—0903)x {4.(2)5-Е8.2} 
=33— 0003 48 = 33— 0:144—32:856, 
me Tey у= Vr 2. Роде 
Let х=576, x+h=5'82 2. ћ=5'82 –5:76= 0:06 
Now f(x--h)— f(4) ЕЛДЕ? 
+ Қ5%2)--Ң576)--06х Р (5776) 
95 4/582-,/576--06х 


1 1 
57572 =24+006 


2x24 

724--d5—2'4--0125— 2:415, 
' Example 30, (0 If log 10 
(i) I£logsj— 
G) ее 


72:303, find the value of 108,29 
"4343, find the value of 108101993 

ош л роде] 

Let #=100, <+h=100'2, — һ-0?. 
Хоч REFN fi) eue 


or, logi??? = 195100 цо x l 
i 100 


=2 log1? 4:005. 2X 2'303 + 0:002 
74606 -+-002= 4608 
M (1) Letf(x)—logig— 


logi х logio . 

Also let х=100, x+h=1003 

Now, +) = f(x) -hf'(x) 
f(100:3) = К100)+0'3 x f'(100) 


NS. 
: fG)—logíox = 


h=0'3. 
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ог, 10810109" =[0810104-0'3 xlogíox am 
=2+0'3х 0'4343 x '01—24-0:0013029— 20013029 

Examdle 31. (i) If 1'=0'0175 radian, find the value of 
tan 46°. 

(ii) If sin 60'—0'86603, find the value of sin 64° 

(i) Let f(x)=tanx .. f(x)—sec?x. 

Also let х= 45°, xt+h=46° .. h=1°=0°0175 radian 

Now f («+h)=f (x)+hf (x) 

ог, f (46°)=f (45°)+0°0175 x f (45°) 

or, tan 46°=tan 45° +0°0175 X sec? 45° 

=1+0'0175 x 2=1+0'035=1'035 

üi) Let f(x)=sinx .. Р(х) =соѕ x. 

Also let х=60°, xth=64 2. h=4°=4x0'075 

Now f(x+h)=f(x)+hf'(x) 

or, £(64°)=f(60°)+4 x 00175 х f'(60?) 
sin 64°=sin 60°+4 x 010175 x cos 60° 


от, 
—0'86603- 4х 0'0175 x = 0:86603 + 0°035=0'90103. 


Example 32. The radius of a circular area is 7cm. If there 
be an error of 02 mm in the measurement ofthe radius, find the 
error in the computation of the area. 

Let A and r denote the area and radius of the circular area in 


sq. cms. and cms. respectively. 


dA 
=m? | .. Оли. 
A=" dr ) 
Now corresponding toan error Ar іп т, the corresponding 


error AA in A is given by да-4А . Ат=Ятих Ar. 
Now when 7=7 ст, Ar=0'2 mm=‘02 ст. 
дАА=2х2# x7 х002=0'38. 
So, the required error in the area =0'88 sq. ст. 
Example 33. When 9=60°, find the approximate change 


in the value of sin 9 for a change of 1' in the value of 0. 
[1/=0'00029 radian 1 


: ра 
Let y=sin 0 a ds 5608 8. 
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П т \а in 6 
Now change Ду in y corresponding to a change A6 ir 
ás given by 


у == Д 
Ду= 40 A6-cos 0. Ag. 
Let 0-60, A#=1'=0'00029. 
Change in У=51п 015 е ) 
Av=cos 60° x 000029— 2 x 000029 = ‘00015 ( nearly ). 


d nder- 
Example 34. The position of the vertices of ДАВС ME 
80a very small change on the circum-circle of the tria 
da: db Læ o 
Prove that cos At cos B я 66:07:30: ве 
As the vertices of the triangle undergo a very small chan 


2 а 8 г does 
on. the circum-circle, R, the radius of the circum-circle 
not under go any change. 


If da bea very small change in а, 
then da=d (2R sin A)=2R cos АДА. 2 Ed 


Similarly _ 


шэг 


4с 
- DUE EY (2) 
со8 8 2R ав, cos C S 


da db dc 
COSA сон heo СОЕ dA+2R dB+2R ас 


=2Rd (A--B--C)- 2nd (7) 2Rx0-—0 


A, B, Care angles оға triangle, 
зо A+B4+C=7= 


[ As, 


constant. ] я 

Е rea 
Example 35, Estimate the error made in calculating «ће 21 
of the triangle ABC in which the 


e 
Sides a and b are mes 
accurately as 25 cm and 16 cm. "While the angle C is T 
as 60° but 2° in error. [ Joint Entrance 1° 
Let the area of ^. ABC ђе A. 
A=} а зіп C53. 25. 16 sin C=200 sin С. 
Error in the Computation of the area 
=dA =d (200 sin С) 200 cos C dC 
Here C=60° and AC-y-ix Л 


— 


Error in the area=200 cos 60° x 3x32 x41o— HE. 
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Hence the required error in the computation of the area 
18:88 sq. cm. 

Example 36. The lengths of the sides AB and AC of the 
triangle ABC are c and 5 and the magnitude of the angle Cis 45. 
There was no error in the measurement of ÀB and AC bu: 
an error of 3 in the magnitude of C. Determine the relative 
error in the computation of the area of the triangle. 

[ 1'—0:00029 radian | 

Let A be the area of the triangle.. 

SS A=}absin С. : 

So log Л = 108 (à а? sin С)=105 (#85) +log sin C. 


dA _ 1. со С AC=cot С AC. 


: A sin 
= cot 45° x х 0'00029=1 Х *000145= 0'000 145. 


Note: Generally relative ‘errors are determined by t 
logarithms of both sides of a given or known relation and then 
taking differentials of both sides. 

Example 37, Show that the relative error in the computation 
of the volume of a sphere is three times the relative error in the 
measurement of its radius. [ State Gouncil West Bengal ] 

Let v and 7 denote the volume and radius of a sphere in 
c units and units respectively. 
yesar® orn log v—log ($71?) 

. dv dr 
=log ($7)+3 108". -- E Fie 
ji taking differentials on both sides ). 
e the relative error in the computation of the volume 
mes the relative error in the measurement 


aking 


cubi 


Henc 
of a sphere is three ti 


of the radius. 

Example 38. If there be an error of 1%. in the computation 
of а number, what willbe the error in the determination of its 
common logarithm ? Паво“ 20243] 

Let the number be x. 
putation of the number is A т 2 


Ї as the error is 1% | 


So the error in com 
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Let y=logio* =108,* X logyo*. 
So if Ay be the error in the determination of logio*, then 


d loge aur. 15 —0:004343. 
Ay Ахт--- log'iox Ax= x X 4343x 15520700 


Example 39. ТЕ the length ofa second's pendulum increase 
by 1%, what will be the decrease in the number of beats in 
one day. 


We know. if T апі / denote the time-period and length of a 
Pendulum, then Т=2л үг. 


log T=1 THE X log 1. 
- log T=log (гл v2 | log (5 à 
dl aT dl 
г т ря бо, T Х100-4 71 *100 


Here the increase in lis 1% 2, а х 100-1 


ar x 100= 
3% in T. 
Now ina day there are 24X 60x 60=86409 seconds. 
So, actually there should be 86400 beats in a day in a second's 
the increase 1n the length, there will 


#Х1=05, So there Wil be an increase cf 


be 86400x '005— 


Catano 2 C=k tan 0 

or, log C=log (k tan 9) =log k+log tan 0 
dC usa бен. “АЙ 20 ае 
С Ttan o S 40 sin 0 cos 0 т 28" 6 


ас 20 


| 
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So, when 0-457-41-, -de x 100 


a EA Ис BERE, n 
= 4xsin z. 07 | Here @ х100=07 ]-2*2* «97.1, 


Hence the required error in C is 11%. 


Example 41. The pressure P and the volume У of a given 
amount of gas are connected by the- relation Py Y*— constant. 
Find the percentage error in the calculated volume corresponding 
to an increase of 0779, made in reading the pressure. 

PVY*-constant—h (say) - log (PU)**—1og k 

or, log P+1°4 log V=log k 


dP аў _ ар ар 
ог, р +14 у =0 or, 14 y^P 
dV 12401977 dV мА 
ог, 217758 a P 24 7 х 100= 14 тр Х100 
T 


-—— x0°7 [= percentage increase in the pressure is 


0736, so a x 100=07 | 


Hence there will be a decrease іп the pressure by 2%. The nega- 


-tive sign in the value of uL х 100, shows that there will ђе a 


y 
decrease in the volume. 


EXERCISE 1 


1. Acircular plate of metal expands by heat so that when 
its radius is 7cm.; the radius increases at the rate of 0°25 cm. 
per second. Find the rate at which the surface area is increasing 


at that instant. 

2. From a balloon tull of air, air is discharged at the rate of 
11 cubic cm. per second. When the radius of the balloon is 
3% cm. find the rate at which its radius will be contracted. 

3. The bottom of a cistern is a square and the length of each 
side of the square 155 ft. Ifthe height of water level in the 
cistern increases by 6 inches per minute, find the rate at which 


water is entering the cistern. 
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4. Ifthe volume of a sphere increases uniformly, ae is 
Р e 
the rate at which the area of its curved surface cha 
inversely proportional to its radius. 


i ce of & 
5. Provethat the rate of change of the Comi Qi e As 
circular plate with the radius is а constant and the 


5 ius isin direct 
change in the area of the plate with the radius is in 
variation with the radius. 


2--12х, Find 

6. А particle is moving along the parabola ТЕТІ i 
the co-ordinates of the point of the parabola at which 37 
changes of the abscissa and ordinate of the point are equal. 


the ground slides away from the wall at the rate оф 6 metres p 
second. Find the rate at which the other end will slide dow 
ward when the height of the ladder is 12 metres. 

8. Water 15 running into ап Open inverted conical vessel at 
the uriform rate of 22 cubic 
diameter of the base and the heig 
Find the rate at whic 
from the time water 


es. 
ht of the cone are both 2 e 
h water level rises at the end of 8 minu 
Starts pouring in. 


6 
10. Show that when 0— A» the rate at which tan 


increases 15 twice the Tate at which 0 increases. 
11. The lengths of two sides of a triangle are 5 cm. and 6 1 
and their included angle is 8. When 9=30°, then the rate 


i е 
change of 015 2/3, Find the Tate of change in the area of th 
triangle at that instant, s 


t. 
12 Алапар trong walking towards a lamp post 23 
high at the rate of 508. per Second. Find the rate at Morti ] 
furthest extremity of his shadow is moving ? [ Tripura 1 


13. А шап 15 m tall walks away from the foot ofa lamp 


4 E he 
centimetre per minute. Т 
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post 3m high, along a straight line and moves at the rate of 0°6m. 
persecond. Find the rate at which his shadow is lengthening. 


14. A manis walking at the rate of 5 km. p.h. towards the 
foot of a building 40m. high. At what rate is he approaching. 
the top when he is 30m. from the foot of the building 7 

[ State Council W. Bengal 1986 ] 


15. Each side of a square islengthening at the uniform rate 
oflinch per second. Find the rate at which its area is increas- 
ing when the length of each side is 6 inches. 


16. Each side гоЁ an equilateral triangle is lengthening at 
the uniform rate of УЗ cm. per second. Find the rate at which 
the area of the triangle is increasing when the length of each 
side is 4 cm. j 

17. A kiteis flying 28:m. high and there are 100 m. of 
cordout. If the kite moves away from the man in the horizontal 
direction at the rate of 5 km per hour, then find the rate at 
which cord is being paidout. 

18. A rod 5 metres long, moves with its ends А and B. bying 
on two perpendicular lines OX and OY respectively. If А moves 
at the of rate 1 metre per second when it is 4 metres from O, find 
at what rate the end B is moving ? 

19. А right circular cone with height equalto the diameter 
of the base is made by pouring sand оп the horizontal ground 
at the rate of llcubic ft. per minute. Find the rate at which 
the height of the cone is increasing when the radius of the base 
is 1°75 ft. 

20. А stone thrown into still water causes а Series of 
concentric ripples. If the radius of the outer ripple і į 
at the rate of 5ft per second, how fast is the area of the 
water increasing when the outer ripple has а radius'of 1 


ncreasing: 
disturbed 
3 feet ? 

21. A vessel containing V c.c. of liquid is in the form of Ч 


cone of semi-vertical angle 307, the vertex downwards and axis 
vertical. Attime ty a small plug is removed from the bottom 
of the vessel and liquid flows out at the rate kV y 


Cil—3 ©: per minute, 
App. Cal.— 
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— "di 
k being а constant and у cm. the depth of the liquid in the AK. 
at time t minutes. If at time Фа the vessel contains vo 


1 
ti j ae 
3 V cc. of liquid and at t—t, it is empty, show that tat 288 


[Joint Entrance 1978] 
i i ы 415 
22. Тһе displacement ‘y ofa particle at time “Г secon 


. : the 
given by з={14-Ьу/, Find the velocity and acceleration of 
particle at time t—4 second. 


23. The distance ofa Particle moving along a straight © 
Кота fixed point of the Straight line is x at time t. If i d 
show that the velocity of the particle is proportional to time an 
that its acceleration is constant. 


24. If the displacements of particle moving along ; е 
Straight line is so that 5—at? -F bt4- c. Prove that the Ti 
of the particle &radually diminishes and the retardation is propo 
tional to the Square of the velocity. > 1 
© 3105. Эр displacement of а Particle is given by 5—-2' sin 2 
Express the velocity in the form Ae-2: cos (5t--e) and find Ё 


value of ¢ when the velocity ofthe Particle vanishes. 


һе 
26. When the distance of 4 Particle moving along a cn 
ine is x from а fixed point of the straight line, then the veloci 


of the Particle is һү eoa 
t Ї x 


; the 
Show that the acceleration of 


27. Tf Кд-10- 9x-F 6x3 — „з 
ог decreases for values 


ina ti, іп the 
28. Show that = 18 Increasing for all values ‘of x in t 


open interval: 0<x<z, 


+30 is decreasing, 


30. In which interval 


à 2440 
ІЗ the function x4 — 449 --4x? -4 
increasing ? 
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31. Show that the function x*—9x?+36x+18 is increasing 
for all values of x. Р : 


а ап x+b cos x 
c sin x+d cos х 


either increasing or decreasing for all values of x. 


32. Prove that if a, b, c, d are constants, 


33. Show that x—sin x is an increasing function for all 
values of x. 


34. Show that if x0, then 


x 


x? : 
ac <log 159<х- 15 


35 Show that for all values of x in the interval 0<х<%, 
5 


j 25) өрі a 
0) х 6 Xsin х<х— - 1120 


(ii) 1 A: < cos харын, Ж, 
(іі) sin x«x«tan x. 
36. (i) Show that if x>0 then x>log (14-x)2x-— $x. 
Gi) Show that 1--x log,(x+/? Ара if #20. 
[I.I T. 1983] 


37. Show that the function х5 steadily increases from — e 
to +e but xë decreases from © to 0 and then increases. 


38. “If у= тад = and х<1, then у increases with x’. 


validity of: the statement and correct it 


Comment on the 
[С.Ғ Т.І. T., 1984] 


if required. 
39. Those values of x for which the function y— 2x? — log, (x) 
g or monotonic decreasing satisfy the 


is monotonic increasin 
inequalities + + 
Fill up the вар. [ C.£. 1.1. T. 1983] 
40. Determine the increments and differentials of the 


following functions. 
ü) у= х3 when the value of x jncreases from 2 to 271. 
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(ii) ›=$73, when the value of r increases from 10 to ы 
(ii у= 108,0, when the value OÍ x increases from 

to 4'01. | 
[ Given log, *— 13863, log, 4-01 = 13888 and log*15— 04343 | 


41. (i) If = and (11) ¥=Cos x; find the increment Ду of v 
for the increment Axofx. Also find the differential dy of y. 
42. Determine the differentials of the following functions. | 
(i) у=соѕз x (ii) J—log*io (ii) jig, | 
43. With the help of the ideas of differentials show that if 
* be small compared tol, then Ji- an, 
44. With the ideas of differentials show ба 
и 4 Wi) У Мо 
45. Find the approximate values of 
@ V83 (ii) V 626 (use differentials ). 
46, Using differentials find the valuesfof 
(0G хела фу when х= 3:05 
(ii) х8- When =2'98, 


47. | loge 10=0°4343, fing t 


he approximate values of 
i) log,10.1 


and 108101941, 


48. log*,5— 9454. 108,5 and 108,04--06021, find the 
approximate value of 10510404, 


49. 10175 radian and 1'—0:00029 radian ; find approxi- 
mate values of (1) cosec2 46° 00 сов 90% (Ші) tan 45°58’. 


50. The radius of а Sphere was found by measurement as 
20cm. If the maximum error in this measurement is found to 
be 0'5 cm., find the maximum еггог АЕ wd өссөн in the cor 
putation of the curved Surface of the sphere, 
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51. Show that the increment in the volume of a sphere is 
approximately 47r? times the increase in the radius r. 


52. When the temperature remains constant, the law of 
expansion of gas is py=constant where p and v denote the 
pressure and corresponding volume of gas at any instant. 
When the applied pressure is 20 kg/cm?, then if the volume 
decreases from 1000 c.c. to 999 c.c., determine the increase in 
pressure. 


53. At height h the density of the atmosphere is given by 


EL. 
р=рое 895; where po is the density at the sea-level. Find the 
approximate increase in the height corresponding to а fall of 1% 
in the density. 

54. Findtheerrorin the common logarithm of a number 


corresponding to ап error of 05% іп the computation of the 
number. | log‘ 307 04343] 


55. Show that the relative error in the computation of the 
area of a circle is twice the relative error in the measurement of 
the radius. 

56. Show that the relative error in the computation of the 
volume of a cube is three times the relative error in the measure- 
ment of an edge of the cube. 


57. Show that the percentage error in the computation of 
the n-th power and the n-th root of a number are respectively 


. "Die g ГР” 
n-times and = times the percentage error in the determination 


of the number. 


58. If there be ап error of lcm. in the measurement of the 
radius of a circle of radius 7 cm., find the error and percentage 
error in the computation of the area of the circle. 

59. The time period ‘T’ of a simple pendulum of length ' is 
given by Т=2т ү T Show that the error in the time. period is 


19% if there be an error of 1% in the measurement of the radius. 
2 
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60. In the formula 9= ИТ, (his a constant ), 


(G) If h remains constant and there ђе 4 decrease of 1% in r 
find the percentage change in 9.. 


(1) Ifr remains Constant, find the percentage change in q 
Corresponding to an increase o£ 2% in А 

61. The Pressure p and + 
equation py14— р Where b is 
of 1% in ” what will be + 


he volume » o£ абаз are related by the 
а constant. If there be a decrease 
he Corresponding Percentage change 


62. band € are the lengths ОЁ the sides СА and AB, If they ' 


remain unchanged in magnitude but the angles B and C 
undergo small changes, Show that 


dB 


d 
‚уга ————— = Утик ЧИ . 
VEIT SET Umi 


==, 


CHAPTER TWO 
TANGENT AND NORMAL 


$ 2.1. Equation of tangent ‘to the curve y=f(x) at the point 


(x15 ул). 
We have seen in chapter опе ($ 1°4) that if the function Fix) 
is differentiable at (ху, уа) then (8) —fxy) is "the 
dx /(x1, 91) 


gradient of the tangent to the curve y=f(x) at the point (ху, уз). 
So, the equation of the tangent to the curve at the point 


Ga; yx) is >-»-(Ф | у) (- х1). 


$ 2.2. Equations of tangents of different conics. 
(i) Equation of the tangent to the circle x?+y?=q? at the 
point (ху, уу). й 
The equation of the circle is х2 -у2= а. Differentiating both 
sides of the equation with respect to х we get 
dy х 


ду _ та 
2х--2у dx -0 or, dx БАЛТ y 
Hence the equation of the tangent to the circle at. the point 


: 4у ) 

2 is у—уз={—— (х—х1) 
(а ээ) sth = (х1, ул) с 
dE ээ: 

or 1 1 yı 1 
-—xxitxi? oF, хх = ха b n? 


or, Уул = у? 5 
(хау Ул) is а point of the circle | 


ог, хх Буу а? 10 

(1) Equation of the tangent to the parabola уз=4ах at the 
point (х1, Ул) 

Тће equation of the para 


both sides of the equation with г 
ду =4а ог Ду 0, 

ду dx »* 

f the tangent to the parabola at the point 


bola is »?—4ax. Differentiating 
espect to X we већ, 


Now equation © 


dv ( З 
=(—}),,. х-ха) 
s 9-9 ЭР ул) 4 


(х» ya) i 
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38 —31?—2ax — 24x 
or, y—yi— y (x — ху) Ог, ууу Ул , 

1 


or, уз = дах + y1* — 295, On yyi—2ax-d4ax;—2ax,. 


[. (а, 71) is a point o£ the parabola, So y,?— 4ax] 
95 Ура —2ax- 2a, 0, ууј=2а (x4) 


PS а oint | 
(ii) Equation of tangent to the ellipse zu Toa =1 at the p | 
(ху, yi). 


2 


з Vw d 
i ipse j y ; ting 
The equation of the ellipse 15 = + ӛзі. Differentia 


both sides of the e i 


дж 2 c ду, БЭ ЛА 
gi ar “4250 Чу; ie 


м dy 
ais yy (dy, $ 
(xi У1)15 y 71 (% (хі, yi) (x X3) 


Xi 
ог, У хх 
аз » ( 1) 
2 = 3 p 
or, Man, ae x m £n» х MET 
b a? e h pa =r qa 
Xi уу 
So P te 


[ As (ха, Ji)isa point of the ellipse 1 


a а е 
angent to the hyperbola > 3-1 at th 


The equation of the hyperbola ig Si эй, 1 Differentiatin£ 
both аз _Б 


Sides of the equation With Tespect to x we Bet 


> 
p 2y dy dy- p? x 
a? ђе ‘dx or, dx uà ет 

Now the equat 


ion of the tange 


; ће 
( Ji nt to the hyperbola at t 
point (x, y4) is 


=y =| W 
d ( dx 1" 2А) (x- ха) 
2 


2 
21 =y? XX1— X3. 
от, Mes rr (6-1) ог, 271 Vu gae 
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or ZA 3 Хай yu? ха Уул р 
T, а Tift p. epa. Do а ра 


а 
[ As (Ху, уз) is a point of the hyperbola | 


(v) Equation of the tangent to the rectangular hyperbola ху=а? 
at the point (ху, 1). 
Differentiating both sides of the equation xy=a?, of the 
hyperbola, with respect to x we get 
dy » 


dy _ Em 
ух 2290 Qr. ах «xii 


Now, the equation of the tangent to the hyperbola at the 
point (х1, 71) is 


Э 

y-3y17| — (х= х1) 

5 (2 G3, 31) z 

or, s-3y- -2 (8-а) Or, X1y—3X1317 - 91955171 


or, хуу-+хуу=2хууу Or, xiydxyi—2a? 
| As (x54) is а point of the rectangular hyperbola. 1 

(vi) Equation of the tangent to the conic ax? --2hxy 4- by? --2gx 
+2fy-+-c=0 at the point (x, Уз). 

The equation of the conic is ax? + 2йху-Н by? + 2gx-- 2fy +с=0 
Differentiating both sides of the equation with respect to x 
we get, 

ду ду Фу. 
2ax 2h | 253122 ac oot AF а 0 
dy dy_ _(ax-+thy+g) 
ог, (hxt+byt+f) a — (ax hy--g) or, v deor 
Now the equation of the tangent to the conic atthe point 


mom 2 43) 
(ху, 91) is У »7(Z]... ») (x— ха 
_ аха the ЊЕ 

on. 979177 ky thy tf 


ог, hxyy t byyi РУ hxyya — Бух? — Тул 
= —axxy — hxyy 7 gx axi? 15121-81 
axxa T (xay ху) byya вх 
=аху*+2Аһхууу yat фаха fa 


(х=) 


ог, 
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ог, axxi-cth(xiyd- Хул)- byy, TE x3) ++) с 
Can El y. Бууз Эрс, T2fyidc | 
[ Adding 8x1 +fyı +c on both sides 1 
Ui, PREM act РАНА ИН | 
As (ха, Yı) is a point of the сопіс ] 


Note 1, [n every case above, Ф has finite value at every 


point (хі, 71) of the curve. 
2. The following a 


the equation of the tan 


7? ? 5 А 2 and 
Write да апа y? as хү and yy in the terms involving x ап 
: п 
у? and then put Ха and y, for опе х and one y Tespectively i 
. г . y 
the Products. In the terms Involving x ang Y, write x and 2 


ively. Then put x, 


rtifice can always be followed in иран 
gent to a curve ас апу given point of it. 


as 515 and n respect for one x and Ул 

for one y, If there 
Дл 

езе 


tand geth us 


rite tho equation of the 
c=0 


) * For example to 


Co-ordinates of апу point of the circle 
n taken аз (а cos ө, a sin 0). The equation 

of the tangent Ё 

[Putting хуга сода У1=а sin біп the equation of the tangent 

to the circle at (ха, 31] or, % Cos Ü-- y sin 0=а, The equation 

of the tangent to the parabola „2 


У =4ax at the point ( at?, 2at) is 
>. Zat—2a(x4-at) ОТ, tat ora | 


[ Putting xy —at?, J17—2atin 


the equation of the tangent to 
the parabola at the point (ху, 21] 
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Putting x4—a cos 0, 317b sin 9 in the equation of the tangent 
2 2 
Bones ы 
to the ellipse At gl atthe point (xi, 71) we get the equation 


of the tangent to the ellipse at the point (а cos 6, b sin?) 


as = cos от 0—]. Putting ха=а sec 6, y4—b tan біп the 
equation of the tangent to the hyperbola = lat (x1, у) 
we get the equation of the tangent to the conic at (asec 6, 
b tan 0 ) as P. sec 0-% tan 0-1. 

^ Putting xı=at and уі- $ inthe equation ofthe tangent to 
the rectangular hyperbola we get the equation of the tangent 


: а 
to the rectangular hyperbola at the point ( ats ) as 
us 5 
+ ђуг==а or, x+yt? =2at. 


$ 23. Condition for the straight line у= тх+с to bea tangent to 
a conic and the co-ordinates of the point of contact. 
(A) Condition for the straight line y=mx-+c to be a tangent 


а 
to the conic 25 +2 =1. 
а b 
шим the straight line у=тх-+Ес' c ээ) touch the conic 


P ud Г (ii) at the point (х1, ”, 


jx ^ 
кые both sides of the equation-(ii) with respect 
to x we get, 
2x 27 ду Ж. ду _ Ж b x E 
ait b dx 0 or 4, а У 


Now, the equation of the tangent to the curve at the point 
, 


cen nis sas бод 
b за. (х-ху) or, ауУі- 471 3— —bxx bx? 


ар. YLT wawa 
2 2 
or, ада а Ма ауа 


(х— ху) 
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2 
ХХ: УУ! Ха?) 


y a CS В ЯР) 
on 77 b 2 Tot [ Dividing both sides by ab] | 
“ВВС: ic] 
а DAs Ба sc Bo polar gach conte 
So, 


i line 
the equations (i) and (ii) represent the same straight 


and their corresponding coefficients are proportional. 
Wu лур: ^ 
A. RD 1 _ тат ый. 
== =т= Or, х= e ну E а 
2 2 
: ETT . 3 ЗАС жа! 
Now (ар y) is a point of the сошс-(1), 2, AC SUE Р 
шын 2 E 5— c2...... i 
55487743 са Tl on ат2-Ь-с (iv) 
which is 


the required condition. 
m b 
point of contact are (-” "v; 


с” 


e 
The co-ordinates of th 


Now putting а=а? 
Ше Condition-(iv), the conditi 
will touch the Circle x34 2 

о, cia 14758, 

So, for all real 
y—mx tax] + та 
In these two cases 


: М уе беј from 
» b—a?in the equation—(ii) we get 


: : -mxto 
оп that the straight line y 
=a? is cà ga (1+m?) 


PES lines 
values of *, the two straight 


8-0, 
are tangents to the circle ael y e are 
the Corresponding points of contac 


atm a? ; irs] 
ам јат» аут [ Putting c= ca 


; am Ф. ~ 

ON VET? Eres]. in the 
2 

a? and b=b? and а=а2 and b= =b позиве 

om the condition-(iv) above that the str 

mete will touch the elli 


2 


2 
TE AE V 
"Боја a ps SLAG сї==д9 


Again Putting q= 
equation (ii) we Bet fr 


а ya er 
line у= it m and the БУР 


! Р ively: 
m? +b? and с? == 432 —b? respect 


So, for all real values of m, 


md b 
2 

tlie Straight lines.y = те = V a?m 

"will touch the ellipse at the А 


Points 
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(52е zie ( >am ы 
ве) atm ЕТ) 


ат 53 
on (Туи mE) 
Also the straight lines у= те А азта —b? wil touch for 


x уз + 
all real values of m the hyperbola да pol The corresponding. 
2 
points of contact are (- ee ЕРА 
= У ат? +b?’ +V adm? +b? 


ie. (= E 8 
, Мата +b? , Vm) 

(B) Condition that the straight line у=шх--с will be tangent to 
the parabola y? —4ax. 

Let the straight line уетх4сн (1) touch the parabola 
уз =4ax lii) at the point (x уз), the equation of the tangent 
to the parabola at the point (%1, уз) is 

yyy = 2a(x x1) .. “(іш)” 

So, the equations (3) and (iii) represent the same straight line 

and hence the corresponding coefficients are proportional. 
2 2ах 5 с 
„Фа 231... 3 12. а-ы and уус, A. 


m 1 с 
Now (x1) 71) is а point of the parabola у? — dax. 
P 4а? - с а E 
8а “эрээ aas ог, С 87 and this is the 
required condition. 
С 4,4, _ га 1 
So, а, m? and yi— а [ Putting the value of c ] 


Thus the straight line у=тх+ mi for all real svalues of т 


touches the parabola y?=4ax and the corresponding point of 
А а 2а 
contact 15 m "m | 


$ 24. Normal. 
drawn at the point P ofa curve on the 


erpendicular 
шер t P is called. the normal to the curve at P. 


tangent (0 the curve 8 
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oint 
In figure 21, PT is the tangent to the curve y= (x) at the p 


Fig. 2-1 
is Регрепа сија 
to the curve at 
Ordinates of Р be (x, у), 


.d 
tangent to the Curve at P js Es 7f'(x). 


Р of the curve. PN 
So, PN is the norma] 


Р. 
I to the tangent PI s 
If the co. 


the 
then the gradient of 


jent 
So, if m- be the grad 
of the Normal to the curve at P, then 


dy _ =: 
d rs l 
= К dx 
кү йу ду 
dx 
Generally, 


к Ё : urve 
to obtain the equation of the ‘Normal to a с 


: dy . Then 
Р (хі, эр We first determine ( e) ж) 
‘the Stadient of the nor, 


ET Point 


mal to the curve at P jg — 


dy ЖЕ, 
"ах / (xi 91 
So, the equation of the normal at Pis 
ied (x — x3). 
2279 эл) 


“че now determine the equ 


В nics” 
ations of the normals to different co 
at a point (х1, 71) of the conic, 
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(A) Equation of normal to the circle х2--у2--28х--21у--с-0 
cat a point (x,, yı) of И. 
The equation of the circle is x? y3-d-2gx4-2fy--c— 0--.---(1) 
Differentiating both sides of equation—(i) with respect to x 
dy dy d 
we get, ах y +2в+2{ = 9 ог, += —(x4-g) 
А gnam (2) Loxitg 
dx УЕ cw" (ха, ул) yif 


Hence equation of normal to the curve at the point (хі, 71) 


1 


ог, 


48 а (х= ха) 
(Cara x1) 
ог, y-yi—- zi (x— ха) 
yitf 
or, »-y d (x—xi. or, ro ET өм (8) 
Corolary: 1. Тһе centre of the circle +++ (i) is the point 


(-g, -Р. Putting х=—я, у= -f in the equation—(ii) we find 
that the equation is satisfied. Hence the normal passes through 
the centre of the circle ii, the normalis a radius of the circle. 
So, every tangent to a circle is perpendicular to the radius through 
the point of contact. 

2. Inthe above dicussion, putting g=f=0 and c— —a?, we 
find the equation of the normal to the circle x?--y?—a? at the 


" кете) 22:25: ї А 5 224 
point is 2-9 UN [ Putting g=f=0 in equation (ii) | 
| У Я 
or, № -1= 1 or, 2-2, 
71 xı Xi Va 


(B) Equation of normal to the curve y2=4 9x at the point 
( Ху, Ул ). 

The equation of the parabola is y?—4ax + + (i) 

Differentiating both sides of the equation with respect to 


dx dx y 
y we get ду= ба 5 а 
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In figure 271, РТ is the tangent to the curve y=f(x) at the point 


о 


Бір. 2-1 

Pofthecurve. PN is Perpendicular to ( 
So, PN is the normal to the curve at P. 
If the co-ordinates of P be (x, y), 


he tangent РТ at F 


then the gradient of the | 


sent 
tangent to the curve at P is 2 -f(. So, if ‘mbe the gradien 


| 
-of the normal to thecurve at P, then т. 


T-—] | 
x 5 | 
= == аг. 
ог, т= dy d 
dx 
Generally, 


Чи 3 —Má rve 
to obtain the equation of the ‘normal to а сш 


саб a point Р (xx, уу) we first determine (2) шы 
2 ах (хз, ул) 
the gradient o£ the normal to the curve at P is — Xx 
(2) уз) 
So, the equation of the normal at P is 
1 


>-ә- (ау € | 
dx (ха, эл) 


4 Р ics 
"we now determine the equations of the normals to different coni 
at a point (ху, уу) of the conic. 
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(A) Equation of normal to the circle x? +y?+2gx+2fy+c=0 
vat a point (хі, уі) of it, 
The equation of the circle is x? + y3 --2gx--2£5--c— 0... ..() 
Differentiating both sides of equation—(i) with respect to x 


we get, 2258 agar Pm ог, op —(x+g) 
Or ду _ -xtg . (2) = +8 
tW URF ах /(жі, эл) icf 


Hence equation of normal to the curve at the point (хі, уз) 


45 y-€7 A (x— ха) 
277 xi) 


1 
ог, У-Узз ETET (x — х1) 


Уул 


ni - - 2 
On у—уј= EH (= = х1). ог, 45-44 e se dieci) 
Corolary : 1. Тһе centre of the circle ээ (i) is the point 


(-g, —f). Putting x=—g, у= -f in the equation—(ii) we find 
that the equation is satisfied. Hence the normal passes through 
the centre of the circle і.е., the normal 15 а radius of the circle. 
So, every tangent to a circle is perpendicular to the radius through 
the point of contact. 


2. In Ње above dicussion, putting g=f=0 and c= – 43, we 
find the equation of the normal to the circle x3--y3— а? at the 


s . Vy хх 4 T : 4 an 
‘point is i 1. E uu 3, [Putting g=f=0 in equation (ii) | 
x 
OD рм UM Тіс ЖҮ 
yi х1 Хэ 48 


(B) Equation of normal to the curve y? 
(х,у). 

The equation of the parabola is 244% ... ... (i) 

Differentiating both sides of the equation with respect to 


—4ax at the point 


dx dx у 
y we get ду-4а-- бу n d “2053 
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Hence the equation of the normal to the parabola at the 


int (a, 91) is У— = -2 (x—x3) 
poini 1› Уз : ду | (xa, ул) 
Ори. YI тї 3 (а-а) or, 2ay- 2aya— — yıx + xata 


от, Jix2ay—2ayictxyy,— y4(Qa-bxi) = = (d) 
Corolary: If the gradient of the normal to the parabola at 


(x1, 71) be m, then т-- ze ог, y1— —2am. 
а 2,,2 
PIT баште а 
4a . 4а em 


Putting these values of (х1, 71) in equation—(ii) 
We get —2amx+2ay= — 4a?m — 25203 
Or, y—mx-—92am- am? .. .. (iii) 


So, for all real values of m, the equation—(iii) is the normal: 
to the parabola у? = Дах at the point ( ата, — 2am ) of it. 


(C) Equation of the normal to the elli 


ха а ће 
pse Зээ at t 
point ( ху, Ут). 


2 2 2 5 
The equation of the ellipse is аз а) 3 lo ee. (i) 
a 3 


2x | 2» dy 
we get qi Ба ду = 
“ ду ba x 4 
Я т S y and so the gradient of the normal to the 
curve at the point ( x1, уд) .. 1 та ді 408 


E] _ Бах 
dx (жа, ж) 


; Я а? 
equation of the normal is а (х—х1) 
1 


ттт -a 
a? b2 


2 : dx 
Note: As in the case of а parabola we could find о 93 
determine the equation of the normal, 
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Corolary: For all values of 6, x=a cos 9, y=b sin Ө satisfy 
. 2 „а 
the equation Atl i.e,the co-ordinates of a point of the 


ellipse (i) can be taken as (асов0, bsin 8). Putting 
ха=а cos 6, уу=Ь sin 0 in the equation (ii) we get the equation 
of the normal to the ellipse at the point ( a cos 0, b sin 0 ) is 
х-асов0 y—bsing 
acosÜ ^ bsinð . 
ЕГЕ b? 
ог, ax sec 0—a?=by cosec 0 — b? 
or, ах вес 0 – Бу соѕес 0—a? — b?. 


(D) Equation of normal to the hyperbola at the point 
( Ху) Ул ). 


а 
Differentiating both sides of the equation - ир -1440) with 
2» 
e dx _ 2y ао 
respect to y we get 2 s Jy Баг, =0 ог, dy x }# ЧЕ» 
аз 
So, the gradient of the normal to the hyperbola at the point 
dx a? yi А 
[| = =; —. Hence the equat f 
(x3, 91) | ду | (ха, 9) ђа ха еп e equation of the 
азу? 
normal at the point (Ха, 71) is у-у1= -аш + (х— ху) 
XXI У“ Уз (у WU 224 Ч 
on 7 + ^ es (ii) 
a? р“ 
у аһ : The co-ordinates of any point of the hyperbola 
x? 


ж Үр =1 еап betaken as (а зес 0, ђ ќап 0). So from equa- 


tion-(ii) above we get the normal to the hyperbola at this point as 


x—asec0 y—btang ax by 
aseco  btand 01, sec | Жы ma? 4р2, 
"PE b? 1 


525. Number of tangents drawn to а conic from an external 
point. 
(A) In $23 wehave seen that for all real values of m the 


App. Cal.—4 
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2 


IG. the circle 
straight line y=mxtaV/itm? is а tangent to БЕ] ве 
vs »?—a?. ТЕ this tangent passes through an exter 
А h, k ) of the circle, then, жесе 

k=mh+a/1+m? ог, k-mh=a/i+m 

ог, (R—mh)? = 42 (1+m?), " 

ог, (25-02) ђ3—2 mkh+k? — 43 =) 25 s € 

io ig m in 

This isa quadratic equation in ‘m $ so we shall мөч хан 
values of m from this equation and we shall get. 2 pissing 
values of m two and only two tangents ofthe circ 4) rola 
through the external point ( h, В). So, from an apa 2 
of a circle two and only two tangents of the circle can 

Note 1. As (h, b) 
Аа +12 — 42 0, 

Now the discriminant of ЭР” 

тыл ее (ря сауа RER? — пара узда дара -a 

=4 + — ау), as а*>0. © 

So, the roots o£ the equati 


2. We can take 
x y аз 


; ircle, 50 
is an external point of the circle, 


equation-(i) is 


on-(i) will be real and unequal. 


> : : form 
the equation of a circle in the 
by Proper choice of co-ordinate axes. 


5 
(В) The straight line зета. touches for all real value 


; i can 
of "m the parabola y3—45,. ( The equation ofa cuin ү 
always ђе taken їп the form y?=4qy by proper choice o 


i oint 
ordinate axes ) Passes through an external p 


Or, m*h— та  Q.-.... (1) 


* If this tangent 
(7,5) then k=mh4 Я 
m 


This is a quadrati 
two real and unequ 
of the parabola, зо p2 
will be positive ] H 


oint 
› k) is an external Р 


: | o 
(C) The equation of an ellipse, ђу proper choice of C 

? x? ex So 
ordinates can always be taken in the form A aL 
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2 2 
let the given ellipse be + gral The straight line 
y=mxt+nr/a3m?+b2, is for all values of т a tangent to the 
ellipse. Ifthis tangent passes through an external point (А, k ) 
of the ellipse, then R= mh+»/a?m? +2. 


or, k-—mh=/a2m?+b? or, (k-—mh)?=a?m?2+b? 

‘or, m*(h? – а?) – 2mkbh-F b? — 5? 20------ (1) 

Thisis a quadratic equation in m and the discriminant of 
this equation is 4(b?A? —(h?—a?)(k? — 2) ] = 4(a?k? +b7h? — 5252), 

2 2 

Аз (3,5) isan external point of the ellipse, so ра -1>0 
or, b?h?-Fa?&? —a?b? 70. So, the roots of equation-(i) are real 
and unequal and we shall get corresponding to these two values 
of m two tangents to the ellipse drawn from the external 
point (h, b). 

(D) In (C) above, putting —b* for b?, in the same way as 


above we can show that two and only two tangents can be drawn 
to а hyperbola from an external point. 


& 226. Locus of the point of intersection of perpendicular tangents 
10 а conic: director circles of ellipse and hyperbola. 

(i) From 825 (В) we find that the gradients та and та 
of tangents to the parabola y?=4ax are roots of the equation 


m?h—-mk+a. If these two tangents are perpendicular, then 


тата=-1 ог, еі or, h+a=0. Hence the locus of 


the point of intersection of perpendicular tangents of the parabola 
is x+a=0 which is the equation of the directrix of the parabola. 
As the equation of a parabola can always be taken in the form 
y*-—4ax, soit follows that perpendicular tangents of а parabola 
intersect on the directrix of the parabola. 


(B) Locus of the point of intersection of perpendicular tangents 
of a circle. 


The equation of а circle can always be taken in the form 
из у a3. Та 5275 (А) we have seen that the gradients m3 and 
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та of the tangents to the cirdle 224 »?—a? drawn from an 
external point (h, b) are the roots of the equation. 
(h? — a) та — 2mkh+h? — 43 — 0, 


If these tangents be Perpendicular to each other, then 
ра 22 ЖЕДЕ; 
тата= —1. or, мат 1; Е3—аз= ра дз ог, h? +k? —2a*. 


2 
Hence the locus of the Point (h, b) is the circle x* y? =a. 
In other words the locus of the point of intersection of perpen” 
dicular tangents of a circle is a concentric circle. 


(C) Locus of the point of intersection of perpendicular tangents 
to an ellipse, 


The equation of an ellipse, by Proper choice of co-ordinate 

2 2 ; 
axes, can always be taken in the form my —1-«(i) In $25 (О) 
above, we have seen thatthe gradients ті and mg of the tangents 
drawn to the ellipse 


ie. equation (2-9) аьр фра Pr =0:. (6). If these 
tangents be Perpendicular to each other then тата = — 1. 
р? — 2 


Дай” ap ая on, fag pocta, 
Hence the equation of the locus of the 


Point of intersection (№, E) 
Of the two tangents is ха уздз ра, 


In other words tangents, 
ther, of the ellipse intersect on the curve 
which is a circle whose centre is the centre of the 
ircle is called the director circle of the ellipse. 

(D) Putting --53 for b? in the equations-(i) and (iii) above 
We сап prove і way as in the oss of the ellipse 


з уй 
T tangents to the hyperbola и gal 


Circle x2 +ty?=a3 p3, This circle is 
Е the hyperbola. 50 perpendicular 


tangents to a hyperbola intersect on the director circle of 


the hyperbola. 
827 Chord of contact, 
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The chord QR ofthe conic is called the chord of contact of the 
point P with respect to the conic. 


(1) Letus determine the equation of the chord of contract 


of the external point P of the circle x?+y?=a? with respect to 
the circle. 


Р(х,у) 


Fig. 2:2 


Let the co-ordinates of the point P be (xi Уі) and the 
tangents drawn to the circle touch the circle at the points 
Q (Ха ya) and R (xs; эз). А 

The equation of the tangent at О (xa, Уа) to the circle is 
xxg+yva=a?. Ав this tangent passes through Р (ха, v3), so 
xixa T yiya =a? ББ ын (i) 

The equation of the tangent at В (xs, ys) to the circle is 
хха Куув=а?. Аз it passes through the point P (xi уа), 
so x1Xs 19s =a? ыр = (ii) 

Equations—(i) and (ii) show that the co-ordinates of the 
points О and В both satisfy the equation xx -+yy,=a?, ie, the 
equation of the chord of contact OR is хх, + уу1=а3. 

Similarly it can be proved that, 


(2) The equation of the chord of contact of tangents drawn 
to the parabola »*—4ax from an external point P (xa) 91) is 
yyy = 2a (я x3). у 


(3) The equation of the chord of coritact of the tangents 
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х2 


drawn to the ellipse atja 


from an external point 


Р (ха, уа) is Sr . 


? ; Е 

(4) The chord of contact of the external point Ё (xy, 91) О 
2 2 : la 

the hyperbola B-45 with respect to the hyperbo 


235: Уур) 
is 9 e. 


5 ic at 
Note that the equation of the tangent to a conic 
а point of it and the chord of cont 


Point of the conic. 


$ 28, Lengths of tangent 
of a curve, 


Let у= (х) be a given curve and Р (хү, Ул) ђе а point on it- 
Let the tangent PT and the normal PN to the curve at P 
intersect the x-axis at T and N respectively, PT and PN are 
called the lengths of the tangent and normal respectively- 


» normal, sub-tangent and subnormal 


2 


Бір. 23 
'rom P, PLis drawn Der 


bendicular On the x-axis. TL and NL 
re called the subtangent an 


d Sub-norma] +0 the curve at P. 
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Now, let PT, the tangent at P be inclined at an angle у with 


the positive direction of the x-axis. Then tan == ул. 
Now PT=PL cosec $=yx/1+cot? у [As PL—y.] 
= AND re (3. aD TA 
Уі “ЖА ТЭ aN a 
PN=PL cosec ZPNL=y cosec (90° — 4 ) 


| As ZTPN is a right angle, so ZPNL=90°—¥ | 
=y sec $=\/1+tan? арза а 


Subtangent TL=PL cot у= "uu Ey -2 


Subnormal NL=PL cot (90° —)— PL тап md туул, 


EXAMPLES 2 


Example l. Provethat of the three tangents to the curve 
y-(x—1)x-—2XY(x—3) at the points where it meets the x-axis, 
two are parallel and the other makes ап angle of 135° with the 
positive direction of the x-axis. 

Putting y=0 in the equation of the curve we get х=1,2, 3. 
So, the curve meets the x-axis at the points (1, 0), (2, 0) and (3, 0). 


Now y-(x- 1)(х— 2)(x - 3)— x? – 6x? + 12x — 6. 


d» зла - 12e 


ә) —3.12— МЕ 
5о, (2 0.0 3.12—12.1+11=2. 
dy. —323— 22 
(2 = 3.22 —12.2--11— — 1. 
dy 
Зу. =3.32 –12.3+11=2. 
[2 Їйл 12.3+11=2 


ду | ду | | 
: d 
Now | die NL dx |(3,0) are the gradients of the 


tangents to the curve at the points (1, 0) and (3, 0) and we &nd 
that they are equal (each equal to 2). So these two tangents 
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are parallel. Again Ші, Q^ -1= ‘ап 135° is the gradient 


of the tangent at the point (2, 0). 

an angle 135° with the Dositive directi 
Example 

following cu 


Hence this tangent makes 
on of the x-axis. 


Tves at the given points. 
(i) The circle X^ y? + Ax +6y—87=0 ас (4, 5). 

(ii) The parabola x? --2x-F y 0 at the point (— 2, 0). 
(iii) The ellipse 5x? --3y? —137 at the point where y— 2. 
(іу) The curve x=a cos? 0, у=} sin? at the point ''. 

G) х3+у2+4%4+6у—87=0, 


Differentiating both sides of the equation with respect to x 


we get А 
dy. ду _ 
2х+2у dz +4+6 dz =0 
di. ws а. (2 x4-4) 
2 Ка ay = | = 
ог, (2у--6) dx (2x+4) or, ki Sake 
22) ду 2x42) . dy Ы. а 
д. Ru) 77 Du (45 ^ 543 + 
Hence the e 


quation of the tange 


: nt to the curve at the point 
(4, 5) is 


d 
y- ao TE 0% у-5--%(,-4) 


+12 or, 3x4-4y— 32. 
(ii) х3-Едх-Бу-0 


4 
= — 2(x-4- 1) 
dy 


| ах же 8 72(-24-1)—9. 


Hence the equation of the tangent to the parabola at the 
point (— 2, 0) is 


y 
шз m g(t Or y=2(x+2) ог, у=2х+4, 


2. Find the equations of the tangents to Ње 
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(iii Putting y=2, in the equation of the ellipse we find 

5х? +12=137 ог, 5x?—125 ог, x?=25 or, х= +5. 
So, we ате to find the equation of the tangents to the ellipse at 
the points (+5, 0 ). 

Now differentiating both sides of the equation 5x? +3? =137 
we get 


ду ы ду _ 5х. 
10x-F6y-," 0 or, E 3y 


[Жз ач [2] сате 
ах ](5,2) 6 ах |(-5,2) 6: 
The equation of the tangent to the ellipse at the point (5, 2) is 


-a- (2) (x- = = 225 -5) 
»-2 (5 65,2)" 5) or, у-2 (х-5 


or бу-12=-25х+125 ог, 25x+6y=137. ; 
The equation of the tangent to the ellipse at the point 
(—5, 2) is 
dy 
-22|.9». 
х [2 m 2) 
or бу—12=25%+125 or, 25%—67+137=0 


(iv) The equations of the curve are x—a cos? 0, y—b sin? 6 


&+5)' 85 у- 2e 0+5) 


Now, 2 == а сове d (ва баба анаша усә 
dà 40 


4у 
dyt den © 35 sin? 0со59 _ _ Б sing 
dx dx · За cos?0 sin 0 а cos 6 
40° 
Hence the equation of the tangent to the curve at the 
point ‘@ i.e. (a cos? 0, b sin? 0) is 
y—b sin? 0— = 2 dn 
or, a cos 0 y — ab sin" 0 cos 8— —b sin 0 х+ар sin 0 cos? 0 
ог, 8 іп 0 x-Fa cos 0 y=ab sin? 0 cos 0--ab sin 0 cos? 0 
тар sin 0 cos 0 (sin? 0--cos? 0) 
=ab sin 0 cos 0. 


Example 3. Show that the straight line x-y=5 touch the 


(x—a cos? 0) 


2 2 
ellipse т + =1 and find the co-ordinates of the point of contact, 


58 APPLICATION OF CALCULUS 


x—-y-25 or х=7+5 putting us cup of x in the eqution 
Z +E = 1 of the ellipse we get (EP ні 
Of, 25у%4-9094-81-0 от, (5у-Һ9)4--0 or, ж--%-%, 
х-у45--% 5-26, M 
So the straight line * ——5 meets the ellipse in two coincident 
Points (—$, 30), (—9 де). 
Hence the straight line touches the еШрзе and the co-ordinates 
of the point of Contact are (– 2, 18), | 
Example 4. Бог Which value of b will the straight line 
X 3y- b touch the circle x? + уз — 3, — 3y+2=0. 
х+3Зу=р Or, х=Р—37. 
Putting this value of x in the e i 
(#– Зујз + уз —ЗЕ—39)—3у+2 =0 


Straight line. So if the straj 
roots of the equation—(i) wil] be equal and SO its discriminant. 
Will be zero, 
So, 36(1-5)3 — 40(b* — 354-2) = () . 
ог, ~ 4k? 485 — 44—0) or, k*—]2b--11—0, 
or, (b-1])(5— Шеза с pea ОРЛЕ 
ћећ R=11, then th 
10 52 —60 73+90=0 Or, у3—6у+9=0 ог, (y—3)?=0 
3,3. So х=е—Зу=11—11 —9=2, 2. 
i Int of contanct is (2, 3). 
1, the equation—(i) becomes. 
20 ог, 9-40, so х=Ее—3у=]. 
So, in this сазе the point of contact is (1, 0). 


Hence if k=11 ог 1{һе straight line x+3y=k will touch 
the circle and the co 


Tresponding points of contact are the 
points (2, 3) and (1, 0), 


Example 5. If the Straight line Y=x sin «+а sec « touches 
the circle x? + у2 = 43, show that сова «= 1 


Let the straight line СЫН (sb де ве ы 41) touch the 
circle x? 4- уз= д... (2) at the Point (ху, уу) of it. 
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The equation of the tangent to the circle (2) at the point 
(кл, 93) is хжа Фул =a- (3). 
So, the equations (1) and (3) represent the same straight line. 


Hence their corresponding coefficients are proportional. 
4 


Зул уг MN а 
sina 1 —asec« 
Or, x3- —asin “ cos < and yı = —a cos «. 


Now, (x4, Уу) is a point of the circle—(2) ; 

50 x1?-Fy,?—a? ог, a? sin? < cos? «+a? cos? «--а? 
or, sin? « cos? «-Fcos?« — 1—0. 

or, sin? « cos? «-Fcos? « — (cos? «-Fsin? «)=0 

or, sin? «(сова « —1)20, ог, -(1- cos? «)(1— cos? «)=0 
or, (1—cos? «)2=0 ог, i—cos?«—0 2. cos? «=1. 


Example 6. Find the equation of the tangent to the parabola 


y?=8x, parallel to the straight line y+3x=0. ІН. S., 1970] 
Let the tangent to the parabola y2=8x:+++++(1) 
Parallel to the straight-line v+3x=0 be у+3х-ЕЁ==0 + (2) 


and it touch the parabola at the point (х, y’). 

Now, the equation of the tangent to the parabola at the point 
(х, y) is уу-4іж-Ех) ог, уу'—4х—4х'=0 з (3) 

Hence the straight lines (2) and (3) represent the same straight 


line. 
So, the corresponding coefficients are proportional. 
ХА , m" 
зээ тэ -4 y= m and x =з. 


Now (x, у) is a point of the straight line (2) 
229430 5і-0 on -$+k+k=0 
ог, фЕ% .. №=$ ^ x-$ 
Hence the required equation of the tangentis y+3x+2=( 
ог, 9х+3у+2=0, the point of contact being the point ($, — $), 


Example 7. Find the equation of the normals to the following 
curves at the given points. 


(i) The parabola х3--4у at the point (6, 9). 
2 2 
(ii) Тһе hyperbola гийг | =1 at the extremity of the latus 


rectum situated in the first quadrant. 
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2 

Ww "T DERE 

üii The ellipse ae +r =1 at the extremities of the minor 
axis. 


(iv) The curve g= 
п 


a (0—sin 0), у=а (1—cos 6) at the point 


д= > 
DU жа : dy dy 2x 
Ws impe c A4 or, Ue ЗА” 
су 1 
dx (6, 9) р 
[е the equation o£ the normal to the parabola at the point 
(6, 9) is \ 


»-9--3(х-6) ог, 3»-27—— x-4-6 ог, x+3y=33. ° 


(ii) If é be the eccentricity of hyperbola т са 1, then 


4=9 (631) 


ог, $=e7—-1 ор ВЕЗЕ МО" 22 
_ 8o the co-ordinates of the extremity. of the latus-rectum 
situated in the first quadrant are 
УІЗ 4 ; ча 
3. x x 8) Le, (ута, $) 
Now differentiating both sides of the equation of the hyper- 
bola With respect to у we get 
2х dx 2 9 
ae 45 = == y 
B ans е 25. 
S d | Eie) 4 3 
25 dy |(үуіз, 25 cud 3V13~ 7 4713" 
се the equati pite 
Mis. 10 lon of the normal tothe hyperbola a 
4 d. 
Zo eS = Ge - 13 
иил 277 857018 
aes 
or, у-і- УВ - v13) or, se 2 B 


1374323. 
А ш] The extremities 9f the minor axis of the ellipse 
5; tora dei) are the points (0, +), 
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Now differentiating both sides of the equation—(i) with respect 
to x we get 


2х ‚дуду _ а; афа E (ау; = 

a? “ҙа q:79 ог, „= Е. dx ](0, +b) 0. 

Hence the tangents to the ellipse at these points are рагаПе! 
to the x-axis. So the normals are parallel to the praxis: < Det 


the equations of the normals ђе х=. As the two normals pass 
through the points (0,+b), so, R=0. Hence the normals 
to the ellipse at these points are the straight line x=0 іе.) (һе 
minor axis. 


қ "um re 
(iv) х-а(6-віп 0) 2 82-4 (l cos 0) 
=a (1—соз 0) 2 ай, 
у=а LUE um 
dee 
dx 40 а(1-со86) _ 25138 "E 
dy d» asing 2 sin $ cos 8 2° 
49 
ах 
--- —--—tan--—-1 
( 7. =3 4 


Hence the equation of the normal to the curve at the point 


T " п 1 п 
бат i.e. the point fa (5-і 2 за — cos 2 ) 


ie, ía(8—1) a} is 


on У-аз-1х-а жа) on y-a--xta$-a 

ог, хНу=аз. 

Example 8. Findthe equation of the normal to the ellipse 
4х2 92 =72 which is perpendicular to the straight line 
2х+3у=6. 

The equation of a straight line perpendicular 
line 2х+3у=6 is 3х—2у==с*е (1) 

Let thisstraight line be normalto the ellipse 4x? --9у2 — 75 
... (5) at the point (x, у). 


to the straight 
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Now differentiating both sides of equation-(ii) with respect 
to у we get 


dx uc i-e» a 

8x dy *18»-0 А T d = 
(=) 238 
dy J (xy) 4 x 


So, the equation of the normal to the ellipse at the point 
(е, v') is 
ЖЫ, az) unt OEE ыы) 
y-y | dy yn @ x) r, 3-7 4 x 
Or, 9y'z— 4x'yex5x'y'---- (iii) 


So, equation-(i) and (iii) 


respresent the same straight line- 
‘Hence the corresponding coeffi 


cients are proportional. 


xy ғ. Зе d ғ. 96 
3 пр ва «. der x ami и 


Now (%, у’) isa Point on the ellipse-(ii) 
36с2 3622 72с2 Ра 
725 #25 =72 ог, 25 =72 or, с2=25 .. с= +5 


Hence the required equations o£ the normals are 3x - 2y2:5— 0 


Example 9. Find the equation of + 


he tangents to the curve 
О — Тх-Ь-6у-Ьб= (), 


x" – дху4-дуг 7xt6y6-0--.--(i) 


8 both sides of this equation with respect to 
X we get, 


2x-2( 2) ду _ ду 
o +45 E 


3.70. 
x 
ов d (4y - 22-6) 2 247. 2 ze = -24+7 : 
ах 4y —2x+6 
The gradient of the given straight line 
6xt5y= 4н. (цу jg 6 
So, 


that gradient of the tangent to the curve which is perpen” 
dicular to the straight line (ii) js 2. 
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i art S ог, 12y-12x+42=20y—10x+30. 
or, -—2x-—8y-12 ог, x-—6-—4y--- (iii) 


Putting x=6 —4y in the equation—(i) of the curve we get, 

(6 – 4y)? - 2(6 — 4y).y- 2»? — 7(6 — 4y) -6y4-6— 0 

or, 26y7—26y=0 .. у-0 or 1 

So from (iii) we get x=6 ог, 2. 

Hence the tangents to the curve at the points (6,0) ог, (2, 1) 
are perpendicular to the given straight line (ii). 

Now the equation of the tangent to curve at the point (6, 0) is 

y—0-&(x—-6) ог, бу-5х-90 or, 5x—6y-30. 

Also the equation of the tangent tothe curve at the point 
(2,1)is у-1-4х-2) or, 5х—10=6у—6 or, 5х—бу=4 

Hence the equations of the tangents are, 

5x —бу= 30 and 5x —6y- 4. 

Example 10, Find the equation of the normal to the 
hyperbola xy=4 at the point (2, 2. Also determine the.point at 
which the normal again intersects the hyperpola. 

The equation of the hyperbola is хуг= 4 ••• +. (1) 


Differentiating both sides the equation with respect to y 


d: dx x 
"we get лш. 95 a 


» 
dx 2 
_ 4 -—— a 
( dy | 2 2 


Hence the equation of the normal to the curve at (2, 2) is 
у-2-41(х-2) ог, ух, 
Now putting y=x in the equation of the hyperbola we get, 
х3-4 Of, Хээ =2. .. у= 12. 
So, the normal intersects, the hyperbola at the point (2, 2) 
1 › 
and(-2, —2). The point (2, 2) refers to the given foot of the 
normal and (~2, -2)isthe required point where it once again 
intersects the curve. 


Example 11. The normal to the rectangular hyperbola ху= а? 
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at the point ( at, 5) intersects the curve again at the point 


( at’, ТЭ Prove that ;3/ = — ], 


The equation of the hyperbola is xy=a? (1) 
Differentiating both sides o£ the equation with respect to 7 
dx dx x dx 2 
eget у“ +x=0 or -25-3 . (-% a y—U. 
> ау , У y dy/(at, $) 
, : а Ү, 
Henece the equation of the hyperbola at the point ( at, 2) 15 


y~4=17(x—at) or, x= tya- att. (ii) 
If this normal intersects the hyperbola again at the point: 


а ^ quoe | а 
( ағ, 22 › then.the straight line Joining the points ( at’, 2) 


and ( at, =) 


The equation of the straight line Joining the points ( at, =) 


and the normal (ii) will be the same straight line- 


5 1 
ж ge. 
and ( а so, У t 
У ачаб а а 
i у 
or, А-а = iy—a 


90-0) (г) 90 at= – у (у—а) 


tt 
or, ХЯЧРУу- анг) эг 
So, eduation—(ii) and ( 


iii) тергезеп the s 


hence their Corresponding coefficients are pr 


ame straight line and 


3 Oportional. 
$ 


t 
“ЖУ On pel 


Example 12. Fing the condition that the straight line x cos 0 
+y sin бер may touch the pa 


Tabola уз=дах ГН, s 1984] 
Let the straight line х соз 9-Fy sin б==р....°(1) touch the 
parabola . y?=4ax-++---(2) at the Point (zz, y), 
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» Differentiating both sides of the equation—(ii) with respect to > 
x we fet - "р" : AT. 


ак» Big гааг El sche 

Hence the equation of the tangent to the parabola at the 
point (x', y) is 

т. 2а r , 2 " } 
pays æa’) or, уу—у =2ax— ах. 

or, уу'=2ах=4ах'—2ах' [`` y9?—4ax'] 

ог, уу—Фах=Фаж ^ + ++ (ш) 

So equations—(i) and (111). represent the-same- straight line: 
Hence their corresponding:coefficients are proportional. 


За” da 0 = qug and y 72a tan’ 
Дар 

cos 0 ЭР 
ог, а «ап 0 sin д= -р and this is the required condition. 


Now y'?-4ax' | or, 4a? tan? Ө= ——— 


Example 13. Find the equation of the tangent to the parabola 
y?=12x inclined atan.angle.45' with the positive direction ог 
the x-axis. Also find the co-ordinates of the point of contact. = - 

[H. S, 1963 ]. 


Let the tangent to the parabola у?=12х-=****(1) at the point 
(x', y) makes an angle 45° with the positive direction of the 
x-axis. So,the gradient of the tangent is tan 45°=1 and its 
equation is 7-7 '2l(x-x) on хр у... .. (i) - 

Now differentiating both Pv of equation—{i) 


With respect to x we get ду > e =12. 


ду _6' 
“. dem E 95; EM >) zr. 
== or, y=6. 
Now (2', y) is à point оп the parabola, 
y2=12x or, 36219y'  4'=3, 
Hence the equation of the tangent to the parabola у= 12x at 
App. Cal.—5 
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: itive 
the point (3,6), inclined at an angle 45° with the pon 
direction of the x-axis is y=6=1. (2-3) ог, х—7+3=0. 


the 
Example 14. Find the equations of the two tangents Re ЕЕ 
ellipse 2x*--7»*—14 drawn from the point (5, 2. Also find 


angle between them. [ Joint Entrance, 1973 ] 


We know that the straight lines у=тх БАЈ aim? Fb? are 


2 2 
tangents to the ellipse = 3-рг-1 for ай values of m. 
Now the equation of the ellipse is 2x? 4-752 —14 
4 P 2 


т к= 


ог, аї=7, and b?=2, 
The straight lines y—mxcW/7m32 + - (ii) 
are tangents to the ellipse—(i). 
If these tangents pass through the point (5, 2) then 
2=5т КА Та 45 Ог, 2—5m= +n/ 7m? + 2 
ог, 44-2552 


720m: 7m +2 (squaring both sides ) 
ог, 18m?-20m+o— 


0 or, 9n? —104-1—0 
ог, (т-1)9ө-1)-0 “+ т=1 or, $. 
1 in the equation—(ii) 


Putting m= 
=x+3 is not 
equation of one + 
Again puttin 


we get ус-х 3. oad 
satisfied by Х=5 and у=2, So y2x—3is t 


angent to the ellipse—(i) through the point (5, 2). 
Е т=п the equation—(ii) 
Eb ERA cms diw 718 
We get y= 9х 156558 xt. 
on yz:dx — 38 is not satisfied by x=5, у=2. Hence 


t 
От, 5-95-E13—0 is the equation of the other tangen 
se through the Point (5, 2). 


Again the Bradients of 


acute angle between the tang 


The equati 
у= ухіл 
to the ellip; 


the tangents are 1 апа $. So the 


ents is tn 133 asi. 


line 5x=3y49=0 touch the hy- 


The eccentricity of the hyperbola is $- 
Find the distance between the foc 


co-ordinates of the point of conta 
c 


Example 15. The Straight 
2 


хаи MI 
perbola 73 — а =l. 


i of the hyperbola and also the 
ct. 
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2 2 
The eccentricity of the hyperbola Some -1 - -- қ) 


is& .. b?—g*(e?— 1) = а2(35 — 1) - A842 қарал CPV) 

ot, 16а%=9Ь%. х 

Let the straight line 5x—3y--9—0 >> (iii) touch the hyper- 
bola—(i)atthe point (x, 3). Now the equation of the tangent 
to the hyperbola at the point (x', y") is 

bu == е в 

Hence equations (iii) and (iv) represent the same straight line 

and so their corresponding coefficients are proportional. 


, 


= 1 , ays pne TUS 

Бле а= бо =F at and y'=- E 

— Now (x, y') is a point of the hyperbola с 036 (у) 
IAS 0528 25 Ж 
АВ 51507383 On Bis д? 


ог, Hat-$ocy $ 22=1 [Его (ii) 1 
ot, а 1 05507068 pi 16 а=16. 


... 2 
So x'=—§a=-§.9=-5 and у= - =~ 16. 


.. The co-ordinates of the point of contact are ( —5, — 36), · 
Also the distance between the foci is 2 ае=2.. 3. §=10 units. 


Example 16. Find the equation of the common tangent of 
the circle x? Њу? = 2a? and the parabola 5? —8ax. 


We know that the straight line у=тк+2® а 
of the parabola y? —8ax ··· бы. Gi) 
( 2 1 i 
Now putting mete for y in the equation x? 492—292... Gii) 
of the circle we get 
2a |а да a a 4a? 
х2 + тећи | 722" on i'm JHar 2243 


or," m3(1+-m?)x? +4am?x+ да — 262 m 


or, тт”) + 4ат? х- 27 (2 — 3)-0 .. (iv) 
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This equation (iv) isa quadratic equation in x and its roots 
are the x co-ordinates of the straight line (i) and the circle (iii). 
So, ifthestraightline (i) also touches the circle (iii), then the 
roots of equation (iv) will be equaland the discriminant of the 
equation will be zero, , - 


ie; 162?m* — 8m: (14 тајаз(2— m2) =0 
ог, 8a?m2(2m?2 —2-2m3+m?+mt*)=0 
ог, 8a7m?(m*+m?—2)=0 


от, , 8a*m*(m* -2)m? — 1)=0 


^ m*—1-0as m? +2520 and m#0 [since a straight line“ 


parallel to the x-axis cannot touch the parabola—(ii) ] 
ог, m=+1. қ 


So,’ the equation— (i) becomes у= 24 and it is the 


equation of the common tangent to both the parabola—(ii) and 
the circle—(iii). 


Example 17. Find the equation of the common tangent tO 
the parabolas ¥?=4ax and x2 =4by, ІН. S] 


The straight line y=mx+ (i) is а tangent to.the parabola 
m 


У = Аду (ii) for all values o£ m (520). 


"n a у 2 1 
Putting тх%--5- for yin 
the equation of the parabola x2 


= 4by--- (iij) 
We get x! — Ab ту L 

m 
Bo mx" — т 4, дађ=0 22 .. (iv) 

T s Toots of the quadratic equation (iv) in x give the Н 
MEL 9f the points o£ intersection of the straight line 0) 
and the БАГНЫ QD. 5038 the Straight line (i) also touches the 
parabola (ini), then the roots of the equation (iv) will be equal 
and the discriminant of the equation will be zero. 

So, 16b?m*+ l6abm=9 ог, 16bm (6m?+a)=0. 


~. Рт? +а=0 (as тэр) > “eee 4 ыы хүс, 


Hence the required equation of the common tangent of thé . 
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9 33 "Cr par Наа 
two parabolas is у= -ү 2 х- 73 ог, у=— үа i 3 азр, 
Tu 


ог, Ма xt&/p yt %/а1р2--0. 


Ехатрје 18. The normal to the parabola y?=5x makes an 
angle of 45° with the x-axis. Find the equation of the normal 
and the co-ordinates of its foot. - ЇН. 8. 19801: 

Let the normal to the parabola у%=5х -- (i) at the point 
(5 t?, 5 t) makes an angle s xm the positive direction of the 
x-axis [Here 4а--5 “. a=% 

Hence the gradient of the ioi is tan 45°= 1. 


.Differentiating both sides of equation (i) with respect to 7 we 


dx dx 
» ду=5-— E аа а 
8.0734 dy шан ТАТ 
5 5 
=- paas or, т=-—1. 


Here the foot of the normal is the point 
412. (– 1)°, #(—1)}=(% — 8) 
And the equation of the normal is y+§=1 (x $) 
or, 4х- 4у= 15. 


Example 19. Ifthe normal to the parabola »?—4ax drawn 
at the point (ата, дата) meets the parabola again at the point 
(ата?, дата), then prove that та тата +2=0. 


Differentiating both sides of the equation у2 =4ах > .- (i) 


ж 
with respect to y we get, 2у=4а 3) 


go = am 04 
gp (amı?, 2ami) 2a х 


So, the equation of the normal to the parabola at the point 
(ата?, дата) is у—2ату= — та (%— ата“). 

or, тах+у= дат Fam? зе ec o (i) 

If this normal vu the parabola again at the point (ато? А 
дата), then х=ата?, y—2ama will satisfy the equation (ii). 
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So, amama? + дата = ата фата? s 
ог, mi?t2mi- i – гта= 
or, та (mi? ~m3? ) + 2(та – та) =0 
or, (mi— ma) (mj? тата +2) =0 
or, таить +2=0 [ assuming та зета | 


t to 
Example 20. Prove thatfor all values of m, the tangen 


Ч 5 : 7-9, 
the curve 6 ) *«(2) =2 at the point (a, b) is су + =2 
а 
=1 (i) 
Differentiating both sides of the equation, (= ) NO y 


With Iespectto x we get = +22 — a : a = 
dy b" xni ў b^ GEE e ar b; 
ы ышы „куә 

Hence the equation of the tang 

Point (а, b) is у 


0. 


the 
ent to the curve (i) at 
5 


=z (8-а) Or, ay—ab- —ђуфаћ. 


ог, Фх-Бау--дар ог, 


1 ‘ е 
independent of n, Hence for all values of n; the [апрел 15 b 
cu =) lit 

rve (= + : 


А is 
att =2 and this equation 


=2 at the point (a, b) is IL 


2 2 2)2, 
ai -pr7l then © e, 5 Ermar)” 


; е 
Let the given Straight line Iz+my=1. ... (1) be normal to th 


9) 
hyperbola бы hr =l VG) at the point (asec a, b tan 
of it. 
: : ресе 
Now differentiating both sides of equation (i) with respe 
Ax 
to y we get а ду ~ oo 
dx аз y 
Or, — =. 
^ dps ШЕ: эг 6, b tan 0) 
а 
к E btan 


—*an 6 == 
а sec o = sin б. 
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So, the equation of the normal to the hyperbola (ii) at "the 
point (a sec 0, b tan 0) is y—b tan 0-5 E sin 0 (x—a sec 6) 

ог, by—b? tan = —a sin 0x-Fa? tan ө 

or, asin6x-by—(a?-Fb?)tan8 с: «e (Ш) 

So, the equations (i) and (iii) represent the same straight line 
and so the corresponding coefficients are proportional. 

asin 6_ 5. (a* +b?) tan 0 
1 т 1 


= GPS) sec 0 and = (a? +b?) tan 0. 
а? 


2 
B (аажы) sec? 8— (a? -- b?)? tan? 0 
= (a? -- b3)? (sec? 6 —tan? 0) (a? --52)?.1 


a 
о, 5 — i ar Баја. 


Example 22. Prove that if the straight line lx4-my-—1 be 
normal to the parabola у3--4ах, then al? --2alm? =m? 

Let the straight line 1[х+ту=1 :- (i) be normal to the 
parabola »?—4ax с> (2) at the point (at?, 2at) Differentiating 
both sides of equation (ii) with respect to у we Bet 


шаа ® dx 2)». 
eon dy ‘* dy 4а 2a 
22. The gradient of the normal to the parabola at the point 


г 2at 
(at? , 2at) is лж шит ала =t. 
So, the equation of the normal to the parabola at the point 
із y—2at= —t (x— at?). 
or, tx--y—2attkat? + +" (iii) 


So, the equations (i) and (iii) are equations of the same 
straight line and so their corresponding coefficients are 


proportional. 


EE ACE Uwe ЛИ hehe Cos з 
d gere EP t т апа == —2attat 


8 
=2a shan gh or, al®+2alm?=m? 
m m 
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= Example 23. Prove that if the straight line x Eon em) Ё Ў 
т. „т -—m. А т-1 
=p touch the-curve арын, then (a cos «) "-1-E(b ің «) 


=r. [CU] 
Let the Straight line x Соз «-Еу sin «=зр......(1) touch ig 

curve = mls. 840) at the point (кл, уз) of the curve. 

Differentiating both sides of the equation-(2) of the curve with 


um xt qi на “бу n 
respect to x we Bet ат * T рт У, ах 


3 Ју 
3070) ВИЗЕ ЭР == A 
RTT d Gary а У dx (ха, уу) а" Уі 


: : oint 
Hence the equation of the tangent to the curve at the p 


, « У 
Gc, 93) is ууа 9" xum (x — ху) 
t Нас a а" yı™ i 1 
[i 


ог, Par Fa Uy iy any, mà pny n 
x mly m-1 ху" т wd. : re т 
ог, X +. x aA [dividing both sides by a"b" J 
int of 
b x т-1, may і is а point О 
or, uri aS 18) [ As Ga, 71) іѕ a p 


the curve (2 d 
Ё So, equations—(1) апа (3) respresent the same straight line an 
enc : 


e their Corresponding coefficient ате proportional. 
5 т-1 "тина x 
х1 ХИ 


1 
а" | рт 2321 
Cos < Sin « p 
алы МЕТИ а cos С ул 1771 bsin« 
* (5 | = апа Va 
5 D 
5 кш ne! Зала 
ог, are Cos «Төз у, [b sin «үнэл 
s р d s D 
Now, (s 


У1) is a point of the curve.., (2) 

хү" уут -l m „ыт 
У ТК eee ы дун 
or, (a cos «)"71 (b sin yr. 28 e 
Example 24. Ргоуе that if 


the straight line 4 cos «у sin «зер 
touch the curve х”у" =ат+а, then 
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p7*"m"n" — (тіпа mtn sin" « cos" «, 
Let the ин, line x cos «Ну sin «—p'**(i ) touch the curve 
a yn eant sss (1) at the point (х1, 71) of it. 
| ‘Taking logarithm of both sides of equation-(ii) we get, 
m log x +n log y=log (а"*"). 
Now differentiating both sides with respect to x we get, 


men Кай ir МУ Ста 
жі» ae oe КАНД inc 


| ae oo | 


Hence the equation of the tangent to the curve-(ii) at 


the point (хі, Ул) is y^ yer Ts 22: (х= x4) ы; 
or, myyxtnxyv=(m+n) хаУі .. - (iii) 


Hence equation-(i) and (ii) represent the same straight line 
апа so their corresponding coefficients are proportional. 
ту _ пх  (mnxu»yi 


ог EA lr 
% cos« sin« р 


ate ae — and yma 

(m+n) cos < sin € (m+n) 
Now (xy, 71) is a point of the curve х"у"=а"+" 
So, х1 ean 


тур" ^ "рл, 
(т-Еп)" cos" & (m-+n)" sin” 4 


ог, p"*"m"n" —a"*"(m-n)"*" cos" « sin" «. 


=а"+" 


Example 25. Prove that if the straight line 9% faba is 


Я Xr to SE ellipse xs Dy =1, then 50554323: 


Let the straight line Sp BP =c) "be normal to the 


UNDC Ea 5 у 
ellipse a Ile) at the point (ха; за). Now, the equation 
b 


of the normal to the ellipse-..(ii) at the point (х1, уу) is 


2 2 
x Ла, а b м 
uus 22825 ор, = g-— yogi-p? 
3 X1 Ул х1 yai 


dai a? 13 
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[^ аЗ—Ь9=а2 —a3(1—e?)=a%e? T 


Д ... . . апф 
So, equations-(i) and (iii) represent the same straight line 
hence their corresponding coefficients are proportional. 


a b 
3 4 
а Qu 
A => 


"E где о ан 
с A Tae? р ate 


-īp or 
а?е 7 


28 PAN m 
Now (кл, y3) isa point of the ellipse PEE Ed 


2 a 9c? 16с2 
Жік D. с ERE 
a? + ђа =1 ог, afet atet 
Or, 2552—0404 5c=a2e?, 


Example 26. 


co-ordinate axes 


constant. 


The equation of t 
tiating both sides of 


Hence equation o 
2 
(41,93) 1s y— Уус -Vn 


Мула m Му 


[as (ха, 71) is a 


gradient of the tangent to t 
(x, Уз) of it is [2 yi 
dx 


: е 
Prove that the sum of the intercepts on th 


"t 
of tangents to the curve 4/x4- Уу= уа 1 


Һе сигуе 15 Ax A у= Ма... (i). Differen- 
equation-(i) with Iespect to x we get, 


ў int 
he curve-(i at any рот 


int 
Ё the tangent to the curve atthe poin 


Хэ Сс Ха), ог Ухуул sax m xy Yi 
1 


У +75) ог, Му yax— Хэл Ja: 
Point of the curve so қуа И уд ] 


е tangent оп the axes of со-огаг 
= А а 
1 Уа and their sum is Их. М 
а= Уама=а which is a constant. 
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Example 27. If the lengths of the intercepts on the co- 


~ x 218 y 23 
ordinate axes of the tangent to the cur ve (=) +(2) =1 at 
Ё : ай 5 
any point of it be x1 and уз, then show that ars =1 [C.U.] 


2 х 218 y 218 
The equation of the curve 15 =) +(+) =e 
/ 
Differentiating both sides of the equation with respectto x 


17-218 quede -13 35 — 


2 
we get, y gare Hg quay 2-9 
dy p213 риз й 
dx — a yit 


Hence the equation of the tangent to the curve at any point 
(<, B) of it is i 


dy 213 pu? 
ta ale 46-9 ов 9-2 — ав ады © 
" 8 
or, b218 риз 42194119, — «1181184318213 ists) 


Or. p213g1134 p 52194113 -«131142/352/3 
h . «2/8 pels 
[ аз (<, B) is a point of the curve-(i) so gut pare 1] 
x CAT [ Dividing both sides by 
ог, 2878,1/8 t pasgim ~ «18 Владизрив Y 
So, the lengths of the intercepts of the tangent on the axes of 
co-ordinates are 42/8118 and 02/8 ВМ, 
мат а 8433, уз = 02/8818. 
х1? ух? а&! 35218 413 8213 «218 8218 
“аз 72 т да pa giis pam 1. 


Example 28. Find the equations of tangents to the curve 
y=cos (x+y) [—27<x<27] which are parallel to the straight line 
х+2у=0. Зи L LLT. 1984 1 

у=соз («+») .. Р таний: (x+y) (15526) 


or, S9 пы (+ = —sin (#+9) 


dy ___sin (x+y) 
о» “Ge lcsin(xty) 
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Weare to find equations of tangents parallel to the straight 
Jine x+2y=0 and its gradient is —1 So the gradient of each 
tangent parallel to the Straight line x+2y=0 is also — i 

So if (х, у) be the point of contact then 

—sin (x+y) Sy 
1+sin (xy) TE ; 
от, 2951 (А+) — 1 --sin (x+y) or, sin (x4-y)2 1. 
"sin (x+y)=1 and cos (х+у)= у, 
lT53-gp2 (x+y) J-cos2 (x4-5)— 1. 


ог, 93-20, J—0. Again if ¥=0, then sin x=1 and cos Е 
| Purting у=0 in sin (x+y)=1 


Hence the Co-ordinates of the 


Hs ii 
points of Contact are ( 2" 
37 
and (- 27 0 | 


and the equations of the tangents at these two 


Points are АА [= апа 25-43 БЕ : 


Example 29. Find the 

to the ellipse 3x3 --2y2 — 35 
Straight line X+2y=7, 

et the Point of inters 


; : : ts 
point of Intersection of the n 5 
8t its points o£ intersection with t 


ection be (ви). Then the equation 
Of the Chord of the ellipse joining the Points of contact of the 
tangents drawn from Gas 71) is х+ду=7. In otherwords, the 
equation of the chord ОЁ contact of the 
to the ellipse 3x? 424995 is x+2y— 784400. Again the Бу 
ОТО of contact is Заха + ду у = 35: .. (1). i 
Г Hence the Wo equations-(i) ang (ii) represent the same straight 
"пе. So, their Corres i Cients are proportional, 
Эхї Зуу 35 


тања “-ordinates of the Point of contact are ( $, 5 ). Қ 

Example 30, Ртоуе that the Portion of 4 tangent toa REN 
at any point on it, intercepted between the'point of contact an 
the directrix subtends а Tight angle at the focus. 
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Let 5 be the focus of the parabola у? —4ax. and Р (x, уу) be: 
any point on it. Let the tangent to the parabola at the point P 
cut the directrix at Р. To prove that ZPSR is a right angle. 


х+а=о 


рі 


- Fig. 2.4 


Here the co-ordinates of S are (а, 0): Now the equation of the 
directrix is х= —a---- (i) and that of the tangent to the parabola 
at P is ууз=2а(х хү) --- (ii). 


Putting х= —a in equation (ii) we get yyi—2a(x, —à) ог, 
ре: ) 
у= 2a (x1—a). Hence the co-ordinates of the point of inter- 
yi ҮС “36 


j 5 ЕН ~ га 4 
section В of the tangent and the directrix аге (— a, m (ха — а)}. 
; апаты Е 


Now the gradient of PS is m=; Уз ^md that of RS 


ve is. 
24 у туртот 
PTE REN --(825) 
тал AERE yi 
gelo xis alm = 
тата = ( a) 1. 
Hence PS and РЕ are perpendicular to each other and ZPSR 
isa right angle. 


Example 31. -Prove that the portion of t 


point of an ellipse intercepted between the p 
a directrix subtends a right angle at the Corre 


he tangent at any 
oint of contact and 
sponding focus. 
й 2 2: 
t i 2022 ш) 
Let the equation of the ellipse be a += and e be fia 
eccentricity. So the co-ordinates of the focus S' are (ан 0) 
аё 
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< : М RE: ЭРЭЛ) 
and the equation of the corresponding direction isx——, 


Fig. 2:5 
The equation of the tangent to the ellipse at the point (хь, У 1) 
ови is еј 2. 


Ри * Gi) 
Let this tangent (ii) intersect the directrix (i) at the point 2. 


То prove that #Р9'2' is a tight angle. Putting х= — = їп 


the equation (ii) we get 


2,216: 5УУү7- 02. х1 b? ater) 
225113 1 ог, s SEC ae 


‘So, the co-ordinates of Z’ are {- Gu D ze жағ), 
е 


Yı ae 
‘Now the gradient of the straight line Z'S' is 
b? ха tae\ _ 
iml - ae 449 (x, tae) НЭ 
- tae Yı ae a(e? — 1) 
4492 (x, +ае) b? (ха +ae) 
na (2—1) = уз (ү—езу` 


СЕ ө 

=- ялы [аз b?= a? (1-е?) | 
Again the gradient of the straight line PS’ i 
(rtas), У Уа 


Ул Xi-cae | 


Hence the straight lines 2'9' and PS’ are perpendicular to 
ach other ће, 2Р5'2' isa right angle, 


Example 32. Prove that the normal at any point of ап 


EA LEA 


18 mam ха авг 


2. патз=- 
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ellipse bisects the angle between the focal distances. of the 
point. 


Fig. 26 


а ја 
Let the equation of a given ellipse be ate =1 and its 


‘eccentricity be e. The co-ordinates of the two foci S and 5' are 
(ae, 0) and (—ae, 0). Let P (х1, Уі) be any point of the ellipse. 


Now PS—4/(x, — ae)? Fy? Ne ~ ae)? 4 (a? — хл?) 


IV (xi уу) is a point of the ellipse, so 


mA el yt Ёа gt 3) 1 
аз ра COENA a? xı 


P ENT ~“ 
= Ма - a)? и (а3- x1?) [77 b*—a? (1-е?) ] 
= Уба – ae)? - (1— e?) (a* — ху?) 
= Vx, — 2aex3 Фазе“ + a? — a?e? — x4? + x4 e 
= Уа —2aex, + x43e? —/(a— ex) =a —exs. 


Similarly Р5’=а-Нехл 


The equation of the normal to the ellipse at the point 
Ж (ха, Уу) is 


rt POT ... ... (1) 
Let the normal intersects the major axis of the ellipse whose 


equation is y=0 at С. 


Putting y=0 in equation (i) we get 
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b? 15 
| 12 j ји 4 
RFI 25208 42. х= ху = — 727 X1 OI, x= X1 Е д? | | í 
X1 a 
а? 
2 2 
с ж Жы EEE BEN 
OT, х= | a је e [ ђе = а ате ] 


So, PG is the bisector of / S'PS. | "iie 
Ехатрје 33. А is а point on the parabola y?=4ax. 42 
normal at А cuts-the parabola again at B. If AB subten 
'a right angle at the vertex of the parabola, find the slope of АВ. · : 
[I.I T. 1982] 
Let the co-ordinates of the point А of the parabola ye da 
be (а117, 2at4) and the normal to the parabola drawn at А again 
meets the curve at the point В (at42, даға). 
The equation of the normal 
y t1x—2at4 “гай? у 
As В (atg?, 2ata) is a point on this line, 
50, 221, atta? —2at1 Fat, ? | 
ог, 2a (га — 11) ај (t5? –1,3)—0, 
ог, 2+ti(te+t,)=0 


(1) 


[аз A'and B are two different points 
-117:0. Also a0 | | 


2 
On | edu i, „= - [+5 | 
ty 


Again the vertex of the parabola is the origin О. So, the 


gradients of OA анд OB are а 2. and pals a 2. Accord 
Ч Gt? ti аг ај (et 
ing to the given condition, А AOB is a right angle. 
DE. : 
о а Es 
4 9 
їл ty 


OF, 4=2+t,? 4% (1? —2 Ог, 


А == 
Hence the gradient of AB is = 


= м2. 


i is қ 
to the parabola at А (ан 2011) i 
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2 2 
Example 34. А tangent toa hyperbola 24 -a= 1 intercepts | 


length of unity upon each of the co-ordinate axes. Show that 
the point (a, b) lies on the rectangular hyperbola x3 — y* —1. 


[ Joint Entrance 1980 ] 
The equati Ё e ane 
quation of the tangent to the hyperbola па ам 1 atany 


х 2]. So,theinter- 


i . XX 997 
oint (x 1 _ == —- 
р (ха) Уз) 15 HB p = 057725 oF 
X1 Ул 
2 D? 
cepts of the tangent on the axes of co-ordinates are ^, and TE 
1 1 
2 2 
So by question ga 2051, : =а3, у=} 
а X3 y1 1 ee x1—a , y17b . | 
2 у 


x 
Now, (ха, уз) is a point on the hyperbola 23 = pi 


` 2 и 4 4 
Xi 271 ам, D а 
So, аз сар” Ь2 OI; a? wr "E == 1 OT; a? LE 52:51: 1,е., the co- 
B? 


ordinates of the point (a. b) satisfies the equation x? —y?=1 or in 
otherwords the locus of the point (a, b) 18 the rectangular 


hyperbola x? — y? — 1. 
Example 35. Show that the 


drawn from the foci on any tange 
x? 223 e^ 

Let us take the ellipse as za Часе 1. Let (ха, 71) be апу 

The equation of the tangent to this ellipse 


product of the perpendiculars 
nt to an ellipse is constant. 


point of the ellipse. 

1 4 4 хх = eee ... - 
at this point 15 TUR 1 (1). 
perpendiculars from the foci (ae, 0) and 


The lengths of the 
ents are 


( — ae, 0 ) of the ellipse on these tan£ 
GeX1. 1 ехл 1 
o m and 
175 fees? Уа АГ Уі 
X1 Ул \/ 1 
Vette RET 
— aex ех. 4 
2 -1 1 = 
at рё a? 15 
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22. ЭГЭЛ Эс 
ТЕ this tangent is drawn from the origin, thatis if it P : 
h the origin, then — В= —« cos «. 2% at] 
4 [ Putting х=0, y=0 in the equation of the tange 


4 : ће 
2 i (x, B)is a point on t 
. Also sin <= В аз (x, 
cos «<= ЕЗ 
curve y=sin x. 


pa 


: a - 
cos? БАХ: илийн +8 „ог 1 


B3 + «2 p2 
HEC 
or, «?—f3-E«38? ог, «2— ва= 282, 


i a, B) 
Hence the equation of the locus of the point of contact (4, 
is x? — y? = x2 3. қ 


у а_„а— 812, 
So, the points of contact lie on the curve x у? = х?у 


d to 
Example 40. Prove that the points of contact of tangents 


the curve y? —4a {eta sin (4 which are parallel to the 
x-axis all lie on a parobola. 


The equation of the curve is y? — 44 {rta sin i enm) 


Differentiating both sides with respect to x we get 


x 
2y- Z жаа bee —4q 1 1+cos (=); | 


So, if the tangent to the curve 
x-axis will have its gradient 


dy 4а { 2) 
Ss =54 21 28 -0 
dx 2у +соз а 
Or, 1-+-соз (= Но ог, cos (=)- Sd. 
a a 
So the value o£ sin (=) at the point is 
EN ets oN 
y1 — сова (£)- V1=1=0. 


Again the point, 


(i) 5which is parallel to the 


(x, y) being a point on the curve (i), 


па in (=)= ] 
greta {2+2 sin СЭ) ог, у2--4ах fas ын (=) ; 


Hence the points of contact all lie on the parabola y2=4ax- 
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Example 41. Show that the curves xy—12 and ух3--36 
intersect at the point (3, 4) and find the angle of intersection of 
the curve. 

Each of the equations ху= 12 өөө (1) and vx?—36----(ii) are 
satisfied by x—3, y—4. 

Hence the curves represented by the equations (i)and (ii) 
intersect at the point (3, 4). : 

Differentiating both sides of equation (i) with respect to х 

d d y 
we get, yx 52-0 от, = ==? 
Hence the gradient of the tangent to {һе curve (i) at the 


A қ _ [ду aes 
point (3, 4) is та= dx |(3, 4) 3 
Again differentiating both sides of equation (ii) with respect 


ду ду _ 2y 
to x we get 2xy + x? а=. g=- 
Hence the gradient. of the tangent to the curve (1) at the 
2.4 8 
point (3, 4) is та= 773 ——3* 
ат 
Hence the angle between these tangents is (ап * Tog 
Ере ш ton ел 12 
m. woe . 
төл 1+(-9С 41 


Hence the angle 0 of intersection of the curve is given by 
tan 0= 24. 

Example 42. Find the angle of intersection of the parabola 
уЗ —2x and the circle x? +7? =8. 

Putting 2x in Чон of y? from equation угээ (1) in the 
equation x2+y2=8-+---(ii), we find х2+2х=8 ог, x?+2x-8 
=0.....* (4). ог, aay (х=2)=0 .. хэ-4,2 

So, y2=2x —4=-8 or, у®=2Х2=4. . 

But y2#-8. .. у'=4 ог, у= +2. 

So, the curves intersect at the points (2, 2) and (2, —2) 

Differentiating both sides of the equation y*=2x with respect 


dy d 
to x we get 27 ей or, AUT 
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So the gradients of the tangents to the curve у%=2х at the 
point (2, 2) and (2, —2) are 


"-[2 Ja, > Құлан m= ir o, -а7 7+ 


è 2 
Again, differentiating both sides of the equation x?+y?=8 
with respect to x we get 


2х++2у 0 =0 ог, d 


шилэн 
dx — 


y 
Hence the gradients of the tangents to the curve у 
at the point (2, 2) and (—2, 2) are 
; (ду dy | ET 
-193 Сэрж 4 =| =], 
Р (% Jo, дү пићу да па Е (2, -2) 


Hence the angle between the curves atthe point of inter- 
section (2, 2) is 


1 3 
, msc == 
5 xz 2: 2 
oe Frm tan 3 unii алга) 
1-54-1) i 


Again the angle be 


intersection (2, —2) is 


tween the curves at the point of 


1 3 
tani Та — то м P rel 
i 1+ тать tan" 1 =tan 1 <a 

1+ (- 1. = 
2 2 
= ап”! (—3) 


Example 43. i 
iab 2 Prove that if the 
17 —1 intersect orthogonally t 


== а 


а азер US 

[ To intersect orthog 
Let the curves inte 
both sides of the equati. 


curves ax?--by3 1 and 
hen 


3X 


onally means intersect at right angles ]_ 
Tsect at the point («, B) Differentiating 
E On ax? + уз ка] with respect to x we get 
гах+ 2by 5g О; ду кай 
% у’ 
So the gradient of the tangent to the curve at the point (% 8) 
ду 


H =| —— = 26 
d mee he bB 
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Similarly the gradient of the tangent to the curve аух?+Ь;у? 
=1 at the point («, В) is m=- 515. 
biB 
Now if the curves cut orthogonally, then the tangents at the 
point of intersection («, В) are perpendicular to each other. 
A аж ал“ 
.. тітат-і ог -> a) - 
үз “Коко 
aax? «2 bb; 
ОТ, 7, p —1 00 за == 
” pb,8? ТЫ day 


see) 


Again (4, В) is a point on both the curves, 

So ака Ва =1 +++ (2 and ait? +В =1 (3) 
Subtracting equation (3) from equation (2) 
we get (a—a3) «?--(b- 1) 8*—0 


2 - bb b-b 
or, == -Eh si m E [ From (1) ila 
a—ai 5 bi ЕІЯ gs uie 
95 "да b som a by Ф 
Жж лы 
oth аа Ba 


Example 44. Ifthe chord of contact of the tangents drawn 
from a point Р to ап ellipse passes through the point Q, then the 
chord of contact of the point Q with respect to the ellipse will 
pass through P. . : 

Let the co-ordinates of the points Р and Q be (х1, y1) and 

А Е жауда; 
(x4, уа) and the equation of the ellipse be gpl 


Then the equation of the chord of contact of the tangents to 


" . ХХ yi... " 
the ellipse drawn from the point P is PIRE =l; As this 
chord of contact passes through the point Q, 

ХоХі | Yaya — p „а 
So, ats 1. (0 
Again the chord of contact of the tangentsto the ellipse 


уу 
Bb "T (2) 


Equation (1) shows that this chord of contact (2) passes through 
the point P. * 


drawn from Q is the straight line a+ 
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о 
Example 45.. Тһе points of contact of the толе 
the circle x? +4?=a? drawn from a point P («, В) are Q ап 


. a(«3--B?—a2)?7 
Prove that the area of the triangle POR is € — 


Fig. 2.7 
Clearly, ОВ is the chord of contact of the point P (<, В) 
with respect to the circle x24 73=,42. 
Hence the equation of the straight line ОВ is xe фув=а“. 


So the length of the perpendicular PM drawn from Pon 

2 + В? — qa? 
Again PQ is the length of the tangent from P to the circle 
50 length PQ— («2 + pa — аз). | 


15 


e 2 
(C МО РОА ыу c ( e pi qe (E t 
Again 0М-4 QR. . QR=20M 
Area of APQR=} QR.PM = 1.20M.P M. 
а cap a POP («а + B2 — а?) 
«24-93 М «3-63 


= (e 4 pa -ex += cee зе («2 + B2 — д2) 
«3 + g2 a/ «3 ф Bà 
Eu Е, 
(x? + B? — а?) 312 | (КРЕЗ) v (кара) 


T («2 + 82) Square units. 


қәзір 40. | SHOW, К: at any point of a parabola the 


subnormal is of constant length and the subtangent is proportional | 
to the abscissa of the point of contact. | 
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The equation of any parabola can be taken аз у? = Дах, 


From y?=4ax we get 2y ау 4ай, ог, dy _ 2a | 
dx ах у 
Hence the length of the subnormal at any point (x, y) is 


dy га 22 46 : 
y d жак + 5 = 2а which 15 constant. 


| Again the length of the subtangent of the parabola at any 


501 1 ах 
point (x, 7) is dy = За "да 2a 
dx y 


which is proportional to x (as да is a constant), ie. the 
abscissaa of the point. 


Example 47. Prove ihatat any point of any curve 


length of subnormal _ (= of normal \2 


length of subtangent \length of tangent 


Let the curve ђе y=f(x) and (x, 7) be any point of the curve. 
Lengths of tangent, normal, sub-tangeot and sub-normal of 


2 

„ү E) TM NON Pm 

the curve at this point are БУТ СА NIA ж 1+(2)", Ме Д 
ау dx] *. dy 

dx | dx 


$2 respectively 
dx p у 


length of sub-normal _ ? dx dy 4? | 
| ^' length ofisub-tangent M 


| Alsó length of normal је 


length of tangent $ V 1+ (ary т 


length of sub-normal _ ( 


ength a 
length of sub-tangent length > соттың.) 
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Example 48. Prove that the length of the tangent to the 


curve x—a(cos t+log tan 20), у=а Sin t intercepted between 
the point of contact and the x-axis is constant. 


= ПРАХА p 2 Deis а s) 
x=a(cos t--log tan 3) 2. dt -4( sin "ILE it 2 sec” gt ) 
=a(-sin rime. 1 )=a (sin tF 1 ) 


init 90-22 ni П 
singt 20052: 2 sing cosh 


cos 4t 
Marca 2 
=a ( -sin + ) =a 9 et 
sin t sin t Sin t 
а. а 4 
Also AE (a sin t)=a cos t. 
dy 


2 
a r . 
А. | 2) =? 1Ftan™t_asin t.sect_ 


З ie tant Е 
id E cos t 
Which 15 constant, 

EXERCISE 2 


а 
» +y?=5 at the point (1, 2) ; 
T + 21 , 
(8) Тће Circle +4x+6y—87=9 at the point (4, 5) ; 
АТ int (6, -3); 
(iv) The parabola уз— ЗУ at the point (6, —3); 


6x at the point whose ordinate is 12 ; 
Gy ыш; parabola y* = 44 (x—a)atthe two extremities of 
the latus-rectum ; Е 5 
(vi) The ellipse 9x2. 1652 
latus rectum ; 
(vii) The ellipse Ax? 4-92 
(viii) The hyperbola 3х2 


=144 at the two extremities of а 


=72 at the point (3, 2) ; 
7 492—8 at the point (2, 1); 
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: хүЗ,(2ү3 : 

(ix) The curve A ЗЕ i) =1 at the point (x1, 71); 

(x) The curve х=а (t+sin t), y=a (1— cos t) at the point “Ру 

(xi) At the point (ху, 71) of the curve ax? -2hxy + by? —1. 

(xii) At the point (х1, 71) of the curve y=a log sin x. 

2. Determine the equations of the normals to the following 
curves at the specified points : 

(i) The parabola 72 +12%=0 at the point (3, 6); 

(ii) The parabola y?—12x at the two extremities of the 
latus-rectum. а 

(ii) The ellipse 7x34-8»?—36 at the points whose abscissa 
is 2. 

(іу) The ellipse 3x*--4»?—12atthe extremity of the latus-- 
rectum situated in the first quadrant. 

(v) The circle x?-+y2+4x-+6» =87 at the point (6, 3). 

(vi) The curve x=a cos? t, y=a sin? t at the point ‘P. 


т т 
(vii) The curve steal at the point (x1, Уз). 


3. Determine the equations of the tangent and normal to 
the curve „(8 2) 3) —x +7=0 at the point where it meets 
the x axis. 

4. Provethat the tangent to a circle is perpendicular to 
the radius through the point of contact. 

5. Find the equations of the tangents to the circle 
x3-Ly3—20 which are parallel to the straight line x+2y+5=0. 


6. Find the equations of those tangents to the Circle 
x3-- 92 —3x--10y—15—0 which are perpendicular to the straight 
line 12x+5y=1. 

7. Prove that the straight line 4x—2y--3-0 touches the 
parabola y? — 12x and find the point of contact. 

8. Ifthe straight line y=3x+5 touches the parabola y? =8ax 
find the co-ordinates of the point of contact and н 
the focus. 


9. The straight line y=mx+c touches the parabola y? = 12x 


and is parallel to the straight line 5y+3y4+25e0, p; 
values of m and c. » Find the 


also of 
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10. Find the equation of the tangent to the parabola »?=4% 
ich is parallel to the straight line x--2y—3. ? 
iss ke that the straight line y=x+2 touches the circle 
x? 4-5? —2 and find the point of contact. had 
12. For which value of k, the straight line y bx--13 touc 
the circle x? + 52— 144, | ië 

13. Find those tangents to the circle х%+у%=9 which а 
parallel to the straight line 3x+4y=0. w 
14. Find the equations of the tangents to the circ 2 
X*-Ry*—25 which аге perpendicular to the straight lin 
4x—3y- 12. 

15. Find those tangents to the circle x? + 3 —25, 

G) which are parallel to the straight line 3x+4y=0. 

(1) which passes through the point (13, 0). 2 

16. Find those tangents to the circle x?--y2 —6х+4у= 1 
"which are parallel to the straight line 4x4-3y--5— 0. 


17. Find the equations of those tangents to the circle 
х%+у% 6x4 4y— 


7 which are Perpendicular to the straight 
line 2х- y--3— 0. 
18. Prove that the straight line x--y—2-- 42 touches the 
Circle x2 T5*-2x—-2 


У +1=0 and also find the point of contact. 
19. For which value of c, 


the straight line y=mæ+c touches 
the circle ха y* — 4y for all values of m. el 

20. Find the equations of the tangents to the circ 
ха yi 


(ii) a? which are (1) parallel to the straight line у=тх+© 
P ы 


taight line у--тх--с. (iii) makes 


: > ints 
diameter of а circle are the pe 
the equation of the circle and л, 
to this circle which are parallel 


Find 


equations of the tangents 


this diameter. 


22. Prove that the tangents to the circle х%--у1‹=169 drawn 
at the points (5, 12) ang (12/78) are perpendicular to each 
other. 

23. Show that if the tangent to the circle x3 +5242 drawn 
at the point ( х1, Уу ) passes through: the centre of the circle 
“+ y* —2a (x+y), the 


П Ха=а, ууш) ог, х1=0, уз=а. 
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24. If the tangents to the circle x?+ 4? 
at the points (ху, ул) and (xa, ys) be Mu Uni ы жы 
xixa Hyva - (х1 + ха) КЎ: Буа) + g? +72 — 0. "ОРИ ЧЫР 
25. Prove that 
(i) the straight line y=2x+1 touche: 
(ii) the straight line 8y=16x+3 i eee 
(ii) the straight line 3y=x+3 touches the parabol EE CAS 
Find the point of contact in each case. акс 
26. Find the equation of the tangent to the parabola 2—7 
which is parallel to the straight line 4y—2—5—0. Find ји 20 
of contact. 508 
27. Find the equation of the tangent to the parabola y3—8. 
У 


` perpendicular to the straight line 2x—3»—6. Find the 


co-ordinates of the point of contact. 
28. If the straight line y=3x+1 touches the parabola 


3? — 4ax, find the length of the latus rectum. 
e that the straight line x--my-tam?—0 15 a tangent 


29. Prov у 
of the parabola у3--4ах. Find the co-ordinates of the point of 
contact. Р 

e straight line y=x+5 touches the ellipse 


30. Show that th 
9x3 4-165? — 144 and determine the co-ordinates of the point. 
of contact. ! ; 

31. Prove that the straight line у=х+ Y. touches; the 
ellipse 312-498 —1. Also find the co-ordinates of the point 
of contact. Е 

32. Prov 


the ellipse 2x3 4-35? —1. 
for which the straight line 


33. Find the values of m 
Зу=тх+7 touches the ellipse 2x7-+3y? = 14. In thore cases And, 


the points of contact. 

34. Find the equations of the tangents to the ellipse 
Ax? 3525 which are parallel to the straight line y=3x+4. 

35, Find equations of the tangents to the ellipse х2+9у2= 
which are perpendiculur to the straight line 3xt+y=2 Also find 


the co-ordinates of the points of contact. 
36, Find the equation of the tangent to the ellipse 9x? -- 1658, 


e that the straight line у=х+ УФ is a tangent to 
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=144 which intercept two equal and positive segments from 
the axes of co-ordinates. [ H. S. 61] 

37. (i) Find the equations of the tangents of the hyperbola 
"Ax? — ду“ =1, which are parallel to the straight line 4y=5x+3. 

Gi) Find the equations of the tangents of the hyperbola 
x*—5y*—40, that are Perpendicular to the straight line 
-2х— у+3=0. 

38. Show that the straight line у=2%+3 touches the 
hyperbola 7х%—4у4=28 ang also find the co-ordinates of the 
POint of contact. 

39. Show that the straight line 3y=4x+11 touches the 
nd the co-ordinates of the point . 


4l. Prove that the Straight lin 
the parabola »'—8x. Find the foot o£ the normal. 
42. Find the equati 
ich i straight line у=25, 
parabola y? = 3% ‘which is parallel 
Find also the foot of the normal. 
44. Show that the straight line 3х+47—10=0 isa normal 
to the hyperbola 2х% —3y2—5. Also find the foot of the normal. 
45. Find the equation of the normal to the parabola y?—4a* 
-at the point (213, 2а), hat if this normal intersects the 


Normal to the par 
-an angle 30°, 
47. A tan 
x-axis at an ae НЫ parabola ya..15. is inclined to the 
А 4 ind + ee 8 150 
the co-ordinates of the point of Sinan of the tangent anda 
ct. 


48. Find the Co-ordinates 
с of the 2 2—8x 
га! which the normal is inclined ata ТЕШУ ын M Тэн 
49. Find the equations of th 
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3?—8x which pass through the point (—2, 38). 
between the tangents. 
50. Prove that the tangent to the parabola y2— 4g. at an 


extremity of a focal chord of the parabola is parallel to the normal 
-at the other extremity of the chord. 


5l. Atangent to the parabola y?=8x makes 
with the straight line y=3x+5. Fi 
co-ordinates of the point of contact. 

52. Find the co-ordinates of the point of the parabola 
y?=4ax at which the tangentis inclined at an angle 30* with 
the axis. 

53. Show that the straight line 4а(у- b) — x touches the para- 
bola ay? — bx. 


Find the angle 


an angle 45* 
nd its equation and also the 


54. The tangents to the parabola у%=4дх at the points 
(ху, уу) and (ха, yg) are perpendicular to each other. Show that 

(i) z1x4—a? (iii) узуа= —4a? (iii) Ахаха - 91340 

55. If the tangents to the parabola у%=4ах at the points 
(«а, Ва) and (ха, Ва) intersect ас the point (xi, Ул), then show 


that x= Бі 


56. Pand P'aretwo points of the parabola y2— 4x so that 
the tangent at P tothe parabola is parallel to the normal at Р”, 
‘Show that the chord PP’ passes through the focus of the parabola. 


57. Provethata circle drawn on a focal chord of a parabola 


-as diameter touches the directrix of the parabola. 


2,579 
58. Ifatangent to the ellipse па рана Cuts off inter- 


>. 


cepts of lengths h and k from the axes of co-ordinates, show 


2 2 
that zs += 1. 
59. Show that the tangent drawn at any point of the curve 
х-ай-Евіп t cos t), y=a(1+sin t)? makes ап angl 1+: with 
the x-axis. 


60. Show that the length ofthe portion of the tangent to 


2 2 2 . . . 
the curve x?-F y? —a? at any point of 1t, intercepted between 


the axes of co-ordinates is constant. 
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61. Show that the equation of the tangent to the curve 


xti ис ad, inclined at an angle $ with the x-axis is 
У cos $—x sin ф=а cos 29. 
62. Prove that the tangent and normal to the curve 
x—ae" (sin Ó—cos 0), у=ае°(ѕіп 0+cos 0) 
drawn at any point of the curve are equidistant from the 
origin. 

63. Prove that the distance from the origin of the normal 
drawn at any point of the curve. 

х=а cos 0+аб sin 0, y—a sin 0— af cos 0 is constant. 

64. Prove that the equation of the tangentto the curve 
у? — x? at the point (4m?, 8m?) is y 3mx — 4m? and it meets the 
curve again at the point (m2, —m?) Also show that if it is also 
normal to the curve, then 9m? —2, 

65. Find the condition that the straight line Ix mytn-20 
will be (i) a tangent (ii) a normal to the circle x? y? +285 
+2fy+c=0. 

66. Find the value of pif the straight line x cos «+у sin «=> 
touches the circle 424-2 —2ах cos «-2ау sin « =0. 

67. Show that the straight line y=mx will be a tangent 
to the circle + y+ get Ofy tom if (g-+mf)?=c(1+m?). 

68. Show that the straight line y=mx+c will be а tangent 
to the circle (x а) +(y—b)=72 if 

m*(a? —7)4-2ma(c — 5) (c — pa 2, 


‚69. Find the that condition the straight line Ix-+my+n=0 
will touch the parabola y3— дах. 


70. 'The eccentricity of the ellipse oie 1 is 3 and the 


: 2 5 
ж line 5у-3х--25 touches the Curve, Kind the-values of 
а and b. i { 


71. Find the condition that the straight line Ix-+my+n=0 
: emit ы 

will touch the ellipse аз pr =1. 
72. Find the condition that the straight line Ix-+mx=n is @ 


2 
normal to the ellipse 2848 pel 
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73. The straight line Ix--my—1 touches the circle x2 + 2— 42, 
Show that the locus ofthe Point (l m) isa circle. Find the 
equation of the circle. 1 


74. Findthe condition that the straight line /x+my=n is a 
normal to the parabola у? == дах. 


75. Provethat the straight line y=mx+c will be а tangent 
to the parabola »? — 4a(x--a) if с=ат+-= х 


76.. Prove that the condition that the straightline x cos « 
+y sin «=> willtouch the parabola у? = 4ax if р= —asin € tan «. 

77. Prove that the straight line Ix+my+n=0 will touch the 
parabola y? —4a(x — b) if am? =b]? +n]. 


78. Find the conditions, so that the following straight lines 


: х? у? A 
will touch (i) the ellipse дара =] and (ii) the hyperbola 

з „а 
22 =L 

(а) у=тх+с (b) 1х+ту+п=0. қ 
79. Тһе tangents to the hyperbola at the points (ха, 71) and 
(xa, ya) of it intersect each other perpendicularly. Show that 
хаха _ 4“ 0 
9152. bt 
80. Prove that the distance of the point of intersection of 
the normal to а parabola and the axis of a parabola and the foot 
оё the ordinate of the point on the axis is always the same. 

| 81. Find the equation of the common tangent to the 
parabolas у#=32 x and х2=108 y. 

..82. Two equal parabolas have the same vertex and their axes 
intersect perpendicularly. Prove that their common tangent 
intersects each parabola at the same extremity of their latus- 
rectum. 

83. Find the equations of the common tangents to ue 

о ха y? х2 a y? 
ellipses gi jl and p 281. 

84. Find the angle between the following pairs of Curves. 
App. Cal.—7 
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() х3—у2=43 and x? y? 252 
(1) »?—4ax and х3--4Бу 
(at the point of intersection other than the origin). 


int 
85. If the curves ух%=а and ху=ђ pass through the poin 
(3, 4) find the angle between the curves. 


86. Show that the curves x? 


Р е 
=ay and у? =ах intersect on th 
curve Х3+у8 = 


Заху. Find the angles between the two curves: 


ха у: 
87. Show that the curves 3 y. m. "mu ра кті 
x? pa px ther orthogonally. 
and азр 68 Fk, intersect each other 


LET! 
88. Show that the curves х244у2=8 and z?-2y 
intersect each other at right angles at four points. 
2 2 
89. Show that if the two ellipses > + pao 
1 1 
2 2 
and аа 1 intersect each other orthogonally then 
2 а 
a3? Taa? =b]? pus, 


: 7 int 
90. A tangent 15 drawn to the circle x? 4- y3— ра from а рот 


d 5 t 
Оп the circle х®%+у%=да, The chord of ‘contact of this ta ird 
touches the circle х%-+-уй=сї, Show that a, b, carein geometri 
Progression, 


: e 
91. Prove that the normal to the parabola y?—4ax at ЊУ 
Point whose abscissa and ordinate are equal subtend a right ang 
at the focus, 


92. Prove that the area of the 
three Points оға 


parabola is doubl 
formed by the tangent 


93. Prove that the normal q llipse 327+ 4y? = 48 
at the point (2, 3) bise i eee 
the point. 


94. Prove that the normal drawn to the hyperbola 4x? — 3»? 
71 at the point (1 


» 1) bisects the angle between the focal distances 
of the point, x 
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95. Find the distance of the origin from the point of 
intersection of the x-axis with the tangent to the curve х2 — 53—9 
at the point (5, 4). 

96. SY and S'Y' are perpendiculars from the foci S and S' 
of an ellipse on the tangent to the curve at any point of it: 
Prove that SY.S'Y'—p2, ч 

97. Pisa point of a parabola and 5 is the focus of the curve. 
Prove that the straight line drawn parallel to the axis of the 
parabola from P in the direction in which the curve opens bisects 
the angle between the tangent to the curve at the point and the 

> 
тау Р5. 

98. Prove that the tangents to a parabola drawn at the 
extremities of any focal chord intersect on the directrix of the 
curve at right angles. 

99. Prove that the chord of the parabola 32 = ах normal ас 


the point ( ie ES a ) subtends a right angle at the vertex. 


100. Findthe point of intersection of the two tangents to 
the ellipse 3x?--75*—35 at its point of intersection with the 
straight line x+2y=7. | 

101. Prove that the tangents drawn at the ends of a chord 
meet on the diameter bisecting the chord. | 

102. Ifthe chord of contact of an external point P of a 
hyperbola passes through another external point Q, then show 
that the chord of contact of Q passes through P. ? 

103. Find the equation of the tangents drawn from the origin 
to the circle x? + у? --20(x4- y) 4-20— 0. 

104. Prove that the length of the chord of contact of the, 
tangents drawn from an external point (<, B) to the parabola 


2 ТЕ жск ре e 
y?=4ax 18 g V BB+ да? МВ? – дах. 
105. Find the equations of the tangents drawn from the 
point (— 15, –7) to the ellipse 9x?+25 2225, Also find the 
points of contact. 
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: the 
106. Find the co-ordinates of the points of conni of 
саатай па оста 
tangents drawn from the point (0, 5) tc the ellipse 25+ 9 1 
n 
107. The angle between the pair of tangents drawn from 2 


5 2 . о the 
external point to the circle x*+y2=q? is 60°. Show that 
locus of the point is the circle x3 y? = 492, 


( ircle 
108. The angle between the tangents drawn to the ET 
X'-Ry!—g* from an external point Pis 120°. Show that 


4a? 
locus ofthe point Pis the circle x? а 


5 ts 

109. Find the locus of the point from which the tangen 

drawn to the circle ха + у2 = д2 are at right angles. 8 
110. Find the locus of the Point of intersection of tangen 


2 ТЭРЭ, ith 
drawn to the parabola »?—4ax and inclined at anangle « wi 
each other. 


111. The normal draw 
Р (ай, 2at) intersects t 
G. If the line GP be pro 
that the locus of the poin 


112. Prove that th 


int 
n to the parabola y2=4ax at the e 
he axis of the parabola at the poi ГЕ 
duced to Q so that PQ=GP, then sho 
t Q is the parabola y?=16a(x-+2a). ҮР. 
e equation of locus of the middle poin 
} у? 448 — да. 
9f normal chords of the parabola у? =4ах is EY RET en 
113. Find the locus of the foot of the perpendicular draw? 
from a focus of the ellipse 2 


2 
а + Peal to the tangents to the 
ellipse. 


114. Prove that the tangents drawn at the extremities of 3 
latus-rectum of the ellipse 


of the ellipse. 
115. Find the loc 


x 


5 < A 15: 
16+9 —1 intersect on the major ах 


: 5 
2 uS of the point of intersection of tangent 
. А а 
to the ellipse ШІ” 
= 


pe l inclined at an angle 0 with each 
other. 
"116... Find the locus of the 


foot of the perpendicular drawn 
from the centre of an ellipse on 


tangents to the ellipse. 
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117. The normal drawn to the ellipse = s =1 at any point 
P of it intersect the x-axis at the point С. Show that the locus 


à а 5 2ах з 2v y 
ee 2 = ји 
ofthe middle point of PG is (= p ) ER ( == 


2 2 
118. Р(х,у) їз апу pointon the ellipse A 4-1 =1. The 
line joining P and the centre of the ellipse makes an angle 0 with 


—ђа 
the normal to the ellipse at P. Show that tan о. 


119. The normal drawn to an ellipse at an extremity of 
а latus-rectum passes through an extremity of the minor axis of 
the ellipse. Show that the eccentricity e of the ellipse satisfies 
the equation e*-- e? —1=0, 


120. Find the locus of the foot of the perpendicular to the 
2i ya 
tangents to the hyperbola PX Yr — =l from a focus of the 


hyperbola. 1 
121. The normal drawn at a point of the hyperbola 


—3-— 5 =] intersect the axes of x and у at the points P and 
a 

О. Perpendiculars drawn at P and О onthe x-axis and y-axis 

respectively intersect at the point R. Show that the equation of 

the locus of R is .a?x? — b3 уз — (a? + b2)?. 

122. The lengths of the tangents drawn to the three circles 
x+y? — 16x--60—0, ха + у? — 12x27 — 0 and. х3+ y* — 16x — 12y 
+84=0 trom an external point are equal in length. Find the 
co-ordinates of the point and also the length of each tangent. 


123. The length ofthe tangent drawn to the circle ха + у2 
+2x=0 from a point P is three times the length of the tangent 
drawn to the circle х? +у2=4 from the same point P. Show 
that the locus of the point P is the circle 4x? -- 492 —х—18=0, 

124. Find the lengths ofthe tangent, normal sub-tangent 
and sub-normal at the point 4 of the curve х=а (t+sin t), 
. у=а (1- соз t). 
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106. Find the co-ordinates of the points of contact of the 
р Pe Saree 
tangents drawn from the point (0, 5) ес the ellipse 25791 
107. The angle between the pair of tangents drawn from an 
external point to the circle д? 2=? is 60°. Show that the 
locus of the point is the circle x? 4- у2 = 442. 


108.. The angle between the 


tangents drawn to the circle 
х*%+у%=а 


3 from an external point Р is 120°. Show that the 
У 4a? 
locus of the point Pis the circle ха a 


109. Find the locus of the point from which the tangents 
drawn to the circle x?-- уз = 42 are at right angles. 


110. Find the locus of the Point of intersection of tangents 
drawn to the parabola 52--4ах and inclined at an angle « with 
each other. 


111. The normal drawn to th 
Р (at, 2at) intersects the axis 
G. If the line GP be produced to 
that the locus of the point Q is the 


e parabola y7=4ax at the point 
of the parabola at the point 
"О so that PQ=GP, then show 
parabola y?=16a(x+2a). 

112. Prove that the equation of locus of the middle points 


уа 448 
of normal chords of the parabola 5? —4ax is ad yim 2a. 


113. Find the locus of the foot of the perpen 


2 2 
from a focus of the ellipse E + eed to the tangents to the 
ellipse. 


dicular ‘drawn 


. 


114. Prove that the tangents dra 


latus-rectum of the ellipse ~ 


wn at the extremities of a 
2 2 

У Р 2 А 
16*9 =1 intersect on the major axis. 


of the ellipse. 


115. Find [че Tet of the point of intersection of tangents: 

i E y ғ . . 
to the ellipse а cul inclined at an angle 0 with each 
other. 


116. Find the locus of the foot of the perpendicular drawn 
from the centre of an ellipse 9n tangents to the ellipse. 
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2 a 
117. The normal drawn to the ellipse ate —1 at any point 


P of it intersect the x-axis at the point G. Show that the locus 


: у : гах і. \2 2» A. - 
ofthe middle point of PG is 2 ЕЕ ( =) =], 


2 2 
118. Р(х,у) is any point on the ellipse 5 +=. Тће 
line joining P and the centre of the ellipse makes an angle 6 with 


2.72 
the normal to the ellipse at P. Show that tan ox БЭ 
119. The normal drawn to ап ellipse at an extremity of 
2 latus-rectum passes through an extremity of the minor axis of 
the ellipse. Show that the eccentricity e of the ellipse satisfies 
the equation e*-- e? – 1—0. 


120. Find the locus of the foot of the perpendicular to the 
2 2 
tangents to Ве hyperbola Zz- 571 from a focus of the 


hyperbola. 


121. The normal drawn at a point of the hyperbola 
2 a 
2аг- $27 lintersect the axes of x and y atthe points P and 
0. Perpendiculars drawn at P and О onthe x-axis and y-axis 
respectively intersect at the point R. Show that the equation of 
the locus of R is .a2x* — b3 уз = (a? + 52)2, 

122. The lengths of the tangents drawn to the three circles 
ха y? —16x+60=0, х фу" — 12x27 =0 and ха+ уз — 164 — 12, 
+84=0 trom an external point are equal in length. Find the 
co-ordinates of the point and also the length of each tangent. 

123. The length ofthe tangent drawn to the circle x? + у? 
+2x=0 from а point P is three times Ње length of the tangent 
drawn to the circle х? +у2=4 from the same point P. Show 
that the locus of the' point P is the circle Ax? + 43 — x 180), 


124. Find the lengths ofthe tangent, normal sub-tangent 
and sub-normal at the point * of the curve x=a (t+sin t, 
. у=а (1— cos t). 
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125. Prove that the length of the subtangent to the curve 
y=be*!* at апу point of it is constant and the length of the 


sub-normal at a point of the curve is proportional to the square 
of the ordinate of the point. 


126. Findthe lengths of the subtangent and subnormal of 
the curve у= 3a (e*!*-Ee- 518) at any point (x, y) of the curve. 


127. . Show that the length of the subtangent at any point of 
the curve хту" =qmta ; 


15 proportional to the abscissa of the point. 

128. Show that at any point of the curve х"+"=а"-" y?" the 
mth power of the length of the subtangent is proportional to the 
n-th power of the length of the sub-normal. 


129. Prove that the length of the normal to the ellipse 
х? 2 


аз Ecl at any point of the ellipe is inversely proportional to 


the length of the perpendicular dro 


pped from the Origin on*the 
` tangent to the curve at the point. 


—— 


CHAPTER THREE 


MAXIMA AND MINIMA 


8 31. Maximum and minimum values of a function. 


The concept of maxima and minima of a function is very 
important in Mathematics. You have already learnt deter- 
mination of greatest and least values of certain classes of. 
Algebraic and Trigonometric functions by algebraic and trigono- 
metric manipulations. Greatest and least values of a function 
are its maximum and minimum values. But maximum and 
minimum values of a function are not always its greatest and 
least values. There are differences between $reatest and maximum 


' values and least and minimum values. We shall discuss the 


difference lateron ; prior to that let us understand what are meant 
by maximum or minimum values of a function. 

Maximnm value: When the value of x isa, then the corres- 
ponding' value ofa function f(x) is maximum if there exists ап 
interval а-5<х<а--5 (87-0, however small it may be) including 
the point x—a such that f(x) is continuous in the interval and 
f(a)is the greatest value of f(x) in the interval In thls case 
Ка) is a maximum value of f(x) and if a—3<c<a+5, then 


fif. 


Minimum value: Whenthe value of x=a,then the corres- 
ponding value f(a) of a function f(x) is a minimum if there exists 
an interval а-5<х<а--5 (5>0, may be as small as necessary) 
including a, so that Қа) is continuous in the interval and f(a) is 
the least value of f(x) in the interval. So 1Ға-9<с<а--6 be any 
other point of the interval then f(a)<f(c). 


$ 22. Geometrical Discussions. 


The graph of a function f(x) is the curve shown in fig. 3'1 апа the 
curve is continuous in the interval a – 94 x a--8 (87-0). For values 
PUTES of x in the interval, the corresponding points 
of the curve are Palas, Каз}, Palaz» Каа}, Palas, Казђ Ра, Қа), 
Palas, а}, Psías, ҚабҺ Pelas, Каз)}. Р,Ах, Р,А,, Р.А», 
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РА,Р,А,,Р,А,, Р.А, are the respective ordinates (у) of as 
points. From the figure it is seen that AP is the greatest amongst 
these ordinates. In the interval a—8<x<a+5, there are 
infinite number of points and from the figure is it is seen that f(a) 
is the greatest amongst the infinite number of ordinates drawn at 
these points. So, in the interval а-5<х<а--5, AP=f(a) is the 


p P р, 
р, 
5 
fa 
О| БА А-А А 9 сс 
БО S^ As (844). GASA (9) 


5 


Fig 3-1 

greatest value of f(x). So К 
seen іп the figure that AP i 
nates of the points o£ the cu 
of the’ point Каса, 
(а) is not the gr 


f(b), Ко), К 


а) isa maximum value of f(x). It is 
s not the greatest amongst the ordi- 
rve. Notice that the ordinate C 181 
f(ca)} of the. curve is greater than AP. So 
eatest value of f(x), Similarly the ordinates 
d)of the points Q, В, S corresponding to x=b, x=c 

i maximum, minimum values of f(x). Мое 


| figure the tangent to the curve at each of the points 
» ^ К, S is parallel to the x-axis, 


value of a function are not the same, 


Maximum and minimum 
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values are locally greatest or least values. А function may possess 
more than one maximum ог minimum value. The greatest value 
of a function is its largest maximum value and the least value 
ofa function is the least amongt its minimum values. Again a 
maximum value of a function may be less than its minimum value. 

2. If a function f(x) possessesa maximum or a minimum 
at x=a, then the tangent to the curve y=f(x) at the point corres- 


ponding to x=a will be parallel to the x-axis and 4 is 0 


wat х=а. 


$ 33 Theorem. 


If a function y=f(x) be differentiable at a point x=a, thena 
necessary condition for the existence of a maximum or a minimum 


value of the function at х=а is ЧУ ==. 


Proof: First let f(x) be maximum at x=a. So, there exists 
an interval a—8<x<a+8(8>0) with centre a, small at pleasure 
such that f(a)>f(x) for all ха in the interval. 

So if h>0 and a—8<a—h<a+5, then f(a)>f(a—h). 

f(a—h)—f(a)<0. 

5о О-В о... о 


If now a~h (а), be close to a at pleasure, the relation (i) will 
Бе satisfied i.e., 
Lt fla-—h)-f(a) 
#—>0 =h 
“Г а— is close to a at pleasure but not equal to a means һ->0 1 
‚ Again if h>0 and a—8<a+h<at4, then f(a)>f(a+h) 
fla+h)- fla) <0. 


feti fao Эр — G 


20 ie,f'(a-)20. 


ТЕ now а+ћ (Фа), be close to a at pleasure then the 
gelation (ii) will be satisfied ; i'e., 


А +h)- , 
a Қазына <0. те, Ғ(а--)<0. 
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But cii х=а, f(x) is differentiable. 

So, -f'(a—)—f'(a--) —f'(a) 

But Ғ(а-)>0алпа Ғ(а--)<0 ~x, f'(a)- 0. 3 

Let now f(x) be minimum at х=а so, there exists an riis 
а—8<х<а-1-8 (with centre а), 970, so that fla)<f(x) for every 
xin the interval. : 

So, if h>0 and a~8<a—h<a+8. then f(a—h)-f(a)>0 

or, ыыр (iii) 

If now a—h (+a) be close to a at pleasure, then the relation: 
(iii) will be satisfied, 


Lt. f(a—h) —f(a) 
1-0 h = 


us = <0 те. Р(а–)<0 
Again if a—8-a--h-a-4-8 
or, }(а+һ)—}(а)>0 
fla+h)— Ка) 
h 


өт, m l 


» then Кај< Ка+ћ) 


... (іу) 


The relation (іу) is satisfied if h be close to а at pleasure » i.e: 
Lt f(a-h)- ңа) 
LEY TTE 


h 20 or, f'(a+)>0, 


Now f(x) is differentiable at x=a, 


maximum or 4 minimum of y 
is Ғ(а)-0, when f'(a) 


=f(x) at хта 
exists, if Ра) does not exist, 
then also f(x) may be Maximum йт 


; : : р or minimum at x=a. We аге 
now discussing, in this Section, the circumstances under which 
f(x) may possess а maximum ога minimum at х=а, 

The curve in fig 32 


ents the graph of the function 
y=f(x) P and Q are points on the’ 
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values a and b respectively of x. From figure it is evident that f(a): 
and f(b) are respectively maximum and minimum values of f(x). 
E and Е are points of the graph very close to P situated respecti- 


Fig. 32 


vely on the left and right of P. The tangents to the curve at 
Eand Е make acute angle Уа and obtuse angle Ya with the 
positive direction of the x-axis. For all positions of E and F 
close to P at pleasure (of course in its left and right), these angles- 
will be acute and obtuse respectively. So for values of x very: 
close to а but <a, tan (= 7'(а—)>0 and tan Уа = Р(а+)<0 for 
values very close to а but >а. 


So tan Уа =Р(а-)>0 and tan Ja—f'(a--)«0. ie. as x just 


immediately 
changes its sign from positive to negative. Now if the points 
E and F are taken close to P at pleasure, tan у and tan tq will 
become f'(a—) and f' (a+) respectively. So if f(x) is maximum 
at х=а, then f'(a—) is positive and f (a+) is negative. 


assumes values>a from values <a, tan y=% 
x 


Similarly it can be proved that if f(x) possesses a minimum 
at х=, then f'(b—)«0' and f(b+)>0. In this case if the point 
of the curve corresponding to х=} be Q, then tangents to the 
curve at points very close to Q situated on the left and right of 
Q make obtuse and acute angles respectively with the positive 
direction of the x-axis. 


So, if f(x) possesses a maximum at x=a, then the value of f'(x) 
becomes negative from positive values and if f(x) possesses a 
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minimum value then the value of f'(x) becomes positive from 
Teft to right through x-a. 


Note: Тп this case existence of fx) is not necessary. 
[ See Ex.—16 ]. 


$ 3'5. Sufficient conditions for existence of maximum or minimum. 


A function f(x) possesses a maximum or a minimum at х= 
а point in the domain of definition of f(x) and f(a)-0. The VERE 
of f(x) 18 maximum at x—a if Р(а)<0 and it is minimum 1 


f (a) 0. 


Proof. In § 3'4 we heve seen that if f(x) possesses a Бен 
at x—a, then f'(a)>0 at points very close to х=а but «а ап 


fa) <0 at points very close to х=а but >a. So f'(x) ва 
decreasing function at х=а.  .. ЕРЕШЕ 50 ог, f"(x)>0. 


‘We have also seen іп the same section 
minimum at х=а, then f'(x) 


and f'( 


that if f(x) possesses 2 
<0 at points very close to a but <a 
x)>0 at points very close to a but >a. So f'(x) is 
„ап increasing function at х=а, so f (a) 0. 


Note 1, The Proof of thistheorem is not included in the 
‘syllabus. 


2. Here we have assumed f'(a)*0 


| 3. The case when Р(а)=0 is not included in the syllabus. 
We state below for interested Students, the general conditions of 
‘existence of maximum ог minimum values of a function. 

General condition: ха isa point in the domain of definition 
-of a function f(x) and f'(@)=f"(@)= 7 f^71(2)—0 but f"(a)40. 

Now £ n be even, then f(x) will have a maximum value at 
хэд Ё (2)«0 and а minimum value at х=а if Ға) 2-0. 

If n is odd f(x) does not possess any maximum or minimum 
at x-a. 

Note 3 Maximum or minimum values are also called entreme 
‘values or stationary values, 


§3.6. Some special artifices for determination of maximum or 
«ninimum. 


MAXIMA AND MINIMA 109 


1 


(i) f(x) increases or decreases according as fo) decreases ог 
increases. So if it is more convenient to ditermine maximum of 
A 1 X9. : 
minimum values of Қо then for determination of maximum ог 
minimum values of f(x), at first determine minimum or maximum. 
1 . 
values of == 
f(x) 


(ii) If n be a positive integer, then (Ка)! will possess 
maximum or minimum values if f(x) possesses maximum or 
minimum values respectively and conversely. Hence according. 
to convenience determine the maximum or minimum values of 


Хх)" or f(x) at first. 
(iii) If y be a function of x, 


dy + вл! 
then d. and = {log »! mE 


have the same sign ; for if log у is defined then 7:>0. You may 
use this proposition according to convenience. 


EXAMPLES 3 


Example 2 Find the maximum and minimum values of 
f(x) - 2x3 - 2152 +36х — 20. 
f(x) = 2x9 — 21x? + 36x — 20. : 
fi(x)=6x? —42х+36 = 6(x3 —7x4-6)—6(x — 1)(х- 6). 

For maximum or minimum values of f(x), f(x) =0 

х=1 or, x=6. f (x)= 12x — 42. -6(2х-7) 

Ра)-6(0.1- 7)= - 30<0. 

So f(x) is maximum at х=1 and the maximum value is 7(1) 


n 


| =2,18—21,12+361—20= —3.. 


#(6)=62.6—7)= 30>0. 
um when х=6 and the minimum value is 


So f(x) is minim 
om 21.62 +36.6 - 20— — 128, 


f(9—2.6* — 


Example 2. Show that the maximum value of х is less 


than its minimum value. 
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doc Лау 1 
Let yes 2 ЕСЕ суат 


dy 1 
For maximum or minimum рэн or; l— T = =1 


2 
or, 33-1-0 or, х=-Ь1. 43-2. 


when х=1, 


43, 
diu 
when x—1 and the minimum value is 1+4=2, 


when х= —1, 


СЕС А i 
dx? ~2<0.and so y is maximum 
when х= — 1, and the maximum value is —1— = -2. 


i du а 2,4 
Hence the maximum value of яр isless than its minimum 
xalue. 


Г 


Example 3. Find the maximum and minimum value of 
fi) sin x and (ii) a sin x--b cos x. 


G) Lety-sinz 2 d со х. 


For maximum and minimum "dy. =0 ог, cos х=0 
, dx > 


Же) х=(2п+1) $; [n=0, +1; +2, ...... 1 


d2 
Again dà —sin x. 


when n is even, 


p let n=2p. [ p=0, +1, +2 --....] 
then гэ. —sin (4p--1) R= — gin 2--1<0. 

So when х= (Ар 4 E: 5 y=sin x is maximum and the maximum 
value is sin (4p4-1) т = 

when n is odd, let 12207 [q=0, +1, +2, eee] 

аз : у 

ja- тып (49453) тј = -sin 2 10, 

So, when п=24+1, sin x ig minimum and the minimum value 
38 sin (44-3) --І1. 

(ii) Let y—a sin x+b cos x bus 


207: 


y Ta cos x—b sin x. 
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Р 5 jug d 
For maximum and minimum, de =0. 


or, acosx—bsinx=0 ог p = 


а аты 
соз x= sin m —— A өз e (1) 
4/аз--Ь n/a? +b 
«ОГ, cos ЕТЕРІ a sin рана ЕА ... ... (ii) 
мах Vat +b? 
а?у 


2476 sin x— b cos x. 
a? b? 


хүч da) a e ERU S. 
Ла сазе (i) dO Мавара Jap 


аз +b? 
коеш и еке 2 
aithi Va? +22<0. 
:So, in this case, y is maximum and the maximum value is 
- а b a? +b? 
=== +, ES 3 
“уаты PURI аза ЛА Ж?" 
» (8) азу РА Л oT 
¿Incase (И ЖЕ Tap + мата 
EN Ыза ri 
Мы V4 +b?>0. 
“So, in this case y is minimum and the minimum value is 
2 2 4 
a? 52 а2--Ь Uns. 


Маю Var "Vath 
:Example 4. Find the least value of 9 tan? 0+4 cot? 0. 
[Joint Entrance, 1984 ] 
“Let y=9 tan? 0+4 cot? ө. 
Fia 18 tan 0 sec? 0-8 cot 6 cosec? g, 


„For maximum or minimum ae 0 


18 tan 0 sec? 0—8 cot 0 cosec? g=0) 


.or, 9 tan 0 sec? 0—4 cot Ó cosec? @ 
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auos 
ПУ. Cos? 


* M 
ог, —6— —1.^$ on taníó-$ .. tan? 0=2. 
tan 0' sin? 0 


[ As tan? 0 cannot be negative D 
Now diy —18 sect 0--36 sec? д tan? 0 
—8{— соѕес 0-2 cosec? 0 cot? 6} 


=18 sec* 0--36 tan? 0 sec? 9+8 cosect 0 


+16 cosec? 0 cot? 0220) 
for all real values of 0 and so when tan? 0—$. 


e. yis minimum when tan? 0—$ i.e, cot? д=8, 
Hence the minimum (here least) value of y is 9.$--4.3— 12. 


Example 5. Show that when x— 
is maximum. 


Let y=sin x (1+cos X)—sin x+sin x cos x—sin x+} sin 2x. 


$ the value of sin x (1+cosex)? 


ar =соз 4+4. 2 cos 2x e cos x+cos 2x. 


Л. dy. i п 
When org dx ^ ©% ry cos =}-37=0. 
So when x=4, у may be maximum or minimum. 
аз 4 7 
dx? = Tsin x— 2 sin 2х, 


— 7 diy 3 
When anon {а= -на-1-—2 sin 2. reg V УЗ <0. 
So, when x=7 З» У is maximum, 


(020) is maximum-- 


Example 6, Show that when 6-1, 20—sin 20 
ө? 


Let поет 20 _2 ваге 


ө 6? 
„ f(go – 3. 285 . 2 cos 29-984; 
^ Рд= Dae A 
-- A 50828 | sin 26 
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п? а : yâ 


~ 2.77 27р: cos TER sin 7 -> = 
n" ҒФ- = E. 74 - = 14 -0, 
16 t= 16 


So when 0-2, f(9) may be maximum or minimum. 
4 [8% (-2 sin 20)—cos 20.29 
Now f'(9—5s- -2 аак 


[08.2 cos 20—30° sin 29} - 
Tet л 


4 sm 20 ,4cos20 (4 cos 20 _6 sin 20 
=s 20 +—— Er пе + жзг 


P @= Т 2 En п +320 SOR E cos ло 6 ын 7.16 


= +0- 3 ns 0=- 7550. 
So when 9-3. then ге 15 maximum. 


Example 7. Show that the difference of the maximum and 
3 
Minimum values of [-3 —-х Ja- 3x) is $ [<+] 
| ГС. U. B. Sc. 1985 | 


dy 2 
For maximum and minimum values of y, dk 
-4-6 (< -Хрївй-о 
Б -4-0 
or, 9х2 бх х-4-0. 
or, 9х(9%- 24-2 (3x—2«)— 


App. Cal.—8 
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2 2« ms 
or; Gs - 24 (2 2) Ју жеа- 07-36 | 
Now па 18s-e(«- 1) 
when хо ^ Фээ126-664-8---6 [<+ 1) 
when == 5—18 (-% -6 (<- i) 


2 -6(<+ A 


Now when 4>0, then 6 (+ 1)» апа - 6(<+ 4 ) <0. 


ES 


So in this case the maximum value of f(x) will be when 


= -2 and the minimum value of f(x) will be when an 


So, when «20. The maximum value of f(x) 
Ele (443... AW зү шэг 
(« Dex з(«- oco +3 ( =) 
=4( 4— 27428: (74 1-5--18 
45 ЭНЭЭ 6-54 Тав 


“Алд the minimum value is 
1 8« 11442 8 
4 X — (0022.08 ы am rater 8 
( « ) 8 3 (« « ) 9 Rgt 
= E 1.) 86224 Р 
4% is > ies $e. 
So the difference of the maximum and minimum values is 


а) eei 


з) 
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en -1) 2 ЭЭ -yia 2 282 

3(<+ Jer + 9-2-5 9% ар, 

ка +=) 21438 ОМ «а il 
$ (< EIE за} 5 (+= {< 221201) 
4 


-(0)06|-3(164) 


When «<0, the maximum and minimum values of y are the 
minimum and maximum values respectively of y when «20, and 
30 in this case the difference of the maximum and minimum values 


з 
is the same as in the case <>0 and is Қ i) 5 


Example 8. Р(х)= ao-Faix? +agx* + +а,Х3" is а pohynomial 
with real coefficients and ОСаосај Са < «Са, Determine 
the maximum or minimum values of P(x) if any. 

P(x)—ao-- ax? Казх“ +: ака 
P'(x) -2aix-- 4aax? + Ten Gant ar 
—2x(a14- 2aax* ee “Епа, х2"-3) 

For maximum and minimum values of Р(х), P'(x) 20. or, х=0 

[as for all values of x, (ај+2ах3 +. +лат2"-2 )>0, 
“because ОСао Сал Laa <a, and each of х2, xt, yx cas 
positive or 0. ] 

Now Р(х) = 2(а; + 2aax? + + rna, x3773) 

+2х (Ааах + Sasx? + + (2п— 2) nx277 3} 
P"(0)— 2a, 2 0. 

So, if x=0, P(x) is minimum and the minimum value is 
P(0)- ao. 

Example 9. Show that sin? x cos x is minimum when x— $. 

Let f(x)=sin® x cos x. f'(x)—3 sin?x cos?x — sint x. 
2 7314 
ro- (57) @*- (GJ -5 - 2 о, 


So, when х=$, f(x) may possess a maximum or a minimum. 
Now f'(x)—3 sin? x cos?x —sin* x—$ sin? 2x— sin*x. 
Ё(4)--3 2. sin 2x 2 cos 2x—4 sin?x cos x 


=3 sin 2x cos 2х- 4 sin? x cos x 
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T — 
73 COS 3 


T Ын sin = соз е 
3v3 


3.43 (-»- 


So f(x) possesses a maximum at х= $, 


%<0. 


х 22-2 
Example 10. Find the minimum value of а2625--176 
(а>0, b>0). 


224 ^ = 
Let у=а? eit bte 2 d, = азе 3 —2b3e^?*. 
For maximum and minimum values of y, 
Бан ў ог, 26?e2* —2p26-2* (у, 
2 . 
. or, (e2*)2 = мг 5. Газ e?* cannot ђе negative J 


2 


? ps 534042 Da, пр =845>0. 
So when e2*— 5, then y is minimum and the minimum value 
is аз 


b а 
ус ЭЛ аадар, 


1 
if Example 11. Find the maximum or minimum values of х 
any. 


[ C. U. 1986 1 


19 


108 y=log x" = "= log x. 
авина both 


Sides with respect to x we get 
549958 1 6) 
У ах А х Ода + log s=} (1-1085) s ^7 
For maximum and minimum values of y, d» до 
2 
ot, (1-1og x)=9 ог, log х=1 ог, x-—e. 


Again differentiating both si 
idy lw 


ја 122512 Lippi 
y dx? уз dx - xs (l-log а) 2) 


ides of equation (i) we get, 
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i 1 
When х=е, e dx = = E (1— 108 Уве 1 <0. 


[^ when х=е, ду 2-0] 
43у 


1 
di e [as log е=1 ]<0 


ог, 
So when x— e, у is maximum and the maximum value is e1" 


Example 12. Show that the following functions have no 
maximum or minimum value, 


(i) sin lata) (a+b) (1) х2-3х2--24х--30. 


sin (2-5) 
у sin (ха) 
G) Let у= ert) 
dy іп (x-Fb) cos (ха) -sin (x+a) cos (x4- b) 
dx = sin? (x+b) 
_sin (x+b-x—a) зіп (b~a) 
sin? (x-F b) ~ sin? (x4- b) 


As ba, for every value of x, sin (b—a)*0 
So, for every value of x, 2 +0. 


sin (EA) ) 
MÀ Ossess any maxi- 
So for any value of x, у= UTE does not р y 


mum or minimum. 

Gi) Ж) =x — 3x7 +24x+30 

or, f'(x)—3x* —6x+24=3(x? — 2x--8) =3{(x—-1)?+7} 

As x, is real (x—1)? is always non-negative and so 
Э(х- 1)? +7} is always positive and so not equal to 0. So, f(x) 
cannot possess any maximum or minimum for any real value 
of x. 


Example 13. Show that x5—5x*-F5x?—1 has a maximum 
at х==1 апа a minimum at x—3 ; but possesses neither at х=0. 
Let f(x)2 x8 — 5x*--5x? —1. 
f(x) 9 5x* — 20x? +15Х3 — 5x* (33 — Ax 3) 5x* (x — 1)(x — 3), 
For maximum or minimum values of f(x), f'(x)- 0. 
ie, х=0, 1, 3. Now f'(x) -20x* — 60x? 4-30x 
(1) 20 - 604-30— — 10«0. 
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So when х=71, f(x) is maximum. 

Again f"(3) — 20.3* — 60.3? 4-30.3— 9020 

So, f(x) is minimum when x— 3. 

f'(0)—0. In this case let us find Р”(0). 

Now f'"(xX)—60x?—120x--30. .. Р"(0)=30 0. 


Thus the derivative of the third order of f(x) is the first 


" . . . . . . ет 
derivative of f(x) which is not 0 and since it is an odd ord 
derivative, 


SOf(x)does not possess any maximum or minimum 
at х=0. 

Example 14. Find the greatest and least values ОЁ 
x? — 18x? --96x in the interval ( 0, 9 ). 

Let f(x) = x? — 18x? +96%. 

Р (0) = 3х2 — 36x--96—3(x? — 125-32) = 3(x — 4)(x — 8). 

For maximum or minimum values of f(x), f'(x)=0 

ie, x=4 or 8. f'x)26x—36 .. f'(4—24—36— —12«0. 

So f(x) is maximum when х=4 and the maximum value 1$ 
f(4) 4? — 18.43--06.4— 64 — 288 + 384—160. 

Again f"(8) — 48 — 36— 12-0. 

So f(x) is minimum when х=8 and the minimum value is 
f(8)— 8 — 18,82 +96.8=512- 1152--768—128 

Also f(0)20 and f(9)— 93 — 18.92 +96.9= 135, 


So the greatest and least values of f(x) are 160 and 0. 
Note: The &reatest value of а function in an interval is the 
greatest am 


e Ong the maximum values and the values at the extre- 
Mities of the interval, 


: Simila t ini lue of the 
function is determined. RATS “ив-ийи ин valge 
Example 15 Find я E е 
( : th es 0 
fé) (x 1) = о * maximum and minimum valu 


Alternative Method . f(x)= (х- 1) -2)3 
Р(х) = (х к. 2) (,- I(x- 2)-(х мера — 4). 
For maximum апа mini 


mum values of f(x), Р(х)=0. ie, F(x) 


may possess Maximum ог minimum values at x=2 or $: 


Now if x«$, Ғ(д-(х- 2)(3х— 4) 0 


if х=й, (0-0. ифо poo 
Thus when x assumes Values, from values less than $ to values 
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greater than 5, through the value 5, then f(x) becomes positive 
from negative. So f(x) is maximum at x—$.and the maximum 
value is ($— 2($—2)? = 56. t 

Again f'(2)—0 and when x22, f'(2)>0. So, as f'(x) assumes 
values from values less than 2 to values greater than 2, through 
the value 2, f'(x) assumes positive values from negatives values. 
Thus f(x) is minimum when х=2 and the minimum value is 
(2-1)2-2)%-0. 


Example 16, Сап f(x) assume а maximum or а minimum value 
if f'(c) does not exist ? 
Taking f(x) | x | and с=0, show the validity of your answer. 


[ C. U. B. Sc. 1987 ] 
“A function f(x) may possess a maximum or minimum at x—c 


even if f'(c) does not exist". We show below the validity of the 
statement taking f(x)= | x | and с=0. . 

Now if f(x)= | x |, then the left hand PRESTON Ғ(0-) of 
| x | atx=0 


_ м f(0-5)-f(0) Le f()—f(0) 
__ h0-— h h0—- В 


екін АЕО и В Lt (dios ou 


“ho0- h “h>0- h h0- 
[^ When h<0, [А | 2—h] 
The right hand derivative f'(0--) of | x | at х= 0 


Lt f(O+h)-F(0)_ Lt 111-10] 
h>0+ h h>0+ h- 


So, Р(0+)#7(0—). 
So, #'(0) does not exist. But if h>0 be small at pleasure, 
Р(0–)<0 and Р(0+):>0. 


So К0)=0 is the minimum value of f(x) 


Example 17. x and y are two real videns and x20, xy=1, 
Find the minimum value of x+y. [I 1. T. 19811 
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12 


im inimum, f’(x)=0. 
For maximum or minimum к 
So, ам. 
ог пх=ау Кад +" Ба, ог, y= TT та» 


л 
which is the arithmetic mean of ay, аз, 77, Gigs 


and 

Also f'() 22Ít-- 1---- 1122520 (72 ^70] for all x 
di--as +: +a, 

so when Ша, 221 


, қ : гуйн 
f(x) is minimum when x is the arithmetic mean of x1 


: 1 i ircle, 
Example 21. Show that of all rectangles inscribed ina c 
the area of the square is maximum. А вср 
4 О is the centre and у is the radius of a given circle. А 


be 
is a rectangle inscribed in this circle. Let OF and OE 


Fig, 3.3 


dE 

` parallel to AB and BC and they intersect BC and CD at F an 

respectively. Let ZCOF=g, 
АВ=20Е=20С сов 0— 


2r сов 0. 
ВС=2СЕ=20С Sin 0— 


2r sin 6. 
So, if 5 denote the area 


of the rectangle ABCD, 
then S=AB.BC=2r сод 92r sin @= 273 sin 29 ДЕ 
[ Here for different rectangles inscribed in the circle, one will 
бес different values of 8 and зо different values of 5 1 
rind Size, 5 " 
Y "aur dt Cos 20. 


For maximum or minimum values of 5, 2 -0 


дээж 
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от, 4r? cos 20 =0 ог, cos20—0 ог 20=1 је,0=5. 


2 
Again FS = —8r4 sin 29 
2 
when 0= 2, “з= — вез sin Z= 8,2-0 


So when 0—2, Sis maximum. Again, when 9=1, 


1 
бз о сов ==. Fy Уг r. and ВС=>27 sin 2) 


== Var. 2. АВ=ВС and the rectangle ABCD is а 
Square. | 
Example 22. If ABisa chord ofa circle and C is any point 
on the circumference of the circle, then the area of A ABC is 
maximum when it is isosceles. [c.£ L L T. 1983] 
As ZACBis an angle of arc ACB, so С 
for any position of the point C on this arc / 
4.АСВ is constant. : 
Let A denote the the area of the triangle 
ARG. ТА A ABC=3 AC.BC sin С 
=}. 2R sin B.2R sin А. sin C 
=2R? sin А sin Bsin C 
=R? sin Cfcos(A — B) — cos (A+ B} 
= R3 sin Cícos (А-В) - cos (т— С) 
=R? sin Сісов (2A —5-- С) + cos с 
І Неге B22— A-C; А-В=2А-я+С] 
dA — ва sin С sin GA- O2 
For maximum and minimum values of А, 


ал 
dA 79 ор sin (23А-я-0)-0, 


or, sin(A—B)=0 .. А-В=0 or A=B 


Fig. 3:4 


А 
Again Аз = - В cos (2A—7+C)= – 4R? cos (A — B) 
= —4R? [when A=B] >Q. 


So when A=B, the area of the tri ж 
ue iangle is maximum, 
when А=В, then BC— AC and the triangle is isosceles vei ss 
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. . , п 
If С 18 situated on -the opposite side of AB, at C (say), "es : 
:sin C’=sin (7- C)2sin C=constant. So for any position o 


а £ n 
point C, thearea ofthe triangle ABC will be maximum whe 
-the triangle is isosceles, 


2,2 
Example 23. Determine the point of the curve 4х2 +а?у 
=4a?, 4<43<58, nearest to the point (0, —2), 

If D be the distance 


2,2 
of the point (х, y) on the curve 4x? -- a? y 
-=4а?...... (1) 


from the point (0, —2), then 


D'- orae Өй) oye 


: 2 = Aq? 
ЈЕ: (% у) isa point on the curve-(i), so 4x?-Fa2y? —4a 
«ОТ, Е 

: 4 


“На ahy а ЫНА аулауы 472-19 


is ГА (D*)—M2(4 – аз) 416) 


ог, 


2D SPHA- a)y 16)... ш) 


For maximum or minimum values of D, ар =0 


204—а8)у+16=0 ores 8 


а3-4 
uation-(ii) with respect to У 


dDY? d2 
2 5 ) i = Ноа EI 


8 
When yr —4› then Po and рыд, 
ар 
so, then dy? = 


1 
4p 4-«2)«0 С: аа) 


8206 А 
So, when у= 23-4» then the distance of the point (x, y) from 
‘the point (0, —2) is maximum. 
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64a? 


Again, when E 4, then 4x* ада 4-4) =4а? [From (i) 1 
16a? а3(16-8а2--а“-16) а? . a? (a?—8) 
Or, x? =q? 7 (аза — 4)? = (аз -4)3 = (43-44) 
шаг уа-8. 
к= леа 


So, the required point is 


a 


2—4 »аз-А) 


Example 24. Тһе distance of а point moving along a straight 
line from a fixed point of the straight line is x cm. at time 4, 


where x=t*—5t?+6t?-+22t+7. d 
When will be the velocity of the particle least? Find the lesse 
velocity. 


If the velocity of the particle *? seconds after start be v, dan 
ve D Lap 156 +12:+22 
So, we are to find the least value of v. 


Мом drcum - —30:4-12—6 (2:2—5:+2)=6 (2—1) @-2 


For maximum and minimum values of v, 


2 
E =Oie,t=% or, t—2. Again Фа 6(4t- 5) 


43» 
When !=% 75376 (2–3)= –18<0. 
So, when t—4, vis maximum. 


dipa 
When t=2, da 68 —3)=18>0. 


So, when #=2, then the value of v is minimum and least in 
this case. Putting t=2, in the expression for v, we find the least 
velocity is 4.2% — 15.23--12.2--22--32--60--24--22--18. 


Example 25. A window isin theshape ofa rectangle sur- 
mounted by a semicircle. If the total perimeter of the window 
be 10 metres what should be the height and width of the 
rectangular portion, so that maximum light may be admitted 
through the window ? 


126 j APPLICATION OF CALCULUS 


Let the width and height of the window be 2x metres and 

: У metres. So the radius of the semicircular 
Portion is x metres and its perimeter 7x 
metres. Hence the total perimeter of the 
window is 2x+2y-+7.x= 10 (given) 


or, y-5- ("203 TUE 


Now, if А denotes the area of the window, 
2x 


2 
Then А-2ху-- 2 
Fig. 3.5 2 


Бе (2-2) х cop nx? 
=2x [5- 73 5 Me 8 ож (2) ха 5 


m А _ 10-2 (п+2) х+лх=10- (1+4) x. 
Ж. dA 
For the maximum and minimum values of A, л ^0 


9r, 10–(л4+4)=0 ог wate, 


т+4 
;; dA 4 10 
Мал 08 = — (144) «0 for all x and so, when x= д 


So, when х= E then. A will be maximum and hence 
maximum light will be admitted through the window. 
In this case the width of the window=2x= 29 metre 


7-4 
Height of the window=y—5_ (+2) *io5unt2 10 
2 09 2 ‘ая 


= 10 


npg Metres, 
Also the radius o£ the Semicircular Portion is еее шин 
à n4 

Example 26. The inte 
‘square of the distance fr 
apart and one light is 8 ti 
ап object be placed b 
állumination. 


nsity of light varies inversely as the 
Ош the source. ТЕ two lights are 150m 


Mes as strong as the other, where should 
etween the lights to have the least 
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[ If the intensity of light of a source at a distance x from the 

source be 3, then the intensity ofa source 8 times stronger than 
the former will be 3 ] 


Let е two sources of light beat А and Band the object be 
placed at С on the straight line AB and АС= x. 


BC 2150 – х. t à 
So if the заа pia A be weaker, then the total intensity at C is 
4! 2k 16k 
= 35058 ЖЕ ow ice РР 

For maximum and minimum values of I, 

41 _ _ 2k 16k 

dx —0; or х3 +150 х) 
желер т cB obw. ГА 
95 &5-—ü50—-:9 99 7, “150-2 
ог, Е 2x ог, 3х=150 ог, х=50. 
Also ЖІ. Sit qth Po for all x and so when x=50. 


Hence I is minimum when x=50. 
.. So, to be least illuminated the object should be placed at a 
distance 50 metres from the weaker source. 


Example 27. The rate of change of the total cost of produc- 
tion of a commodity due to a change in the quantity of production 
of the commodity is called the marginal cost of production of the 
commodity. 

The cost of production of x tons of a commodity is Rs. Ж.” 
where R— 45x? — 5x? -- 10x-- 5. 

What quantity of the commodity should be produced so that 

(i) The marginal cost will be least, 
(ii) The average variable cost will be least ? 
[ c.f. C. U. B. Com. '80 | 


(i) Letthe marginal cost of production of x tons be y. 


M ON d —5x? -10x 4-5) = 45x? — 10x 4-10. 
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So, we are to find the least value of y. 


ду в 24 
ow сз 5х- 10. 


: - dy 
For maximum and minimum values of y, 


S = 
or, %х-10-0 ог, х--50, 


2 . 
Аваш, со %>0, for all values of x and so when х--5 ie. 


marginal cost will be minimum i.e. least whenj 52 tons of the 
commodity will be produced. 


(i) Again if u be the average variable cost then 


5 total variable cost o£ production of x tons 
= ОП of x tons 


x 
Eni RR · du 522 NR 
—io* 5x10 5. die 5 5. 
For maximum or minimum values of и, д чо, 


ог, %х-5ш( от, x=25, 


2 
Also D о for all x and so when х==25, 
So, the avera 


Бе variable cost will be least when х=25 ie; 
When 25 tons of 


the commodity will be produced. 


Example 28. Show that of all tight circu 
ЯУеп tota] Surface area, the volume of that од 
Whose height is equal to 

Let » 5, r and h denote respectively the volume, total surface 
area; radius of the base and height of a right circular cylinder. 
mrh+ 25,2 = Amr(h 4-7). 


Here s is given i.e. constant and А+ у 


lar cylinders with. 


e will be. greatest 
the diameter of the base. 


4% уватуар, and 5=2: 


тү 
RAE.  5—0m2 
4 21у "= 2тү 
—42 [5— 2172 sr 
4.1 9 — TY ( prm Ме ты 
Now Ф _ 
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For maximum or minimum values of v, dy £30. 
or, 95m or, "r(h--r) 377? ог, h+r=3r ог, h—2r 


2 8 5 
Again a — 615-0, for all positive values of r 


аст 
үз 
hen? 
and so when 7=72 > 0. 


So when h=2r i.e, when height of the cylinder is equal to 
the diameter of the base of the cylinder, then, the volume of the 
cylinder is maximum i.e. greatest. 


EXERCISE 3 


1 Find the values of x for which the following functions 


possess maximum OT minimum values. Also find these values. 


G) хоз? 9+4 Gi) 2345 (iii) х®—6х1-+11я-6. 

(iv) 4-27 42x (С.Л). В. Sc. 282] (v) VR. 

2. Show the function x*-—8x9-4-22x? —24x--15 possesses 
maximum of minimum values when х=1, 20r3. Find the 
maximum and minimum values. Ў | 

3. Show that the function x? —6? +12%= 3 does not possess 
any maximum ог minimum value. 


4. Show that the function 16x5—30x*--20x2--7 is а 


Ке ша ЛИС " | 
ит. апа а minimum at x=0; but neither 
um at Xl. 


maximum nor minim 
5. Find the maximum value of sin x4-cosx and also the 
salue of x for which it is maximum. 2 


| Hints : Put a=b=1 in Ex-3, Examples 3] 


д ‚ү cos (xd 
6. Show that the two functions (i) E and 
ax tb 


Gi) RV have no: maximum or minimum value. 


App. Cal.—9 
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* 7. Find the maximum values of the functions (i) sin x+sin? x 
and (ii) sin х+соза x. 


8. Find the maximum or minimum values of the functions 
0) 1+2 sinx+3 Соза x (ii) sind » cos? x in the interval 
056 хє 


9. Show that in the interval ==, the function 


x 
1+2 tan х 
is maximum When x— cog 3: 

10. Find the ma 
Sin x4-3 sin 2x+3 si 

11. Examine 
any maximum or 


ximum or minimum values of the function 
п Зх Ш the interval 0=х=п. 


minimum value, 
12. Examine whether the functions 
8 


а 
Т 2 5: СЭ x 4 
(G) sinx-x-4 6“ (i) созх- 1+5- Possess any maximum 
ог minimum at х=0, 


13. Find the maximum value of V3 sin x+3 cos x. Show 


that the function js maximum at = . 


14. у=а (1—cos t), хэд (t-sint); show that when {=т, 


then y is maximum, 


. 15. Find the maximum or 
in the interva] 0<х<2т, 

16. Determi 
be greatest or је 


minimum values of sin x+cos 2x 


ne when will the function sin 3x—3 sin x will 

ast in the interval 0 4—25 ГС. U. B. Sc. '81] 

17. | Find the maximum or minimum values of the function 
(sin x)Sin x in the interval 0<х<т, 

18. If X70, find the maxi = 


Ximum value of log a and the mini- 
mum value of y log х, 


19. Show that the maximum value of (3) “is D. 


э--8Х- 0. 
20. If v= —l(x-3) be Maximum at x— —1, find the 
values of a and p if the Maximum value be 4 


whether the function 2x-cot'! x possesses ` 
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21. Find the maximum and minimum values of x*— 4x? — 253 
+12%+1 in the interval (—2, 5). 


22. Show thatif the sum of two numbers be constant, then 
their product will be maximum when the numbers are equal. 


23, Divide the number 12 into two parts so that the sum of 
the square of one part and two times the other part is least. 


24. If xy=c?, find the maximum or minimum values of 
ах +ђу. i 


25. Find the positive number, so that the sum of the number 
and its reciprocal is least. 


26. lf х+у=с, find the minimum value of 


a? м . 
ty 


27. (i) Show that of all rectangles of given area the peri- 
meter of a square is least [ C.U. B.Sc. 1984 ] 

(ii) Show that of all rectangles with a given perimeter the 
square is of maximum area. 


28. Show that the area of a quadrilateral with sides of given 
length will be maximum if the quadrilateral is concyclic. 

29. Show that of all isosceles triangles inscribed within a 
circle, one with the maximum area is equilateral. 


30. Thesum of the hypotenuse and another side of a right 
angled triangle is given. Show that the area of the triangle will 
be maximum when the angle included between these sides 15 5. 

31. Show that the maximum value of (x--1)* (%—2)8 is 
maximum when х= —1 and minimum when х=8, 


32. The distance x of a particle moving along a straight line 
from a fixed point of the straight line at time t after start is given 
by х=1—— 618 +1212 +417. When will the velocity of the 
particle be least ? Find the value of the least velocity. 


33. A person being in а boat a miles from the nearest point 
of a beach, wishes to reach as quickly as possible a point b miles 
from that point along the shore. The ratio of his rate of walking 
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to his rate of rowing is sec <. Prove that he should land at a 
distancé b—a cot « from the place.to be reached. 


34. |. Prove that of all isosceles triangles with given radius (7) 


of the inscribed circle the one with least perimeter is of perimeter 
бту 3. 


35. Find the length and breadth ofa rectangular’ plot of 
ground containing А Square ft. which requires the least amount 


Д E ари" uf e 
of fencing to enclose it and divide It into two parts by a fenc 
parallel to one side. 


36. The response R of a body is found to thesdosage x of а 
drug administered according to the equation, 


maximum. 


97; AT orange grower finds that ап orange tree, produces 
( on average ) 400 Oranges per year, if not more than 16 trees are 
Planted іп а Unit area; Бор each additional tree planted 


Per unit area)’ the grower finds that the yield decreases by 20 
Oranges per tree, 


How many 
Maximize the yi 


38. The consumption :о а 
the Velocity ; 


trees should the Srower plant per unit area to 
eld ? 


п engine varies as the square of 
when velocity is 16 k.m. per hour, then the 
ехрепзе per hour is Rs. 48. If the other expenses per hour be 
Rs. 300, find the velocity for the least expense. 


39. The base of а water tank open at the top isa square. If 
the volume of 


ana the tank ђе Constant, show that the cost of 
painting the outs; 


nk will be least if the height ofthe 
tank be equal to the width of the base. 


40. A radio manufacturer Produces x number of radios per 


weak and sells'each radio at a price p=2/ 100— 20) If the cost 
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2 А 
of production of х radios per week ђе Rs. | 120+ 2) then show 


that the profit will be maximum if 40 radios are manufactured in 
a week. Also determine the weekly profit. 

4l. Cans, cylindrical in shape and open аї the top are to be 
manufactured. Show that the least amount of tin will be 
required if the height of the can be equal to the radius of 
the base. 

42. Show that the volume of the cone with maximum volume 


that can be placed within a given sphere is збу of the volume of 
the sphere. 


CHAPTER FOUR 


DETERMINATION OF AREA 
541. In the Integral Calculus portion of this boob it has been 
Shown that the area of the space enclosed by the X-axis, the two or- 
dinates х= а and *=b (a<b) and the curve y=f(x) is 


Л F(x) ах ог y" ydx. 


Similarly, the area enclosed by the y- 
and y=d (c<d) and the curve х= (у) is 
d 


тээ” 


с 


axis, the ordinates у=с 


EXAMPLES 4 


Example 1. Determine by integration the measure of the 
area enclosed by the x-axis, the ordinate х=2 апа the straight 
line у= x, 

Fig. 4-1 

Here, f(x) 


Я =x The limits of xare from 0 to 2. Hence the 
required area 


efr? а ° 273 : 
f, yd | f(x) dx= f? х dx= 5 |= sq. units. 
Example 2, Find the area enclosed by the straight line 
= Уз] d th la 
а * y Тапа е axes of Co-ordinates and justify the formula, 
“the area of a triangles 1x p 


ase X height Sq. units.” 


ый = А b 
mh ов ШАТТЫ (8-3) 
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The limits of xinthe area enclosed by the straight line and 
the axes of co-ordinates are from 0 to a 
Hence the required area 


а : ађ n ens iin ан 
-Г»а«-Г2а-да- а = |. AE = 


а 
=} а Sab sq. units. 


: 5 4 СЕ ё 
Now, ifthe straight line Ја + =1 intersects the axes of 


co-ordinates at the points А 
and B, then the area is 
A АВО. 
Now from the formula, 
area of a triangle 
=} base X height, we obtain 
mAABC- 10A.0B 
The co-ordinates of А 
are (a, 0) and thoseof B are 
(0,5). So, ОА=а, OB=b. 
2. ТААВС==Заь sq. units. 
Hence the formula is verified. 


Y 


Example 3. Determine the area enclosed by a parabola and 
its latus-rectum. 

Letthe equation of the para- 
bola be у? = 4ax. 

The equation of the latus- 
rectum of the parabola is х=а 
and it intersects the parabola at 
the points (a, 2a) and (a, — 2a) and 

the x axis at the point (a, 0). 

Now weare to determine the 
area LOL'SL. You know thata 
parabola is symmetrical about its 
axis (which is the x-axis in this 

Fig. 43 case) Hence the required area 

e the area LOSL i.e. 2m area (LOSL). 


=twic 
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Now, the area LOSL 


is the area enclosed by x-axis, the para- 
bola 5?— 4az and the ordi 


nates х=0 and х=а. 

Hence m area (LOSL)- f. " y dx. 

Now, for the Portion of the parabola above the х- 
372A ax, 


-- Required area=2 Г» аз=2 f 2 Мах dx 


—4 fa 2,8 “= 4y/ goi 
== 3 235) а.за 


= $a? sq. units 


axis, 


Example 4. Prove that the 
x? y2 


area enclosed by the ellips 
-3-Гїа-1 15 паб sq. units, 
а? ba 


of the ellipse. 
So, letus fir 


St determine the area of the first quadrant of 
the ellipse, 
2 2 
Now »2=32 (1-&)-® (a? — х2) 


y= aby а? — ха, 
For, the first quadrant У is positive, 


зае МЕР 
У Уа 52. 


Again, 
* are 0 and а. 


for this quadrant the limits of 


ence the area of the 


А-Г, а= | b 


first quadrant of the ellipes is 


реа 
а аз EP dx ИО dx. 
Now, let х=а gj - 
NO. 2 дх=а cos 0 dg, 
куда ера 


d yea 


2 sin29=q cos @ 
and when х=0 then 9= 


0; when х=а, then 0=-^. 
л 


b (8 5 | 
А= af a? Соз26 do=ap f? сов20 40, 
о 
оз, 
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л 
=ab f? 3(1+-со 20) 40 
o 


л 


_ ab sin 202 ар s ла. : 
- H 6+ 2 | 2 70774 sd. units. 


The measure of the whole area enclosed by the ellipse 
=4A=4, шаг Sq. units. 


Example 5. The radius ofa circle is т. Show that the area 
enclosed by the circle is лу. 


Letthe centre of the circle be the origin and its equation 
be x24-3—,2, 


Now, for the first quadrant of the circle, y—/a3 — x2 and 
ithe limits of x are 0 and r. 


“. Required area=4 f y dx=4 f М/у? — x3 dx 
o о 


2 
-4.т T (as in example 4)==73, 


Note: Ifwe put b—a in the integral 4 f 


determination of the area of an ellipse, 
circle of radius a. 


ЁН Бэлгэ, 
аа? dx for 
we get the area of the 


Example 6. A plane area is bounded Бу y=x?, y=0 and 
x71; find its area. ІН. S. 1978] 


у= х? is the equation of a parabola whose vertex is the 


orgin and which opens in the positive direction of the y-axis ; 
у=0 15 the x-axis and x—1 is the equation of a straight line 
parallel to the y-axis. The straight line x=1 intersects the 
parabola at the point (1, 1) [ obtained by solving the equations ip 
The shaded region enclosed by the parabola, the x-axis and the 
straight line х= 1 is shown in the figure. So our required area 
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i he 
is the area enclosed by the curve y=x?, the x-axis and t 
ordinates x=0 and x— 1. 


Y 


P(1,0 


(1,0) 


Fig. 4.4 
1 1 хз 1 
So the required агеа— f »dx | ха ах= | 2 
о о 3 o 


=} sq. units. 
Example 7. А plane area is bounded by the curve y—x (4—xy 
and the x-axis 5 find its area. [H. S. 1979 ] 


The equation of the x-axis is у=0. > 
So putting y=0 in the equation y=x (4- x) E K^ (i) 
| We get x=0 or 4 Le, the curve (i) intersects the x-axis at. 
the points (0, 0) and (4, 0). 
ence the required area is the region enclosed by the curve 
У=х(4– y, the x-axis and the ordinates x—0 and x—4 and is 


4 8 “ја 
LS fita f а-а) [2а Б i 


732— 5$— 33 square units. 
Example 8, Find the area е 


2 nclosed between the hyperbola: 
Xy— P^, the x-axis and the ordina 


tes x=a and х=}, 
Here the required area= |” y dem f Fia 
в а X 


b 
=H tog «Jis b—1og a) = log 4 sq. units: 


Example 9, Find th 


€ area enclosed by the x-axis and an wave 
ЈЕ the curve y=sin x. 
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The curve y=sin x intersects the x-axis at the points (пт, 0) 
In=0, +1, +2, +++]; (0,0) and (0,7) are two consecutive 
points of intersection. It is convenient to find the area of the 
portion between these points. 


Here the required area= / 7 рах= ІР sin x dx. 
ò о 


= ЕС jJ —соз n+cos 0= —(—1)+1=2 sq. units. 
o 


Example 10. Find the measure of the area enclosed by the 
curves y=f(x), y=fa(x) and the two ordinates x—a and х=}. 


Let À and B be the two points (а, 0) and (b, 0) and the 


D=F (xd , 
Jxfaeo 


X-0 x=b 


Fig. 4-5 
ordinates at these points intersect the curve у= Ї (х) at the points- 
E and F and the curve y=f(x) at the points C and D. 
Now, measure of the area CDFE 
=m (Area ABFE)-m (Area ABDC) 


b b b 
= f #0) dz- f њод de= f ао) 4. 


Example 11. Find the area enclosed by the parabola 39= 44% 
and the straight line у= x. 
Putting y—x in the equation of the parabola we get, x?— 4ax, 
x=0 ог, 4а. So, y=0 or, 44, 
So, the straight line y=x intersects the parabola у2=4ах at 
the points (0, 0) and (4a, 4a). 
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4а 
Hence the required area— Мала — x) dx 
най 


[^ нога the equation of the parabola y= У fam. 1 


4а 4а 
=f 2Уаух ds- | x dx. 
о о 
ЛЕДІ Кїн _ Фуа · (82V а) – 8a? 
о 2 До 3 
2 


3 8a? = $3? square units. 


‘Example 12. Find the area enclosed above the x-axis between 
the circle х2-Ь y?’ =2ax and the parabola 5? — ax, 
The parabola y?—ax and the circle х3%4-у2--22, touch 


each other at the origin and intersect at the point (a, a) above 
the x-axis. 


Hence the required area f i {V Dax -x3 — Vax dx. 


о m 
[ See Ex. 8 above ; Here f3(x)= / 2ax — x3 and Һ(Ә-/ 1 
-f M2ax-x? 4х- f Ма dx dx. 
e о 


Now, 


to determine Гуа dx put х=а (1— cos 0) 
dx=a sin 0 dg. 

Мгах— xà —V/2a* (1— cos 0) - a3 (1 =соз 0T 

ау2 9 cos 0-14 
Y 


" 2 cos д— cos? 0 -а4/1-сса30--а sin 6. 


when x=0, then 9=0 


я 
and when х=а, then Uae 


~ Г Vianna ах 
о 


т $ 
= f а? sin? # 40. 
о | 


i 5 ik 
Fig. 46 =a? | Җ1- cos 20) dé. 


о. 
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7 
аар j si 28] na? 
E SC» 
2 3 


a 2 З71а x 
and | Vx ас 5" Малын 
о 


« 2$ 2 
Ja f." dx —Va-s aa. 


: 7a? 2 7T 2 
Hence required area—^2- Bx Е 3) units. 


Example 13. Shade the portion of the area above the x-axis- 
bounded by the parabola v?=4x and the circle (x— 4)—4 cos 6, 
y=4 sin 0 and obtain this area by integration. [ H. S. 1984 ] 

The equation of the circle is x—4—4 cos 0, у=4 sin 6, 

(x —- 4)* + y? — 16 cos? 0+16 sin? 0 
5 =16fcos? 9+sin® 6)--16.1--16. 
ог, х3—8Х%+16+у2—16 Or х%--у8—8у 


, бо this example “and example 12 аге the same (here а=4) and 


у 2 2 5 
so the required ана-2(2 = 3) =16( 5 "E 5) sq. units. 


Example 14. Find the measure of the area enclosed by the- 
curve y?— x? and the straight line у--х. 

Putting y—x in the equation 23-38, we get x3— y3 

ог, хХ8-,4--0 ог, x3(x— 1)=0. 

ж=0, 0, 1. The corresponding values of у are 0, 0 

and = 1. р 

But, х=1, у=-1 does not satisfy 
the equation у=х. Hence the straight 
line у= х touches the curve 52—x9 ас 
the point (0, 0) and: intersects it at the 
point (1, 1). à * 

Let P be the point (1, 1) and РМ 
be perpendicular on the axis of x, v Fig. 4.7 

Hence required area 

= (Area of AOPM)- (the area enclosed by the curve yim хз, 
the x-axis and the ordinates x=0 and х= 1=Д-А (say), | 


О (0,0) 
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Now A=40M.PM sq. units=4.1.1=3 sq. units 


1 2 
and А= f x7 dx [for the portion of the curve above the 
J 


8 
x-axis у= 4-x1 1, 


5 1 
[= =%.1sq. units—$ sq. units. 
24 
required area—4 — $— 4 sq. units, 


Example 15. Show th 


at the area enclosed between the curves 
73 = дах and x1— Аду is 


Ma. PGs Usa 
The curve y? —4ax and ха 
Points (0, 0) and (4a, 4a). 
Hence the required area= 
»*-4ax, the x-axis and the 
-ordinates х--0, x= 4a) – (Area 
enclosed by the ‘curve 
ха =4ау, the x-axis and the 
‘ordinates x= 0, х=Аа) ` 


* LR Em 37 


ta 34а 
=2у, al 4 -415| 
A.B) х Bc ulis 


о 


—4ay intersect each other at the 


Ч 
(Area enclosed by the curve 


72 /a$843 __1 6442 
a 


3 
32 


= аз - 26a? 16а? 


Fig. 4:8 


=== 


3 Square units. 


2 
Example 16, Draw the Sketch graphs ofthe functions у= 


1 1 
and y— x? and shade the areas of f x'dx and f хзах what 
о о 


"will be the value of the area enclosed by these two curves ? 


[ H.S. 1980 | 
The graph of the function Y= isthe parabola through the 
points C, O, B, P. The graph of yerx® is the curve through the 
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points P, O, Q. The two curves intersect at the origin О and the 
point P (1, 1). PM is drawn from P, perpendicular to the x-axis. 
5 а 


f x^ dx is the area enclosed by the curve у=Х%, the x-axis and 
о 


the ordinates х=0 and x— 1. It is the region OBPMO. 
1 


f x?dx is the area enclosed by the curve y—x?, the x-axis and 
5 


the ordinates х=0 and x=1. It is the region PAOMP. 


Hence the area enclosed Бу the two curves is the shaded 
zegion OAPBO, 


Fig. 4.9 


"The area of this enclosed region 
1 2 STIL 
=i xtds- | ма р "lx -і-% 
3 о 4 о 
о ð 
=z square unit. 


Example 17. Let PM and PN be the Perpendiculars from the 
point P(1, 1) on the curve y=x* upon the Co-ordinate axes OX, and 
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х ich the 
OY respectively. Show that the two areas p whic 
rectangle OMPN is divided by the curve are as 124. 


Fig. 4.10 


4 
In the figure the shaded region is enclosed by the curve у= х» 
the x-axis and the ordinates х=0 and х=1. 

Hence the area of this region ` 


1 1 
8 3 1 
=] x*dx-— [=] == square units. 
о о 


Again OMPN is a square where ОМ=1, РМ=1. So, area of 
the square- OM.PM— 1.1—1 square unit. 
So, area of the region OPN O=1-2=4 sq. units. 
Area of the region ОМРО 1 sq. units 2 
'' Area of the region ОРМО“ 4 sq. units = 
Example 18, 


. y а 
Find the area of the segment of the parabol 
y—x*— 5x 15 с 


ut off by the straight line y=3x43. 4] 
[ Joint Entrance 1984 1 

The equation o£ the parabola is 

yes “ӘЖЕ or. y—15 AE (x—- p 


ог, >—>#=(х— уа or Y= XI where kay = 5, mm 

So, the vertex of the Parabola is the point (X—0, Y= b 
ie. (x= $, y 28). The latus rectum of the parabola is of wer 
lunit. The axis of the parabola is parallel to the y-axis and p. 
parabola opens towards the positive direction of the y-axis- 
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The straight line y—3x--3 is the straight line joining the points 
(—1, 0) and (0, 3). 

Putting y=3x+3, in the equation of the parabola we get 
Зх+3= x3 —5x--15. 

or, x?—8x+12=0 ог (х-2)х-6)-0 

x—2or6 .. y=9or 21. 

So the straight line y=3x+3 intersects the parabola y= x° 

—5x+15 at the points P (2, 9) and Q (6, 21). 


Fig. 4.11 


So, we are to determine the shaded are РАОР. 

The region РАОР=( Area bounded by the straight line 
y=3x+3, the x-axis andthe ordinates х=2 and х=6%)—( Area 
bounded by the curve y— x? —5x +15, the x-axis and the ordinates 
x=2and х=6) 


6 6 ' 
=f Gx43)de- | (х#—5х+15) ах 
2 2 É 
2 
=| +3x 1 [5 -9 15x T 
a 2 
={(54+18) – (6+6)} — {(72- 90--90) (8 — 1043 
; 0)} 
=(72–12) - (72—58)=8р - 12=82 Square units 
Example 19. Draw a graph of the curve 
y-3x3 
. Shade the area enclosed by the curve, the x-axis d £v % 
App. Cal.—10 2 
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x=—landx=3, Findthe area of the shaded region by the 
method of integration. [H. S. 1981] 


э==Зх®--2х-+-4 is the equation of a parabola. The equation 
can be written as y—4—3 (x?^--24) or, y —4--4—3 (x2 --3x-J) 
or y—J4—3(x--3)? or У=ЗХа where х-44-Х,у-32-Ү. 
So, the vertex of the curve is the point (Х=0, Y —0) i.e. 
(х+%=0, »—A—0) or (х= – 4, у=). The length of 
the latus-rectum of the curve is $ unit. So, the co-ordinates of 


the focus of the curve are (X=0, Y=y,) ог, (x+3=0; 
==) 


ог, (х--4, у=), 


The curve clearly opens towads the positive direction of the 
y-axis. 


Now we prepare the table, 


: эх: 4 Е 
с 
y—3x* 2x4 | За | ap 2 |а 19 | 5 


Eig. 4-12 


With respect to suitable rectangular axes of co-ordinates 


Points are plotted with Corresponding values of x and у from 
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the above table as co-ordinates. These points are joined free 
hand and we get the parabola as shown in the figure. 


Again, when х= —1, then y=3. (-1)2--2(-1)--4--5 
When x=3, y=3 (3)2--2,3--4--37 


So, the ordinates x= —1 and x=3 intersect the parabola at 
the points (— 1, 5) and (3, 37). 


So the area bounded by the curve, the x-axis and the ordinates 
х= – 1 апа x=3 is the shaded region in the figure 412. 


3 


3 
The area of this region= || эах= f (3x2+2x+4)dx 
5-1 


e 


3 
- “заан | -127--9--12)-(-141-4)-52 square units. 
-1 


$ 47. Sign of an area. 


In examples 4 and 5 of the last section in determining areas 
of an ellipse and a circle we have first determined the areas lying 
inthe first quadrant. Аз the areas are situated in the region 
abovethe x-axis the areas have been found positive. As the 
ellipse ог circle are symmetrical about both the axes of 
co-ordinates, the areas enclosed by the ellipse or circle are 
obtained by multiplying the corresponding areas in the first 
quadrant by 4. Ifanareais completely below the. x-axis, then 
as y=f(x) is negative, the area will be negative. But actually 
area has no regard to sign. So, though from the algebraic point 
of view one can obtain negative area, actually we do not attach 
any sign toareas. Follow the following examples. 


Example 1. Find the area enclosed by the parabola 
y— x3 —5x+6 and the x-axis. 


The parabola y=x?—5x+6 intersects the x-axis at points 
(2, 0) and (3, 0). In the figure the shaded region is the area 
between the parabola and the a-axis. 
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The region is situated wholly below the x-axis. 


Now the required area 


= fee —5x4-6) dx 


x9 5х2 Ы 
[$5] 


-(s- Stis ) | 
~(5-10+12) 
-i-X-- 


Here the area is found to 
be negative and this iscorrect 


Example 


2. Determine the area enclosed between the curve 
Y=4x (x—1) (x—2) and the x-axis. 

The curve у= 
Points (0, 0), (1, 0) 
Ч € x-axis and t 


4x (x—1) (x—2) intersects the x-axisi at the 
and (2, 0). The total area enclosed between 
he curve has two Portions (i) the portion OAB 
Y above the x-axis and (ii) the portion BCD 
y below the x-axis, 


Now the area of the region OAB 


1 
=f 4х(%—1)(х— ә) dx=4 


=f Ж-а] 


о 


1 
f (28322428) de 
о 


1+1)=1 square unit 


а 
The area of the гевіоп Bcp- ff да = 1X 
1 


4 
== SARS 8 2 Ы 
1 4 + Ts T =~ square unit, 


x —2) dx 
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If we now neglect the sign of this portion BCD below: the 


x-axisthen its actual area is 1 square unit and the total required 
area is (1+1)=2 square units. 


Fig. 414 


Now integrating from x=0 to x=2 we Bet the required 


2 
area as f 4x(x — 1(x—2) dx 
о 


=4 qt s шы 24 
=4 7-х Tx , 44-8*4-0 


So, though the actual area of the region is 2 square units it is 
zero from the algebraic point of view. 


EXERCISE 4 


l. Determine the area enclosed between the straight line 
y=3x, the x-axis and the ordinates x—1 and х=2. 

2. Determine the area enclosed between the straight line 
y= — x, the x-axis and the ordinates х=1 and x=2, 

Determine the area enclosed by the following 

3. The curve y=2x+3x?, y=0, x=0, and x=4, 


4. y=cos x, v=0, х=0, x= 


5. Thecurve y= 4 » the x-axis and the ordinates x=1 and 


х=2. 
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| 7 
6, The curve y=sin 2x y—0, х-0, х=— 


6 
7. The curve y=sin x+cos x, the x-axis and the ordinates 


x=0 and xa 


8. The x-axis and the curve у-(х- Т(х-2). 


9. The area enclosed Бу the parabola y3—4ax and the double 
ordinate х=}. 


10. The 
by the x-axis, 

1. Prove that the area 
x-axis is &a?. 

12. Find the area enclos 
and the circle x? y2—1, 


13. Find the area common to the two ellipses ах? by? —1 
and bx? +ay?=1, 


Portions of the curve >= (х—2)(х—3) intercepted 


enclosed Бу ,/х4-/у- Ма and the 


ed between the parabola y?-- x — 1—0 


14. Find the area enclosed by the 
and the ordinates x=] and х=4, [ Burdwan 1970 ] 


15. (a) Find the measure of the area enclosed by the para- 
bolas y2 =6% and x3 —6y, [ С.О. 1972] 


(b) Prove that the curves y?=4x and x? — 4y divide the square 


parabolas y?— 4x and уз=~ 


formed by у=0, 3—4, х=0 and х=4 into three equal parts. 
16. Find the areas enclosed by the curve gea! апае 
Straight line y= 2x. 


17. Find the areas enclosed betw. 


een the curve y=cos x, the 
x-axis 


(i) between the ordinates x=0 and x= (ii) between 


the ordinates te and *—7 and (iii between the ordinates 
· x=0 and xa, 

18, Find the area: 
the x-axis (i) betw 
the ordinates х= 
X— and х-«2л. 

19. Shade the area e 
X5— 4y and find, by integ 


В 1 X; 
8 enclosed between the curve у бірді 
een the ordinates х=0 and x=7 (ii) ener! 
"nd Отаца (iii) between: the ordink 


d 
nclosed by the two parabolas y? F 4x an 
Tation, the area of the shaded region. 51 

[ H. S. 1982 ; Joint Entrance 198 
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20. Shade the area bounded by 5?—8x and у-х along 
positive direction of x-axis and use integration to find the area 
of that part. 


21. Shade the area enclosed by the two parabolas 5? —8x and 


x*— y and find, by integration its area. ` ІН. S. 1987 1 
22. Calculate the area enclosed by the ellipse 4x?--92 —36 
and the x-axis. [ Joint Entrance 1985 ] 


23. Find the area enclosed by the two curves `у2—4х—4=0 
and 32 --4x —4— 0. 
24. Find by integration the area of the figure bounded by 


у?=2х+1 and x—y— 120. [H. S. 1983] 
The equation of the curve is 
y? =Qx+ lees (1) or, »?=2(x+4). 


The vertex of the parabola is the point (—4, 0) and the axis is 
the x-axis; the curve open towards the positive direction. of 


the x-axis. The focus being the origin. Again the straight line 
x—y—1=0+++++-(ii) is the straight line joining the points (1, 0) and 
(—1,0) intersecting the x-axis at the point R (1, 0). From the 
equation (ii) we get х=у+1. 

Putting this value of x in equation (1) we get, y?=2y+3 

or, y?—2y-3=0 ог, (у-ЭО-ҒІ) 2. y=3and -1 

x=4and 0. So the parabola (i) and the straight line (ii) 
intersect at the points P(4, 3) and О (0, —1). 

From P, PM is drawn perpendicular on the x-axis. 

So, the required area= Area of the region PAQP=( Area of 
the region РАМР) +(Атеа of region OAQO)- (Area of APRM) 
+(Area of AQOR)- (Area enclosed by the curve y?=2x-+1, the 
x-axis, and the ordinates х=-3, x=4)+(Area enclosed by the 


curve y2=2x+1, the x-axis and the ordinates х=-% x=0) 
--4 RM.PM+% OR.OQ 


4 d о 
Э | МЕНТ det f 38:81 dxr-3(4—1)5431.1. 
- =j 
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o 
БЕ (25+ НЕН +») 1350311 
-% | 4 
-107-0-3(1-0)-344-044-44-1-51 square units- 
Note : , Actually the area OAQO i 


=f- dx. [ As y is below the x-axis ] 
-2 


But we have considered the magnitude ofthe area and taken 
[*] 
J » dx, 


25. Shade the the area bounded by x?—2y and х?+у?=8 
above the x-axis and use the method of integration to find the 
area of that part. [ Hs. 1986 ] 


=2y and х24-98--8 we find that 
cle at the points (-2, 2) and (2, 2). 


[ Solving the equations x? 
the parabola intersects the cir 
The required area is the portion of the circlé above the x-axis 
bounded by the parabola between the points (—2, 2) and (2, 2) 


his portion is symmetrical about the y-axis and so the required 
area 


2 ) т 
=2( f. М8 х2 а [а (37 --2) square units. 
o о Á 


— 


CHAPTER У 


APPLICATION OF CALCULUS IN DYNAMICS 


$ 5.1. It has been already said that there are vast and organised 
-uses of calculus in different branches of science, Economics and other 
social sciences. In fact there are different branches of science whose 
basis is calculus. Dynamics is one such branch. In this chapter we 
shall discuss some applications of calculus т Dynamics. But before 
-we proceed the students should be introduced with some elementary 
concepts. 

1. Rest and motion: A body is said to be at rest when it 
does not change its position ; a body is said to be in motion when 
it changes its position. Inthis universe every body is changing 
its position ; so nobody is at actual rest. By rest we actually mean 
relative rest; a body is at rest ( we generally omit the term 
relative ) if it does notchange its position with respectto its 
surroundings. Motion of a body is also studied with respect to 
-its surroundings. қ 

2, Displacement: The displacement of a body is its change 
.of position in a definite direction and is measured by the length 
-of the line segment joining its initial and final positions. 


$ 5.2. Speed and velocity. 

The rate of change of position of a body is its speed ; the rate 
of displacement of a body is its velocity. 

When a body undergoes equal displacements in equal 
ántervals of time, however small the equal intervals may be, i.e., 
if the body changes its position in the same direction through 
the same distance in equal intervals of time ( however small the 
equal intervals may be ), then the velocity of the body is said 
to be uniform velocity. 

Again if a body traverses equal distances in equal intervals 
of time, however small the equal intervals may be, then the 
speed of the body is uniform. Let a particle starting from a 
point A on the circumference of a circle of radius r moves 
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along the circumference of the circle with uniform speed. 
Let the particle reaches the extremity B of the diameter 
AB of the circle drawn through А after time ‘Ф. Then 
the distance traversed by the particle in time t is vr and 


. . ^ . Lal : е 
аѕ the speed is uniform, so its speed is 3 In this cas 


the displacement of the particle is 27 (length of the diameter 23 
In this case the velocity of the particle is not uniform ; fo 


х Tr | 
speed of the particle be not uniform, hene. 15 the average 
Speed of the body. 


> 
Let a particle moves in the direction AB 


along the straight 
line AB, In th 


is case the velocity of the body is positive in the 


> 
шесЧоп АВ and ne 
а5 no direction 
Cannot arise, 


> 
d ative in the Opposite direction ВА. As speed 
› So any question of positive or negative speed 3 


* Ifthe acceleration of a particle d: 
interval of time, ie. if the rate О 


acceleration of the part 
acceleration of а Particle Ь 
he acceleration of а 
non-uniform as the direction of the 
With the direction of velocity. 


Again the velocity of a particle 
moving. along а straight line may 


be uniform or non-uniform. 
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If the rate of change of velocity be equal in equal intervals. 
of time, however small the equal intervals may be, then 
the acceleration is uniform otherwise the acceleration is 
non-uniform. 


When the velocity of a particle decreases, then the rate of 
change or decrease ofthe velocity is called retardation. Accele- 
ration is the rate of change of velocity of а particle, no matter 
whether the velocity increases or decreases. So retardation is 
also acceleration ; acceleration is the general term where as 
retardation is a particular type of acceleration or in otherwords. 
retardation is negative acceleration. 


Let uand v be the initial and final velocities of a particle in 
а à -ч. 
ап interval of time ‘Ру = is the average rate of change of 
velocity of the particle or average acceleration ofthe particle 
in the interval. 


$ 54, Units of velocity and acceleration : 


Velocity is the rate of displacement. Again the displacement 
of a body or particle is measured by length; зо the unit of 
velocity is related to length. Again the rate of displacement is 
measured with respect to time. So the unit of velocity is the 
length of displacement in unit time or displacement length/unit. 
time. For example, 10 cm./second. 

Again acceleration is the rate of change of velocity per unit 
time; soin the unit of acceleration another unit of time is 
associated over and above the unit of time associated with 
the unit of velocity. For example, if the velocity of a particle 
at any instant be 10 ст. / second and the rate of change of 
velocity at the instant be 2 cm. per second, then acceleration 
is the rate of change of velocty per second at the rate of 
2 cm. per second ie. 2 cm. per second per second. The first 
per second relates to the velocity per second. ie. rate of 
change of displacement and the second relates to the rate 
of change of velocity measured per second. The acceleration 
2 cm. per second per second is frequently written as 2 cm./per sec?, 


156 APPLICATION CF CALCULUS 
We now list the units of vel 
‘systems of measurement. 

In the MKS, ( Metre 
velocity is metre Der secon 
Per second per second, 


Осу and acceleration in different 


"kilogram-second ) system the unit of 
dand the unit of acceleration is metre 


Per second per second are the 
nits of velocity and acceleration. 


К.5 units are generally used; but С. G. S and 


F. P. S. units are not obsolete. 


$ 55, Ех 
derivatives, 


In $ 1:3, 


А Се о 
pressions for velocity and acceleration in terms of 


-We have shown that the velocity v of a particle 
moving along а Straight line at time t after Start is Ба ог g 
where x or 5 18 the displaceme 

Th 


he interval. 


$ 56. Formul, 
4 Straight line with 


Leta Particle s 


as relating to the motion of a particle moving along 
uniform acceleration. 


tarts moving along the straight line OX in the 
ess 
direction OX ко 


шты ity 00 the fixed point О of the straight line with 
Anitial velocity “and uniform acceleration f. At time 'f after 
start let the Position of the Particle be P so that OP=s, Then 


т а dv а» 
at this instant the acceleration of the particle is Фа, — == 


di? "ds dt 
the particle at P J 
38 (i) 


( where у is the Velocity of 


ду 
So, — = 
ай 
Here f is constant 88 the particle moves with uniform 
Acceleration, 2 


ОТ, dv=f dt or, |ф-ірф ог, v=ft+c,. 
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Now when t=0, у=и 2.0 и-сі 


“. v=utft 9, mee (ii) 


Again at time ‘? the velocity of the particle is s. 
t 
d. : ја 
anette [ From (ii) ] or, ds=(u+ft) dt 
or, f 45={ (u--ft) dt or, s=utt+3 ft? +ca 
when t=0, 5=0. .. са=0. 
sut ift? .. ... (iii) 
Again if the acceleration at P is written as v 2Ж then v PLF 
ds ds 
2 
or vdv=fds ог, Svdv=Jf ds ог, t =fs+cs. 
when s=0, then v=u. 


2 2 2 , 
Ў т = са «ts ais or v?=y2+42fs ... 2. (iv) 

Again the distance moved by the particle in the t-th second 
of its motion is : 

5, —Ídistance traversed іп the first t seconds} 

— (distance traversed in the first (t— 1) seconds] 
={ш +2} (u(t- 1) + 3f 1)?] 
—utTÀft? -ut-u— ift? +ft— 1 
—wtft-if-utAfQt-1) 6 + (у) 

The equations (ii), (iii), (iv) апа (v)should be remembered as; 
formulas. The formulas are listed below. 

ТЕ и be the initial velocity ofa particle moving along a straight: 
line with uniform velocity f, v be the final velocity after t seconds. 
s,the displacement in the first t seconds and s, be the distance. 
moved in the t-th second of motion, then 

veutft; s—utt-ift?; v?=u2+2fs. 
and s,;=u+4f(2t—1).- 


Corollary: If in the above discussion instead of uniform 
acceleration f, the particle moves with uniform retardation f 
“та . . Ы; 

then writing —f in place of f in the above formulas we get 


v=u-ft; scut- &ft зил -2fs and ѕ, =и—1}(21—1). 
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EXAMPLES 5A 


Example 1. Тһе equation of motion of а particle moving 


along a straight line is given by x=16t+512, 


Particle moves with uniform acceleration. [ Cf. Н. S. 1985] 


2 
Here x—16t4-5;2, г бХ — 164-10, and TE =10. 


Hence the acceleratio 


nis 10 units which is a constant. So 
the particle Moves with а 


uniform acceleration. 


Example 2, The velocity ofa particle moving ina straight 
dine is given by »=(1+9 km./second. Find the distance moved 
by the particle in the first 9 Seconds of its motion. 

—. [C.U. В, Sc. 1982] 


П t seconds after start, then the 
› 15 by question 


If 5 be the distance traversed i 
"velocity at the t-th second 


S$ 04 ог, 45=(1+8 dt. 


or, 148-1(1--0 dt Or з= c, 
Now when t=0, then 5-0 


“. с=0. de 
”. when t=9 then 5-941. 9%=9--81= 491. 


Hence the Particle moves through 49% km. in the first 
9 seconds, 


Example 3, The distance x tr. 
15 given by 


ДЕУ х=2+6,—3{3 
Find its velocity 1 second after start, [ C. U. B. Sc. 1984] 


се moved in ¢ seconds is x=2+6t— 32, 


aversed by a particle in t seconds 


Here distan 


Hence velocity in the t-th second = d6 — 6t. 


Putting t= 1, we get velocity after 1 second is 6 —6.1— 0. 

Example 4. When the distances of a Particle moving along а 
‘Straight line, from а fixed point of the straight line is x ft., then 
the velocity of the Particle is » ft/sec, If x and v are connected 
by the. relation Mina T then find the acceleration of the 
Particle at a point 2 ft. from the fixed point. 


Here the relation between x and vare 2—42 +23, 


Prove that the. 
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Differentiating both sides with respect to x we get 


dx 


So, when x=2 (i.e., the distance of the particle from the fixed 
point is 2 ft, distance of unit being ft), the acceleration of 


d d 
2» 2" =27+2 ог, элү art 


the particle is v 2 =2+1=3. ie, 3 ft/sec?, 


Example 5. A particle moves along a straight line according 
to the law x=a sin (Mt+b) where x is the distance moved in 
t seconds. If v be the velocity at time *? show that 

02=(42 — x2) p3, 
А 5 cx 
х=а sin (ut-Fb). 2. "dr “# cos (ut4- b). 


i.e. the velocity of the particle at time % is v=ap cos (ut+b) 


or -—--a cos (ut+b) 
ш 


y2? 
р^ 


+ x? = a? cos? (ut-- b) J- a? sin? (ut+b) 


=a? { cos? (ut+b)+sin? (t+b)}=a?.1=a2, 
2 
or, wets” =a ог, v?--u242— 242, 
p 

or, 9? = а? — p? x= р? (4 — x*). 

Example 6. А particle moves from rest with an initial 
velocity and a uniform acceleration. Its distance after 4 seconds 
from start is 56 cms. ШИ goes through a distance of 88 cms, 
in the next 4 secs., find its initial velocity and acceleration. 

Let и be the initial velocity and f be the constant acceleration. 

According to the problem, the particle moves through 
distances 56 cms and (56+88)=144 cms in 4 seconds and 
8 seconds respectively. К 
бб= и. А+. 42=4и- 8} 24% -40) 
144=u.8+3f . 88 =8и-+32 -+ -(@ 

Solving equations (i) and (ii) we get u=10 and f=2, 

Hence the required initial velocity is 10 cmJsec. and 
2 cms./sec?. 
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Example 7. If a, 


b,c bethe spaces described in the pth, qth,. 
rth seconds by a p 


article starting with a given velocity and. 
moving with uniform acceleration in a straight line, show that 


alq -7)-Fb(r — »)--c(p— а)=0, 

Let и and f be the initia] velocity and uniform acceleration 
of the particle. Now a=space described by the particle in the 
pth second. 

acu Af(2p— 1) 
Similarly ђ=+ 3f(25 — 1) and с=и 3f (2r- 1) 
a(q — 7) + br р)+с(р- а) 
= + (2р— 1) (a —7)--fu--3 (29 — 1) H(r-» 
+{ut 4f(2r-1) } (r— p) 
=u (q=r+r-p+p—q)+4f (2р—1) (a-r) 
+ (29 — Jr ~ p)-- (2r — 1) (p —а} 
=u. O+ SF 12 (ра рт ах — ра Фтр— ра) 
—(q-r+r-p+p—q)} 
-043Н2.0-0 1-0. 

Example8, A bullet fired 
loses half its velocity after 
distance will it penetrate till i 


into a target with a given velocity: 
Penetrating 3 cms. What further: 
t comes to rest, ІН. S. 19811. 
Let u be the velocity of the bullet at the instant, when it. 
Strikes the target and f be the retardation due to the resistance 
Offered by the target. 


After penetrating 3 cms, the bullet loses half of its velocity: 


Le, the velocity becomes = 
ц? 


ЕК 4 3 
4 —u*-9f.3 ог, 6f - 38: or, farts 
4 8 ; 
à 5; the bullet Penetrate a distance 5 more before it comes: 
O rest. 


mic 
0= “9 ~ 2f.s 


[ considering the motion of the bullet from the instant when 


: ee, 47) б 
Its velocity is 72 tothe instant when it comes to rest | 
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al 


Hence the bullet will penetrate 1 cm. more till it Comes to rest. 


Example 9 А rifle bullet loses 5 #Ь of its velocity while 
Penetrating an wooden plank. Find how many such planks shall 
the bullet penetrate till it comes to rest. [ Assume that the 
resistance of the planks are same ] [ Joint Entrance 1987 ] 

Let the thickness of each plank be s and u be the velocity of 
the bullet at the instant it strikes the first plank. As the 
resistances of the planks are the same, so the retardation of the 
bullet while penetrating the planks are the same and let the 
uniform retardation be f. қ 

Ав the bullet loses xo th of its velocity, while penetrating each 
plank, so its velocity after penetrating the first plank is 


и 19 1 
55742071201 
19 а 
19 „| =u a.s, =ц%—961 „а_ 39 
5о (94) и? —21.5. or, ав u 400 "= 200 “2. 


Let the bullet comes to rest after penetrating п planks, 


t M 2 3 
бш = 2f.ns=u? —n2fs.—u? —n ax ps 


Ат 
“. N=39 ==1030° | 
Hence the bullet will penetrate 10 planks and #9 part of the 
11 th plank, till it comes to rest. 2 
Example 10. A particle ‘starting from rest moves with 
alternate acceleration f and retardation f' during equal intervals 
of time т. Assuming f andf' uniform, show that the distance: 
described at the end of 4 such intervals is t*(5/ — 3f") 
Let the distances moved by the particle during the four- 
successive intervals be 51, 53, 5» 54 respectively. 
7. distance moved by the particle during the first interval 
is зз = att? [ As the particle starts from rest 1 Also velocity of 
App. Cal.—11 
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the particle at the end of this interval i.e., at the beginning of 
the second interval is ft. 


Sa=ft.t Ра = а (р зр), 
Also the velocity at the end of the second interval i.e. at the 
. beginning of the third interval —ft— f’t=(f —f')t. 
So the distance moved through in the third interval is 
за — (f —f^t.t-- 2 уз af — f) 
Velocity of the particle at the end of this interval ie, at the 
beginning of the 4th interval is (f—f t-+ft=(2f — Ft. 
So, distance moved by the particle during the 4th interval is 
за (2f Р) M'i* = (ој — 3р) 
Hence total distance moved by the particle from start to the 
end of the fourth interval is Sı tsa tsatsa 
СЭР EP AM) HGF -FNH af’) 
PUGH а +2) — F(R +14 1255 3f’) 
Example 11. 


A particle moving with uniform acceleration, 
describes in the 


last second of its motion th ‘of the whole 
distance. It started from rest, find how long it wasin motion 
and through what distance -did it move, if it described 6 cms. in 
the first second. | 

Let f be the uniform acceleration of the particle. Ази 
describes c cms. inthe first second, so 6— 3713 (as the particle 
Starts from rest) Or, /--12, | 


in motion for tseconds and s be the 


tota] distance traversed during this time. 
Е аа (i) | 
and as it describes dsth of the total distance in the last second 
1.е., the t-th Second 
145014 
AC ОРЫГ 1)=6(2t — 1)------(ii) 
From equation-(1) ана equation-(ii) we get. 
5 6:2 


i eia 25 d- 
9 6 (2—1) 95% 29 %-1 


— 


Ог, 9;3=50;—25 ог, 9;3—50;425='0) 
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ог, 912 —45t—5t+25=0 ог, 9t(t—5)— 5(t=5)=0 

or, (9t—5)(t-5)20 2. t=§° ог, 5. 

But t>1 .. 17$. Sot=5 ie,the particle was in motion 
for 5 seconds and the distance moved by the particle during 
this time— 6.5? | From (i) ]=150 cms. 


Example 12. А particle moving with uniform acceleration 
successively passes through the points P, О and В. If РО —OR-b 
and times taken by the particle ко move from P to О and from 
Q to R be a and c respectively, then prove thatthe accelera- 


2b(a — c) 
ас(а + c) [ Joint Entrance 1987 ] 


Let f be the uniform acceleration and u be the velocity at P. 
Considering motion from P to Q and P to R we get 


b= PQ=uat—> fa? (i) 


2b=PR=u . (a+c)+$f (a+c)? ---(ii) respectively. 
[Time from P to R=(Time from P to Q)+ (Time from Q to R) 
—a4-c] : | | 
From (i) we get, и---2------Я4 аг 


tion— 


From (ii) we get, 
2-(2 – lfa) (atc) +4f(a+c) 


Hato ууцаа даа с-4)-4040 (289) | 


др "Ape ecf сара LO AL 
or, mer Mq + or 2 atc „а 2 
2b(a—c) 


эн cf == 
Као or, f (а с).ас 


Ms “(4--сда | 
Example 13. A train starting from rest moves from a station 
А and stops at another station Bat a distance 5. The train 
moves the. first part with uniform acceleration и and the remain- 
ing portion with uniform retardation v. Show that the time 


1 
1, 21205 
taken to move from А to B is [25 Ё У) 
[ Joint Entrance 1980 L 
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Let the train move from A to С with uniform acceleration 
u and АС= 51 and the velocity at С be w. Also let СВ=5а 
Sos, = huty? (D) and os ut, (ii) i 
[ As the train starts from тезе from А, soits initial velocity 
is 0. ] . | 
-Again the velocity of the train at В 150. So considering 
motion of the train from С со B, we бес, 


За = tg — 1yt42...... (ii) [where tg is the time from C to В], 


о 
From (iv) we get v= pw | 


7. From (iii) we get за —ot4 = Делу 2 ta? = Jor, | 


Again, from (ii) we get DECR 


From (i) we get aeg 2 а = до 
1 


2 
Total distance s— s, Tt52—3o(t-&)— zot | 
. . . 25 
where t—t1 +t is the total time from A to B.  .', ot f ° 
. t e. 
Again from u= 2 and „=“. we get = a= == 
ty ta и v 


Total time t=1, +, (2+ >) 
қ и у 
= 25, 1% lg. = zie 1 er 
ыу ылыгы) 
. 1 1 1 
.. t= н Ж 
{2s( ТЭЙ үр. 


"Example 14, 


А point moving with uniform acceleration | 
describes spaces 


51 and sj in Successive intervals of time ty, ta- 
Prove that the acceleration is 2059 — sata) 
tyta(ta+ta) i 
icle at the beginning of the interva 
cceleration. 


Let the velocity of the part 
ta beu and f be the uniform a 
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Now considering thé motion of the particle during the 
intervals іі and to we get, 
53 = ut4 +Hfty? . = 6) 
за = (u-Ffty)ta + а а“ СЕИ 
[ velocity of the particle at the beginning of the interval 
ty is (и +) 1 


From (i) ъ= and 
1 


From (ii) T =u+ftı +ifte 


Sa _ Sy _1 

ta ae Жазы) 

Sati ~ Sita „1 sog Mati —syta) | 
tata 2 Қази) f tata(ta +t) 


Example 15. If.a particle moving in a straight line with 
uniform acceleration describes equal distances in succesive times 
ty, із» із then prove that 

ole kf Lad. 32. 
tı ta ts ti tía із" 

Let f be the uniform acceleration of the particle and u be its 
velocity at the beginning of the interval ty. "Then its velocity at 
the beginning of the intervals t4 and ts are (u+fty) and 
ut-f(ty+ta) respectively. Let each equal distance ђе. 5, So, 
considering motions of the particle in the tliree successive 


intervals we get, 


sut Mt? or, тиа 
$ = - 
s=(u+ftı)ta tft? от, aor ftf 


ands={utf(tattaHa+afts” от, чка лын Hts 


Se 


4% ta 
(Баји t tate) зе © 


S43 =н За —u-fty и “На «Ана 
ta 8 { 


От, ty te 
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Again considering the motion of the particle during the total 
interval (t, +1, -ts) we get 


3s=u(ty + ta tta) +3flti+ tatta)? 


3 " 
oz, nnda НЫ uen) P вий: (i) 


So from (i) and (ii) we get 


Pie lnc 3s 
(2 гр s) р 
жаа 3 
VUE rn fs Eius 


Example 16. A particle is moving with uniform acceleration 


along a straight line. The distances of the particle from a fixed 
point of the straight line at times 


tı» t2 апа ts ate ху, ха and xs 
respectively. Prove that the acce 


leration of the particle is 
2 { (02 — хз) + (ха = 21) ва (ха — x4) 
(£a — ts) (ta =t1) (1-4) 
Let the particle be moving along the straight line OX, O be 
the fixed point of the line so that OP=x where P is the point of 


start and f be the uniform acceleration, 


о. Р А 


В С X 


7 Fig. 541 
Од= Xi ОВ= Ха, О 
Зо if u Бе the initia] velocity of the particle, then 


Азид 48:43 ог, OA-OP=uti+4ft,? 
ог, X1— *< Uti 40:43 


C= xg 


M 2. @ 
imilarly, ха Тазша 4р2 ... se. (8) 
and да 2 uta ae a : (iii) 

From (ii) — (ii), Gii)-@ аһа (i) — (ii) зуе get respectively, 

Va 7 58= (1) f (ta? — 153) ja 25% (іу) 

| 18791 шь) ка =з ue -€ C) 

and a Xa 7 Mt, — t) (13-13) sas e (vi) 


ty (xa — жа), (ха = 23)4-ts (хү: ха) 
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=u л (ta —12)+1а (ts—t1)+ts (14-14 
+# fits (142-182)4-14 (2-1,2) +t9(t 2 — 23, 
=u. 0+ f(ta—ts) (ts—t3) (t4 — t3) 
== f (ta —ts) (8-4) (11-44) 
f=2 { (ха яз) (ха — 1\5 (ха — X4) | 
(ta —ts) (ts =t) (t3 —t3) 
[ Note 2 Factorising the expression 
ty (ta? — ts?) + ta(ts— ty?) -ts (113 — 142) 
in cyclic order one gets the expression=(tg—ts) (ts — t1) (tı — ta). 
This is remembered as a formula ] 


Example 17. A train starting from rest from a station stops 
in another station at a distance 2 kilometres in 4 minutes. The 
train moves first with uniform acceleration and then with uniform 
retardation y. Taking kilometre and minute as the units of 


" к 5 1 1 
distance and time respectively, prove that 15 dim 


Let the train move a distance s k.m. in t minutes with 
acceleration x km./min? and moves a distance (2-5) km. in (4—1) 
mins with retardation y km./(min?) Let also the maximum 
velocity of the train be v km./min. 


2. о уши о (i) and 0--»- у (4— t) or, v2» (4—1) + -- (ii) 
е СОКРИЕ. 

Eua and y v 

ЖИ) pec: TT iii) 

x TyTy 58:37 | 
Again y? = 825 =+ = (iv) and O=v? —2y (2-5)... ... (у) 

1 2s 1 _ 2(8—3) 
s) 0-а у ап у уз 

т es" 22-5) _ 4 и. m Vat 
E ГУ НЯ (vi) 


From (iii)+(vi) we get NY 
From (iii) we get + j^ =4. 


Example 18. А particle moves along a straight line with 
initial velocity и. It successively passes the two halves of а 
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given distance with accelerations f and f' respectively. Prove 
that the final velocity is the same as if the whole distance were 
traversed with uniform acceleration 2 f). 

Letthe given distance be2sand v be the velocity of the 
particle after traversing the first half. 

v? =u? +2fs, 

If о be the final velocity, then the pérticle attains the 
velocity w after traversing a distance s, starting with a velocity v. 

е 9а ри 0 2 P ua 2 (Е); 

Next let the particle starts with the same initial velocity u and 


moves the whole distance 2; with acceleration 4 (f--f). Then 
the final velocity in this case will be оу where 


Фу ий 2.3 +). 25-242 (ff) оа 


w? — 2 On о1=0 


ie. the final velocities are the same in both the cases. 


Example 19, А particle moves with uniform acceleration along 

а straight line from А to B and its velocities at A and B 
ате и andy Tespectively. Find the velocity of the particle at 
the middle Point C of AB, Jf the time taken by the particle to 
move from A to С is twice the time taken to move from C to B, 
Show that yu, 
Let the distance АВ=2 а 
AC-BC =s, 


nd the constant acceleration be f. 
As the velocity of the particle at B is v. 
2. 2 
М зала, ей ај, 2 ра? ғ 
2, тің е time taken by the Particle to move from- A to C be 
; then the time taken to move from C to Bis t. 


» 


Тице taken to move from А to B is 3t 
»—udf.3t eau. 
3f 


t с, then 


Hence if w be the velocity а 
© Out 2ft=u+2f 2 u_u+2 
ft=u+2f TTSA 
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Again considering motions from А to C and А to B we get 
ѕ=и. 2:+% f(20? =2ш-+ 282 Ut Ut (i) 
and 2s=u . 3t¢4 ИЗО? =Зш ЗН os 7 (ii) 
Subtracting equation-(i) from equation-(ii) we get, s=ut+§ ft? 
or, 2ut+2ft?=ut+$ ft? [From (1) 1 
or, 22-42 or, ft=2u. 2. v=ut3ft=ut3. ди=Ти, 
Example 20. The velocity of a train increases from 0 tov 
at the uniform rate fı; then the velocity remains uniform for 
‚ап interval and finally decreases to 0 at a uniform rate fa. Ifs be 
the total distance described then show that the total time taken is 


3 xL 
Pt ate Fa ) 
Let the train starting from A with uniform acceleration fa 


comes to the place В after time ta, the velocity of the train at B 


beving у. Also let АВ=51. 
por Ура ... ... (i) 
and s3=3fitz?=% vty [7.7 fiti—v] очо ses (ii) 
Let now the velocity remains uniform from В (о C and ће 


time taken from B to C be ta and ВС=5з 1 
за=йа` cU is (iii) 


Now if the train moves from C to D in time ts with uniform 
retardation fa so that its velocity at D becomes 0 and Ср =з, then 


0=7— fata ог, v=fats ++ зе (iy) 
and ss=vts— 1 fats? —vts-3 32-44 vts ^ се (у) 
2, s=s1 за Боз vta vta +h vts — у (ty +ts)+te 


э 5. 
А B & "E D 


Fig. 52 


1 m эш Хэн == E RA 
Again галт, and ts fa з= 30 ( ОКЫ A )зэь 


хө far ant r$) 


170 APPLICATION OF CALCULUS 


Required total time—t4 + +в 


№" 5 l /-49 . 7 av 
s es Eo: ( f1 RA "x 
5 1 v 1 v 


5 1 ENTRE ) Р 
20777327 fı ieri fa »*2 Wie prs 
Example 21. Show that the average velocity of a particle 
moving along a straight line with a uniform acceleration during 
any interval of time is equal to the mean of the initial and final 
velocities of the particle in that interval. 


Leta particle traverses a distances s in time t and its initial 
and final velocities during this time be u and 
o v=ut+ft and s= ut+3ft?. 
Now the average velocity of the 
5 ш-Ған> 
t 


v respectively. 


particle during this time 15, 

Sut Крит) = и Бир) Ни) 

— шеап of the initial and final velocities. 
Example 22. Aver: 

Straight line with 

tis ta, ta are Yi а a 


t 


age velocities of a Particle moving alonga 
uniform acceleration in successive intervals 
nd v; respectively. 
Prove that УЗ = та а 
72—13 tatta 
Letu be the velocity of th 
first interyal u and f be the 


Ма» Ча, us be the velocities at the 


e particle at the beginning of the 
uniform acceleration. Also let 
end of the three intervals. 


ue балаладың t9 (1) us —utf(t3dt) ... -.. (ii) 
ац Usu f(t ++) 
Also average velocities in the three intervals are 
шид и 
vi 2 > esum ; ya 42 ris [ See Example 21 ] 


"n ncm acus usu, =Кы+ы) [ From (8) 1 


эз уа Мана пошу qo (и ЕР) - fud-f(t1 42, +48) 
З ыз 3 NUTS 


| From (i) and (iii) 1 
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3 —f(ta+ta) 
Кыз) . mvs 2 ta tte 
> 2 77 va-vs = На із) tatts” 
2 


Example 23. А train starts from Howrah апа stops, at: 
Kharagpur. Its velocity uniformly increases and reachesto v. 
The velocity then decreases uniformly. Time taken from Howrah. 
to Kharagpur by the train is t. Prove that the distance between. 
the stations is 4vt. 

Let the train attains the maximum velocity v ata place O* 
between Howrah and Kharagpur and the distance of O from 
Howrah and Khargpur be 51 and 52 respectively. Hence the 
required distance is 51-+5а. Again if the times taken by the 
train to reach О from Howrah be tı, and tz be the time from О” 
to Khargpur, then the total time is ty 1. .. ізі "із. 

Now considering the motion of the train from Howrah to the: 
place О we get, 

v=fıtı and 71 =24151 where f is the uniform acceleration of 


the train between Howrah and О. 
2 


2 
у » ПАР y 
. =— = —— = Е. 
e 13% tı and 51 27 "n 257 
pi 


Again considering the motion of the train between the place- 
О and Kharagpur we get 0=v— fata and O=v?—2fase, where fo 
is the uniform retardation of the train between О and Kharagpur. 


Distance between Howrah and Kharagpur 


з. 


Аа 2 
== += За» ээ 2 (2542) = фл. 


Example,24. Two motor cars оп the same line approach each. 
other with velocities из and из respectively. When each is seen 
from the other, the distance between them is x. Prove that if f, 
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and fi be the maximum tetardations of the two cars, then а 
collision can be just avoided if. 
ua fo Fus? f, — 2f fax [ Joint Entrance 1982 ] 

Since the two motor cars approach each other along the same 
line, in order to avoid a collision they will apply the maximum 
retardation, the brakes can produce. The collision is just avoided 
means that they wil] Stop at the same instant and when the cars 
will stop, then the distance between then will be zero. . 

Let the cats stop at time t after they see each other and during 
this time they have moved through distances X3 and ха. 

Xy+xg=x, 
Considering the motion of the first car we get, 


O=uy—fyt or, бала апа Хаз-иій- ftu? 


a 2 2 a 
=, Мі ил ит из ui", 
аа стада 80 ст =F 

who bog f 


Considering the motion of the second car we get 


0-ші-/и ог, 2921, 
fa 


Also а pei ЧИЈИ = 


Х= ха bog ga 44735 миа, 
ү fy fa 2147 
MOULE 


collision can be just avoided if (иа =н)? 

e 1 8nd f, are the Sreatest retardation. and 
Éreatest acceleration that the trains can produce. ! 
„леп the trains See each other, then in order to avoid 


Collision, the train coming from behind will apply the greatest 


D OO —— _ 
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behind B i.e., their distance will be 0, then their velocities will 
be equal.  Letattimetafter each is seen from the other А is. 
just behind B. Let during this time B moves through a distance 
х1. Then during this time the distance moved by А is х Њу 
and at this time the velocity of both be v. 

Now considering the motion of the train А we get 


утиј fit 7 7 (1) + хи fi d. t (ii 
Again considering the motion of the train B we get 
vEugtfat coe. ‚ (iii) and Xy =Ugtth fat? + 2 (iv): 


From (i)—(iii) we get о = ite —(fi--fa) or, кама 
fitfa 


Again from (iii)—(iv) we get, х= (иі —ug) t— 3 (fa fa) t% 
e — (из ua үү, (uy = ил)%\® 
а-а) (Po) bath) (аа?) 

(из ua)? — (uy ча)? (из – ua)? 
fatfa 


» fate 2(fa +fa) 
2. (uy — ta)? —2 (fa fa) x. 


Example 26... Two particles Р апа. Q move alonga eus 
line AB. Particle P starts from А in the direction AB with; 
velocity из and acceleration fy at the same time О starts from 
‚ B in the direction ВА with velocity из and acceleration qu 
If they pass each other at the mid pointof AB and arrive at the. 
other ends of АВ with equal velocity, then prove that 

(ша Fus) (fa —f2)—8 (faua Fata). 
б [ Joint Entrance 1988 | 
Let the distance between А and В be s and they meet at time 


t after start at the middle point C of АВ. 
‚АВ=ВС= 2 
So Sausttd fat? and атал fat 
20 ча EFE Fit? из fai? 
tat n ug) 


or, (из =ч): Р) 
а ший! 
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Again the particles reach B and A with the same velocity 
“р (say). 7. өЗ--иі2-Ғ2 fıs and »?—u4?--2 fas 
мі? - 2f 15=иа? + 2125. 


a 2 
ог, ui? = ua? =2(fa –Ћ) 5 24 зе 
So, #гот the relation d =ú,t+$ fat? or, 53 = + Fate 
vwe get, 
ил? — из? 
2(fa—fi) _ г 2(из—иа) 
Tug u) аб fa fa- fı 
fa-fa 
cor, "ius ufa ufi fius — Рама 
x 8 fa—fa 
от, Ча Чаѓа — urfa 
59 Ра – Ра 


or, (из ил) (Ё — Ға) =8 (лиг — Раца). 


Example 27. А bus starts from rest with uniform accelera- 
‘tion, anda man 100 metres behind the bus starts at the same 
ánstant to run after it with 10m/second velocity and just catches 
the bus. Find the acceleration of the bus, the distance the bus 
tuns and the time the man takes to catch the bus. 

Find with what speed the man would run if he were originally’ 
"200m behind the bus. [ Joint Entrance 1981 J 

Let the acceleration of the bus be f metre|sec?. and “(һе man 
«catches the bus at a distance 5 metres at time t after start. 

So the distance traversed by the bus in t seconds is 


STO =n а G) 


So, the distance moved by the man during the same time is 
:54-100, жу 5+100=10{ ... ... (8) 


Again as the man just catches the bus зо at the instant the 
velocity of the bus is equal to the velocity 10 m./second of the 
man [ In the next instant the velocity of the bus will be greater 


than the velocity of the man and it will not be possible for the 
man to catch the bus 1, 


———— ры сана ————— ЭРЕ 
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=. ft=10 -- + (iii) [The bus starts from rest | 
From (i) and (ii) we get 100=10 t— 3/:2—10:— 4 ftt 

or, 100--104-%. 10: [From (iii) ft— 10] —5t. 

t=20. 2. f2——-I—-—, 

:5+100=10: =20 . 10—200 “. s=100. 

‘Hence the acceleration of the’ bus is 3 m/sec? and the man 
will catch the bus 20 seconds after start after the bus has run 

100 metres. 

Ifthe man could just catch the bus starting from a place 
‘200 metres behind the bus at a distance 5 from the starting place 
of the bus and the uniform velocity of the man were v, then 
‘the previous equations (i), (ii) and (iii) would be 

Шейн Гу РЕБЕ oen + y) 

3-:200-ә +: + (9) and f= ог, РУ с: ve (vi) 

- .From equations (iv) and (v) we get, 
X:7--200—»t'—3042.— [From (vi) 1 
or, 1/3=200 ог, 4'=800 2. 1'—4/800—2042. 
y23t—104/2. 

So Ше man would have run at the rate of 102 metres 
yperssecond. - 


Example 28. Two particles start together from the same 
-point along a given straight line, the first with a constant velocity 
-uand the second with a uniform acceleration f starting from 
‘test. Prove that before the second particle catches the fist, 

А . из ; u 
ithe greatest distance between them is 2f at time f from | the 


-start. : ГН. S. 1978; Joint Entrance 1983 ] 


Let the distance between the particles at time t after start 
‘be з, By question, u<f (for otherwise, any question of the 
«second particle catching the first cannot arise ) and f>0, 

Now distance traversed by the two particles in time + are 
sat and 372. à 


d 
л зеш? |02 eum fe 
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е zu ds == 
For maximum or minimum values of s, d or, u—ft=0- 


d? 


Also ав —f<0 [as f»0] 


So, the maximum value of s will be when t= and this maxi- 


: uU hy ер а 2 42 
mum value of sis и. — — = 


zd. = Р 
ELE ER 


Example 29. The velocities of two particles moving along 
the same straight line in the same direction are и and и’ when 
they are at distances а and a’ réspectively from а fixed point 
of the straight line. Prove'that'the particlés cannot meét each 
other more than twice'and if they Яо во, then they will do it 


at an interval Тор [(u— u')* —2 (a—a’) (f — f)? where fand f^ 


are the uniform acceleration of the particles. 


Let the Particles meet each other at a distance % from the 
de point’ O, £ seconds after the instant when they were at: 
Istances а and a’ from О. So in t seconds they traverse 
distance x—a and х—а' respectively . 

.. х-а= utt Aft? ... ө (i) 


апа ta! ult Bp? Subtracting (ii) from (i) we get: 
а' –а=(ц—) t+3 (фр) а м 
D-E) (иш) вала! 05-і) 


Equation—(iii) isa quadratic equation in ‘? and cannot have 
more than two Toots. So'the particles cannot meet more than 
twice. If they meet twice, then the roots of equation—(iii) will 
be real and unequal and let them be t4 and tz. 

Дим 2 Xu-u) 
UE TIU TT 
а-а 2(а-а) 
РАТЬ 


ог, 


and бб = 


de 
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Now, (t —t4)? = (t; +) ы 


3 У 
OPE Fa ору а-а-а Р) 
Hence the difference between the two times is 1—75 


РЕ iu —w)* —2(a- a')(f f)! 


Example 30. The velocity at time t after start of a particle 
starting to move along a straight line with initial velocity u is 


ug tx), where ais a positive constant and x is the distance 
of the particle at time t from a fixed point of the straight line. 
Prove that the Sys taken by the particle to attain a velocity 
MES and during this time the particle 
2utl. 
ucl 

Let O be the fixed point of the path OX of the particle and 
the distance of the particle from O at time t after start be x. 
Given velocity of the particle at time ‘t is 


a(ttx) or, D цей ди 2 


2и per second is — 1 [ов 2 


would move through a distance i log 


yzue 


Or, Ф a(t) [ “узи 2] 


or, Wty adt ог, fl- a} om fad 


or, log spent 
Now, when t= 0, then v=u 


С1-4108 шоо 427108 ee s 
So, when the velocity of the particle will be 2u, i ie, v= Quy, 


then log Pu. mate 


he. 2u 2u t 
Ог, at= =log FFE) —log —4 ars =lo + ғ | 
or, га Бал 1, „2и+2 
r at= log 2411 Of, “82175 2u4- AH 


App. Са —12 
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So to attain the velocity 2u, the particle will take time 
1 даа 
a 2u+1 

Again, from the relation v=ue" +=) we get 

log v=log utalt+x) or, a(tt+x)=log v—log и 


ewm Т МЕР = 
or, thx=— log; ог, х= log =. t 


m. ги+а 
when v=2u, then t= 2 log oui 
i3 үл Qu 1 602848 
So then x= a log =; л log 2441 
239 2o d 2и-1 
mu O ore а 08 41 
ги+1 
So to attain the velocity ди, the particle shall have to traverse 


2u--1 . 


1 
the path - т log VET 


Exercise 5A 


{ l. The distance of a particle moving along a straight line 
ie a fixed point of the straight line at time t after start is given 
У t=as*+bs+c where a, b, c are constants. 


that the vel i t 1 | 1 1 r^ 
Show (919119 h кше. д, 
y of e particle at the instant is 2as+b 


ле Р шашы s ofa particle moving along a straight’ line 
Point of the straight line at time t after start is give? 
by з=: 13, 4 

Prove that the particle is moving with constant retardation. 

3. “Тһе distance x of a particle moving along a straight line 
from a fixed point of the straight line at time t after start 15 
Siven Бу = 3+4. When will the particle come to rest 7 
What will be its acceleration at that time. Find the velocity 
and acceleration of the particle after 4 seconds. 

4. The distance x of a particle moving along a straight line 


from a fixed point of the straight line at time t after start 18 


Biven by x=3t? when 0<#<2; =6t when t>2. 
Discuss the motion of the particle. 
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5. The distance s of a particle moving along a straight line 
from a fixed point of the straight line at time t after start is 
given by s?=at?+2bt+c. Show that the acceleration of the 
particle varies inversely as s?. З 

6. The distance s traversed by a particle moving along а 
straight line in time t from start is given by s—63:— 612 — i, 
Find the velocity of the particle 2 seconds after start and also 
the distance traversed by it before coming to rest. [SUI 

7. The distance x ofa particle moving along а straight line 
from a fixed point O of the straight line and the velocity at the 
instant are connected by the relation »?=1—x?. Show that the 
acceleration of the particle then is given by f= — x. 

8. The distance traversed by а particle moving along a 
straightline in time t after start is given by Е 

s=atbt+ct?+dt® (а, b, с, d are constants ) 

Find the signitfiance of a, b, c, d 

9, The distance s of a particle moving along a straight line 
from a fixed point О of the straight line at time # seconds after 
start is given by 5=(2—1)2(2— 2). Find the distance of the 
particle from O when its velocity is 0. | С. U. B. Sc. 1984] 

10. When the distance ofa particle moving along a straight 
line from a fixed point of the straight line is x, then if v be the 
velocity of the particle, then y?=6a( х зїп x+cos х). Find the 
acceleration of the particle. 


11. A man starts on a long walk at 
speed at any instant is inversely proportional to x+10 where х is 


the mumber of miles he has walked. Find (i) the time he takes 
to walk 20 miles and (ii) the distance he goes in 3 hrs. 45 minutes, 
[ C.U. B. Sc. 1984 | 

12. The distance x o£ a particle moving along a straight line 
from a fixed point of the straight line at time ‘t’ after start is given 
by t=ax?+bxtc (а, b с are positive constants ). Show that the 
particle is moving with acceleration 2av?, v being the velocity of 
the particle at the instant. Ifu (#0) be the initial velocity of the 


4 miles per hour and his 


с 1 1 
Particle show that | eL i Aat. 
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13. When the distance of a particle moving along a ws 
line from a fixed point of the straight line is x, then the yu: Я 
апа acceleration of the particle are v and f and v?=ax?+2bx 
Show that f? — ay? — b? — ac. i 

14. In the following two questions и, v, f, sand t have usua 
meanings. | 

(i) If u—5 cm. ; »=29 cm. and t=8 second find f and s. 

(ii) If и=100 m, f—5 m, s=3000 m find v and t. ц 

8 

15. A motor car travelling at the rate of 40 күне a 
stopped by its brakes in 4 seconds. How long will it go from 
point at which the brakes are first applied ? 1 Л 

[ Joint Entrance 198 
16. A particle moving along a straight line with a given 
initial velocity and uniform acceleration goes through distance? 
xft and у ft in the tth and (t+n)-th seconds of its motion: 


ё 5 4 5 = 2 
Prove that the uniform acceleration of the particle is 4 ft/sec 


17. A bod 
111 cm. in the 


consistent with 


y moves through distances 15 cm., 63 cm. ang 
first, second and fifth second respectively. 151 
uniform acceleration ? 


18. A train takes 50 minutes to move from a station Х 


toa station Y, The train attains a maximum velocity of 50 miles 
an hour at a place Z between X and Y. The train starting 00 
rest from X goes to Z with uniform acceleration and then 8069 
with uniform retardation from 2 to Y and stops at У. What 1$ 
the distance between the two stations X and Y. 

19. A Particle moves through 396'9 metres in the first 
3 seconds and in the next 4 seconds through 392 cms. and 269 5 
Metres in its next 5 seconds. Prove that itis consisent with 
uniform acceleration, What more time will it take to come 
to rest. 

20. The initial velocity and uniform retardation of a particle 
moving along a straight line are mm ft/second and т ed 
Show that the particle will return at time (n--b) seconds afte 


. . . onds 
Start at the same place which it passed at time (т—Ё) seconc* 
after start with the same velocity. 
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21. A bullet after penetrating a wall 96 inches thick has its 
velocity reduced to 800 ft/second from 1200 ft/second. Find 
the time taken by the bullet to penetrate the wall; also find its 
velocity when it penetrated half of the wall. 

22. A bullet comes to rest after penetrating x cm. into some 
sand. v апан аге Ње velocities of the bullet at the instant 
of entering thesand and after penetrating » cm. into the sand 
(«>»). If the retardation due to the resistance of sand be 
uniform, show that и: реМх- у: Ма. 

23. A train travels from rest at one station to rest at another, 
in the same straight line. The train moves the first part of the 
journey with an acceleration a ft./sec? and the rest with a 
retardation b ft./sec2. Show that it will accomplish the journey 


in үсгэн secs. where d is the distance between the two 
а 


stations. : 
24. A particle moving along a straight line describes three 


distances, AB=153 metres, BC = 320 metres and CD-— 135 metres 
in three successive intervals 3 seconds, 8 seconds and 5 seconds. 
Show that the particle is moving with uniform acceleration and 
comes to rest at a distance 729 metres from А. 

25. А particle moving in a straight line with a uniform 
acceleration is observed to beat distances a, b, c, d from a fixed 
point of the line at time t= 0, n seconds, 2n seconds, 3n seconds 


respectively. "T 
Prove that (1) а-а= 3(c — Б). (2) initial velocity— ab 

! cta- 2b 

and (3) acceleration — 3 — 


26. Atrain moving along a straight road from rest again 
comes to rest after describing a certain distance. If the train 
Moved with uniform acceleration for the first &rd of the distance 
ћ uniform retardation for the last 4th of the distance, 


and wit! E : 
prove that the ratio of its greatest velocity to its average velocity 


15 19 : 12. 
27. A particle moves from rest with uniform acceleration 


f along а given straight line. Its acceleration becomes 2f, ЭГ etc. 
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after times t, 2t etc. Show that after time nt the distance 
n(n+1) (2n+1) m 
12 Ё 

28. A particle moving with uniform acceleration along 2 
straight path, describes equal distances sin the firstt seconds 
and in the next $ seconds. Prove that during the next 3 secon 
the particle will describe a distance 5s. 

20. A train starting from rest at a station А stops at another 
station B at a distance с. The train moves with uniform accelera" 
tion for the first t seconds, with uniform velocity for the next 
tseconds and with uniform retardation for the next і secon? 
before coming to rest at B. Show that the uniform acceleratio? 


described by the particle is 


in the first part. of the journey is ED ў 

30. A train moving along a straight course takes time Т (0 
perform а journey from rest to rest; it travels for time 2T/” 
with uniform acceleration attaining a velocity 1, with uniform 
velocity for the next time (n— 3)T /n and finally for time Тт with 
Constant retardation, prove that its average velocity is (2n — 3)V/2t 
in = an start from the same place at the same time 
wen Жун Тће first moves with uniform pm 
uniform dian E with initial velocity 46. ft/sec. ап 
particles be maxi us ft./sec . When will the distance of the 
' 327 A dista аи Also find the maximum distance. y 
starts from r ~ is divided into m equal parts; А partic : 
ваа, еѕ with uniform acceleration f. At the end > 
of the hie aon increases by f/n. Show that the velocity 
ВЗ на T describing the whole distance is V fs(3 – 1). 
acceleration f 225 moves along a-straight line with T 
stárts in the n es the same place after time T another тай 
if u>2T, then Ё тесной with uniform velocity и. Show tha 
i і Н Second particle will be in front of the first 
for an interval + Учи), 
i А constableseeing а thief at a distance x starts With 
velocity "and uniform acceleration «. The thief at the same 
instant starts from rest with uniform acceleration В. Prove that 
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it will be АНЕ for the constable to catch the thief if «>В, 
и 
ог ««B&«t >. 

35. А cat chases a mouse at а distance 15 ft. from rest with 
uniform acceleration 2 ft./sec?. On seeing the cat, the mouse 
also begins to run with uniform velocity 14 ft./sec. When and 
where will the cat catch the mouse. 

36. ТЕ» denotes the velocity at time t of a particle moving 
along a straight line, then the uniform retardation of the particle 
at that time is kv"*2, where kisa constant. Show that if u be 
the initial velocity of the particle and s be the distance described 


И in e eii 
in time ђ then am es] y"1-1 «1-1 
37. A train starting from rest at one station stops at another. 


: 1 : 4 : 
The train moves the first x part with uniform acceleration and 


the last рат with uniform retardation. Show that ratio of 


maximum velocity and average velocity of the train is 
EE 
(+1 +1): 


t roads inclined at ап angle « with each other 
intersect at the point О. Two particles starting from two points 
А and B of the two roads move towards O with uniform velocities 
wand v respectively. If OA=a and OB=b, show that the least 
distance between the particles is 
(av — bu) sin © ~ 
из + y? +2uy cos < 
39. When the velocity of a particle moving along a straight 
line is 7, then its acceleration f=kv? (kis a constant ). If u be 
the velocity after time t and s be distance described during this 


— and ted ks? + = 

time then show that Y= 1+ ksu алымды ul 
40. O is a fixed point of thestraightline OX. А particle is 
moving along this strai£ht line with uniform acceleration. The 
distances of the particle from O after times t3, tg, ts after start 


38. 2straigh 
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ате 51, Sa, 5з respectively. If tj, tats be in A.P and 51) 5а» 58 
be in G.P., then show that the acceleration of the particle is 
= EN 
(Уз МА. ) $ 
ia — ti 

8 57. Acceleration due to gravity. s 

Newtons Law of Gravitation : 

In this universe every body attracts any other body with a forct 
Which varies directly аз the product of the masses of the two bodies 
and inversely as the Square of the distance between them; the force of 
attraction acts along the straight line joining the two bodies. 


ТЕ the masses of two bodies placed at the points A and В 
be m and m' and d be the distance between them, then the 
bodies attract each other with a force P со that Pamm and 


1 2 2 
Рх gas зо Pa = or, Der where G is а constant of 


variation. This Cons 


tantof variation G is called the gravita- 
tional constant, The 


mass ‘m attracts the mass 507 along the 


> 
direction 28 and the mass 297 attracts the mass тан 22 


direction AB. 

The force of attraction between two bodies, as 
Ve, iscalled the F itai f the 

two bodies dj отсе of Gravitation. When о 


According to Newt 


Я OD's second law of motion, if a force is 
applied опа body, 7 


theboly and ay then the body produces an acceleration s 
Hie forte it d direction of acceleration is the direction E 

' © mass of the earth be М and m be the mass O 
a body at a distance d from the centre of the earth, then the 
Second body will ђе attracted towards the centre of the earth 
with a force GUm The acceleration produced in the body 


due to this force of attraction is SM (according to the formula 
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P=mf ) in the direction towards the centre of the earth. Thi 
acceleration of the body due to the earth's attraction is called 
acceleration due to gravity and it is denoted by g. So a body 
of mass m is attracted towards the centre of the earth with 
a force mg. This force of attraction mg is called the weight of 
the body. So the weight of a body is that force by which it is 
attracted towards the centre of the earth. 


‘Note: The mass m also produces an acceleration Өт of the 


earth in the direction of the body. But as the mass т is negligible 
in comparison with the mass M ofthe earth, so this acceleration 
produces little influence on the motion of the body. 

As the heights of different places on the surface of the earth 
are different and the acceleration due to gravity is towards the 


: G : 
centre of the earth, so at different places the value of =a varies 


with d. In the present discussion if, otherwise is not stated, 
we shall take the value of g as 980 or, 981 cm/sec? in the C.G.S. 
system, 9'81 metres/sec? or 981 metres/sec? in the M. K:S system 
or 32 ft / sec? or 322 ft/sec? in the Е. P. S system. 

From the above discussion we understand that when a heavy 
body falls from a height №, its motion during fall, is subjected to 
ап acceleration # (acceleration due to gravity ). We conclude 
this section by stating the Laws of Falling Bodies formulated 


by the great scientist Galileo. 
Таж 1. папу place the acceleration due to gravity during 


the motion ofa falling body is constant. 

Law2. АП Bodies fall freely from rest in the downward 
direction with the same rapidity. 

5 58. Motion of а body falling freely under gravity. 

А body is falling freely means that the only force acting on 
the body is gravity and the only acceleration of the body is 
that due to gravity- 

Let a body of mass m be falling freely from a point О at а 
height h above the surface of the earth with an initial velocity 


u and at time t after start the distance of the body from O be x. 
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Now let us take О as the origin, the vertically downward 
direction through O as the positive direction of the x-axis. 
Now the distance of the body along the x-axis at time t (seconds) 
after start from the origin is x. So its acceleration at the 


2 x » t 
instant is on in the vertically downward direction. Also the 
only force acting on the body is the force of gravity or weight 
mg of the body acting vertically downwards. 

So according to the formula P= mf, 
d? ase i 
та mg ог, 4B t Or, —= + a 0) 
[ where v is the velocity of the falling body ] 
or, dv—gdt or, $d»— fedt Or, v=gt+cı 
Now when t=0, then v=u, u=g.0+cy 
СЛЕ S v=utgt БС .. (ii) 


or, Ax ure as at time t the velocity y of the falling 


. dx 
body is zl 
95 dx=udt+gtdt о, Jdx— fu dt-+Sge dt 


or, хэм 302--с: Now when t=0, then х=0, 
> 0=и, O+4g. 0--са 


са=0. 
БЕН ХҮ” (ш) 
Again from equation-(i) we get 
dv . dv d d dx dv 
y—— VO ML per ар А ЕРИ 
dx 8 di. ds o Ше 1 
ог, ЈЕ dx. or, Јоду = fgdx 
у 
ог, 2 ““8Х-св, 
Now when t=0, then х-0, v-u. 
М8 - а? 
278. 0--са eg 
22 2 
So 79 =8х+ 3^ Or »?—u3-2gx... Gy) 


Again if h, be the 


s height descended by the body in the #0 
Second of motion, 


then №, = [height descended in the first t seconds] 
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— [ height descended in the first (1-1 

=[ ut+4gt?] – lult- 1) +346 т. ee 
=utt+het? — utu — Aat? c gt — 3g 

=u+}g(2t- 1 ... (у) ч 

So, ifa body falls freely under gravity with an initial velo- 
city и per second then : 

() The velocity of the body in the t-th second of motion 
isv=utgt. (ii) The height descended in the first t seconds is 
x=ut+3gt?. (iii) p2=u2+2gx. and (iv) the distance hy des- 
cended in the t-th second is hy =ut4e(2t-1). 

Note, Ifthe particle falls freely vertically downwards from 
a height h with initial velocity u, then it will reach the ground 
with velocity 7, given by v?=u? +2gh. 

8 59. Discussion on the motion of abody falling freely from rest. 


Ifa body falls freely from rest then its initial velocity is 0 
Цу downwards. So putting 


and the only acceleration is g vertica 

u=0 in the formulas (ii), (iii), (iv) and (v) of § 5'8 we get that if 
a particle falls freely from rest froma height № and v be the 
velocity in the t-th second, x be the height descended in the first 
t seconds and №, be the height descended in the t-th second of 


motion, then 
() veg Gay eae” (80 snes and hy=4¢(2t— 1). 
Again if the body reaches the ground with velocity », then 
y2=2¢h ог, p=4/2għ Also if ti be the time of fall to the 
2h 


ground then h= 382 ор а" 4 
f а body projected vertically upwards. 


$ 5°10. Motion o 
A body is projected freely vertically upwards with velocity 
u írom a point O of the ground. Let O be the origin, the 
vertical line through О, the x-axis and the vertically upward 
direction be thé positive direction of the x-axis. As the body 
in the vertically upward direction, 


is projected freely from O | | 
so its only acceleration is the acceleration due (о gravity — 8. 
As the direction of the acceleration due to gravity is the verti- 


cally downward direction, so the sign of the acceleration is 
negative. - Actually the body undergoes а retardation 2. 
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If the body ascends a height x in t seconds, then the differen- 
‘tial equation of motion of the body is 


22-08 Өг; Bog С. dv=-gdt 


о, [d»— — gfdt о, v=-gt+c;. 
Now when t=0, then р=ц, и-сі 
> V=U— gt «ез +++(ii) 
Again the equation-{ii) can be Written as 
22 Я Я i dx 
ДЕР -8( “ће velocity at time tis CEDE 
Or, dx-(u-— gt) dt Or, Tdx— f(u— gt) dt 


Or, X—ut— 513 + са. 


Now when t=0, then х=0. са=0. 
x-—ut — 3%... 22 100) 

Again the differential equation-(i) can be Written as 
dv ы 


292 ТЕТЕ 95 уду= — зах 


о» Јифу= – g [ах ог, Pm pides 


Now when *=0, then у=/, 

u? y? и? " 
So, gor eps Or, v3 ou — ору... (iv) 
h, be the height а 


са 


Also i£ 
‘then р, 


4, height ascended in the first (t — 1) seconds | 

D*i-u- 2—1)... 00 
ic d ks y is Projected freely vertically upwards with 
ine п the Velocity in the t-th. second of ascent be v, 

з pended 1n first ; Seconds Бе x, then 

шш. x=ut—= Lg : (iii) 73 =? — 2gx. 
height ascended in the t-th second of 
-1) 
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retardation —g. So, at some time t after projection the velocity 
of the particle will be 0. 

So, О=и—ш or ке .. - (i) 

Hence time of ascent to the greatest height ( i.e. the height 


where its velocity is 0) is = 
Let the greatest height be H. 
209 ы: 
Then 0243 —2gH ог, H 26 


After ascending to the greatest height H, the body will 
descend with acceleration g. If t, be the time to reach the 


nt of projection i.e. to descend the height H, then. 
2 


u? и 
Н-іш12 or, 22388 Or, =a or, аз 


poi 


So, t17t. 

Hence time of ascent to the greatest height from the point of 
projection = Time of fall from the greatest height to the point 
of projection 

The sum of the two times of ascent and descent is called the. 
time of flight of the body. 

Hence the time of flight of the body 

is ы р 
the velocity of the body at the instant of reaching 
tion be V. Then considering the motion of 
highest point to the point of projection, we get 


Let now 
the point of ргојес 


the body from the 
2 . 
yiemgH-205,—w ^. Vou (іп magnitude) 
So the velocity of projection = velocity at the instantioféall to 
the point of projection (in magnitude ) 
Though these two velocities have equal magnitude, their 


directions are opposite. 
Note: In the result that time of ascent to the greatest height 


i jection=time of fall to th i 
{тош the point of projection e point of 
projection, taking any point in the path of the body as the point 
of projection one can Say, 
time of rise from a point of the path to the greatest height 
=time of fall from the greatest height to the point. 
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$ 5.12. Time to reach a given height and velocity at that height. 

Let h be a given height and a particle be projected with a 
-given velocity of projection (from the bottom of the height). 
Let the particle reaches the height h attime t after projection. 
So h is the height ascended by the particle in time t. 

h=ut—4 gt? or, 127-24 4 2h 9 
3 8 g 

This is a quadratic equation in t and so from the equation we' 

:&et two and only two values of t. These two values are 


2u 4u? 8h 
EET 


igi ИР 4V u3 = 2h 
g É Ч 


f < 2 LX £ с + Z^ 
Now if u?22gh, їе, ab i.e., h is less than the greatest 
"height attained by the particle, 


: 5 Ми? = 2gh . 1 ize 
and unequal ; "hn Аа a time of ascent to the height Р 


then the two values of t are real 


and X 4/u?—dgh. ; i 
2 Зд 15 the time taken by the particle to ascend 
t А 
2 P арай height and then descending to the height. 
u. = 241, then the two values o£. t will be equal and this 
‘equal value i. И 


Ё and we know that а particle ascends to the 


Sreatest height once and only once. 


ЈЕ из < А ( ua 1 
2gh һе, hoe, then the two values of t will be 


imaginary i.e., the par. dias 
Particle cannot ascend to а her than 
the greatest height, | end to а height highe 


Again the Velocity zu h during 
v ight. i 
Rek ishi of the particle at the height r 


y? =u? — 2gh ог, уљу ца — 2gh. 


If ул be the velocity of the particle during descent from the 
fr je us a 5 
Steatest height 22» he. velocity after descending a distance 
uu? 


2% —h from the greatest height, then 
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2 
Е a(g -h )=u - 22s о, »—^/ui-2gh 
v=) 


Hence the velocity of the particle at a height during ascent 
to the height and the velocity at the height during descent from 
the greatest height are equalin magnitude. Of course they are 
opposite in direction. 


EXAMPLES 5B 


Example 1. А particle projected vertically upwards returns 
to its point of projection after 7 ѕесопіѕ. Find the greatest 
height attained by the particle, its velocity of projection and its 
‘height from the point of projection after four seconds. 

[ g=32 ft./sec?] [H.S. 1984] 


Let the velocity of projection be u ft / second. 


So, its time of fight 2 


. 


4: By question, 2-7 os ги=7р=7 х 32 


dá и=7 22.22 ft. 


So, the velocity of projection is 112 ft. / second. 
So, the greatest height attained by the particle 
b из 112X112 196 ft. 


Also the height of the particle from the point of projection 


after four seconds 
=u.4—4¢.49=112.4 —4.32.16= 448 — 256— 192 ft. 
Example2. А particle is projected vertically upwards, the 
greatest height attained by itis 144 feet. Find when it will be 
at height 80 feet after projection. [ Н, S. 1979 ] 
Let the velocity of projection of the particle ђе и ft. / second. 
Greatest height attained by the particle is 
u? u? jat 5 
2%” So, 28 —144. or, и2-а144.,2,22 
or, u=96. So the velocity of projection is 96 feet/second. 
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Let the particle was at a height 80 feet above the point of 
projection t seconds after projection 
80= height attained in t seconds=ut — 1t? 
or, 80=96t—16t? or, t?—6t+5=0 
or, (#—5)(=1=0. У. 4-5,1. 
So, the particle was at a height 80 feet 1 second and 5 seconds: 
after projection. 


Note: The particle reached the height 80 ft. at first during 
ascent and then once again during descent. That is why We 
get the double answer. 


Example 3. A ball is projected vertically upwards. Show 
that the ratio of the two times taken by the particle to reach half 
of the greatest height is (34-2 v2) 2 1. 


Let и be the velocity of projection and h be the greatest 
height. 2. h="; 
2g 


So, half of the &reatest height is z, 
g 
Let the particle attain this height at time t after projection” 
4 u2 2 4 
20 4g "t- ien ог, #@—2ш+р-=0 T. (i) 
The two roots. of the quadratic equation—(i) are the tw 
times taken by the particle to reach the height e, 


The roots of equation (i) are, 
желе. ТӘШ 


ги ЕМ аца — и? g 
— %8 utu? ии 
Эр 2 28 E 2g 
o Y | = га be the two times, then 
ту ги 2u— У 2u 
1 2g and uo ee. 
CON (++ N2u\ |/ги— М2и\ и(2+ 472) 
ta 2g )K 2g Jetta 
= 228 — б+ау2 23422)" 342V2, 
CEVV | др 2.7 - 1 


Hence the ratio of the two times is (37-22) : 1. 
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Example 4. Show thatthe velocity at height h of a particle 
projected vertically upwards from the ground will be the same 
in magnitude as that due to fall from rest from maximum height 
H to the same height. (cf. H. S. 1983 1 

Let the velocity of projection be и ( in magnitude ) 


50) 
Greatest height attained by the particle is Н= 2r 


If v be the velocity of the particle at a height h, 
then »?—u? — 2gh. 
Again if v4, be the velocity of the particle at the height h due 
2 
to fall from rest from the greatest height H= 233 then . 


»,2—2g4(H – №) [^ initial velocity is 0] 


из 2 — 2 
=2g (5273 —u?-2gh—v 
2. vı=v (in magnitude ) 


Hence the two velocities are equal. 

Example 5... А particle is projected vertically upwards under 
gravity and t.secs. afterwards another particle is projected 
vertically upwards. with tbe same initial velocity as the first. 
Show that their velocities when they meet will be each $ gt in 
magnitude ( g acceleration due to gravity ) [ H. S. 1988 ] 

Let the initial velocity of projection be и іп magnitude and 
they meet at a height h, tı seconds after the second particle 
was projected. 

So the height of the first. particle (+21) seconds after it was 
projected із h and so h—u(t-Ft3) -3a(t-t t3)? i 

Also height of the second particle t, seconds after its 


projection is hut, — ћи. 
S ult+tı)— 38 (t)? = uti- Ша or, ut- hg(? 4-21) = 0. 


m git, —ut- Mat? E TAROT 221 "m 3t. 
At this instant of meeting the velocity of the first pie 185 
u- g(t-t3)-u-£ | eI |+ Шер (шіге Ade 
—u-gt-u- - ágt. 
App. Cal.—13 
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Again at this time the velocity of the second particle is 
u-&-u-e( d )=и-и+ыш=ш. ! 
8 


iti icles at 
Hence the magnitude of the velocities of both the particle 
the time of meeting are equal and each is 16. 


Example 6. Find the height ascended by a particle thrown 
vertically upwards in the last second o£ its ascent. : АР 

Let О be the highest point ascended by the particle an я 
Бе the position of the particle at the beginning of the last een 
So PO is the height ascended by the particle in the last ue i 
of ascent. Again PO=OP=distance traversed by the partic un 
the first second of. descent (as time of ascent from a given d 
to the highest point O is equal to the time of descent from t 
highest point to the given point )=4.g.17=4g=3.32=16 ft. 

or, 1.981 m.=4'95 metres. 

Example 7. A stone, 
under gravity) covers Pet 
Second of its motion. 


Let h be the height 
ward velocity of projec 


If the Particle takes 
thenh=1g,2 02. Зов 


Again distance descended by the particle in (t—1) seconds 
on is $g(r— 1)2, 


dropped from the top of a tower (freely 
h of the height of the tower in the e 
Find the height of the tower. | H.S. 1985 J 


of the tower. - Here the vertically down" 
tion of the stone is 0. 


ег 
t seconds to reach the foot of the tower» 


CÓ — g(t туз Зе ket? — 4g(t—1)? 
о» в, јуана 34-19 
or, 46(-1) -ч680 

ог, 25 (#—1)2— 162 

ог, (9:—5)(;—5)=0 5 or 5. : 
But t4§ as by question the time of descent of the particle 15 
Breater than 1 second, Hence t—5, 


So, the height o£ the tower is За? — 3.32.25— 400 ft. 
ог, $9'8x25—122:5 metre. 


— #5) = 212 : 3$ 
Or, 9:?—50;--25—0 


t-$ 
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Example 8. Three particles are simultaneously | projected 
vertically upwards from heights x, y, 2 above the ground with 
velocities u, », w respectively and all of them reach the ground at 
the same instant. Prove that u(y — z) -»(z — х) (х y)—0. 

[ Joint Entrance 1986 ] 

According to the question all the three particles have taken 
equal times to reach the ground from heights x, y, z respectively. 
So if the equal time be %, then taking the vertically downward 
direction as the positive direction, we get 

х=-ш+{ш% је c9 () уе Ид e (8) 

and z= —wt-ig (00) 

[ As the particles have been projected upwards so the signs 
of и, v, w are negative ЇЇ 

From (ii)—(iii), (ii) —(i) and (i)—(ii) we get respectively 

y-z-(w—»)t z— x (u—w)t and x—y-(v-ut. 
u(y—z)-v(z х) +wx- У) ; 
4 =t{ulw—»)-+r(u—w) +w 7) =+0=0. 

Example 9. A particle projected ‘vertically upwards reaches 
a height h int seconds and takes 4 seconds more to reach the 
ground. Prove that h— 3t t". [C.U.] 

Let the velocity of projection be и. 

г. h=ut— het. 

Also by question the time о 

24.11 or, u=- (г--:) 


f flight of the particle is t+t’. 


һе bi hen chen + het t- get? = Het t. 


Example 10. A particle projected vertically upwards, reaches 
a given height in t seconds and returns to ground after t4 seconds 
more. Prove that the greatest height ascended by the particle 


is (фи) 
By question the time of flight of the particle is t +t. 
So, if u be the velocity of projection of the particle then 


tet 26 ог, u=}g (0+4). 
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Hence the &reatest height attained by the particle is 


2 2 
г-ға) == (t - 13)? 


Example 11. д mass of 10 gm falls freely from rest through 

10 metres and 15 then brought to rest after penetrating 5 cm of 
sand.. Find the resistance of the sand (assumed constant) in gm-wt. 
| Jt. Entrance 1979 | 


Let the velocity of the Particle be у after fall through 10 
metres—1000 cm, 


а ote fı=f+g 


. Аз the particle is brought, to. rest after penetrating 5 cms 
inthesand, . 


3 2 
о 5 or, == 1000 196000. 


fı=f+g= 196000-+ 980= 196080cm/sec2, 
So, the Tesistance of the sand= P= mf, = 10 x 196980 
> 1969 
1969800 дупе= ты) Еш wt—2010 gm wt. : 


Example 12, А stone is dropped into a well and the sound 


s the splash is heard in 345 Seconds, if the velocity of sound is 


of the stone we get h— 3gt,2— 16142 
»—13) [ From (1) = ] 


(076 -—11)==219— 70, ог, 412-701, ~219=0 
ї1= – 70. ог, 3. 
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Example 13. А piece of stone islet fall from rest into an 
empty pit and the sound of the stone striking the bottom of the 
pitis heard after t seconds. Prove that if » be the velocity of 
sound per second and the depth of the pit be h, then 


2h (144) аа, where the magnitude of y 15 so large in com- 


2 
parison with h so that б can be neglected. Кедер) 
р 
Letthe time taken by the stone to- reach the bottom of the 
pitbe t; .. h-—de&? Тһе іше taken by sound to reach the 
£round from the bottom of the pit is t—t3. ~ 


A вид үзі), [ 15536013, 2. &- VÀ] 


Or, ==: У ог, М —-+ | 
КЕРЕГІ 
от, gh gra Ве 

or, ghe zi Flt -а (14-58) 


Example 14. From a lift ascending with an acceleration 

f ft/sec?, a man throws a ball vertically upwards with a velocity 

% fec; relatively to the lift. If the man catches the ball 
2 


ду 
t seconds afterwards, show that А ге . [ C. U. 1964 | 


Let the velocity of the ball be и when the ballis thrown. So 
the ball is thrown vertically upwards with velocity u+y. - 

The man catches the ballagain t seconds afterwards. Soin 
these t seconds, height ascended by the lift=height ascended 


by the ball. - 
or, utkdft*-(uy)t- ier? 


2v 
or, ##+@#=. о, += ft. 


Example 15. From ап aeroplane rising straight upwards with 
а uniform acceleration f, a stone is dropped ;-8 seconds after 
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: istance 
this another stone is dropped from it. Show that the d 
between the two stones t seconds after the second stone is dropp 
is 8(f 4- g)(t4- 4). M 
Let the two stones be dropped from A and B ке К 
and when the second stone is dropped t 


: t 
D the position of the first be at C. =. 
seconds after the second stone is Me 

E their positions be at E and D respective 


: in the 
The point C is below the point B, as in E 
8 seconds before the second stone is droppe® 


B the aeroplane was ascending with accelera- 
tion f and initial velocity v (say) and нэ 
first stone was ascending with the same init? 
velocity > and acceleration zh 

A AE=displacement of the first ston? 

i in (t+8) seconds= »(t+8) — 3g(t --8)2 
Fig. 53 


ў and АВ= displacement of the aeroplane 
in8 зесоп4з=8у-- 3.7.83 — 8 + 32. 


Вр= displacement of the second stone in t seconds 
= (0+8): het. 
[ The initial velocity of projection of the second stone 
=Vvelocity of the aeroplane at B=y+8f 1. 
So the required distance DE= AD— AE=AB+BD-AE 
— 8»-F92f --o--8f)t — het — iv(t--8) — 2:82] 
0327-6-87: hat? — yt — Ву -- Mr + 8gt-- 322 
= 32f -8ft4- 8gt- 32g — ВАР ft-- +42) 
SBUF Eg) Htet gh=8F+2)(t-+4). 
Example 16, As 
. has descended х ft. 
below the top. 


5 wer 
tone falling from the top of a vertical to ff 
when another is let fall from a point “iad 
If they fall from rest and reach the gro 
| . (x+y)? 
together, show that the height of the tower is Nos 
? ft 
Let the tower be OA and C and Bare the two Wu 
and y ft below the top of the tower. If the velocity of the o 
Particle at c be » then v'-—2gx or, у= V/2gx. So, when the 
second particle is lef fall from the point В from rest, then 
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velocity of the first particle at C is »—w2gx. Hence as the 
two particles reach the ground 
together, so the point C is above 
the point B. Let the two parti- X 
cles reach the ground t seconds y 
after the second particle is released. 
Let h be the height of the tower. 
( СО=А-х, апа BO-h- y. в 
2. h-x-displacement of the 
first particle during these & seconds 
=n/2gx t+} 48. 
and ћ у= displacement of the second 
particle during thest t seconds= ы - О 
л (=) (р) = 2x ый — at. PP 


or, y-x-4/2gx.t ~ VERTS 


ја 

So, h=y+4gt =У+3Е. дек н 

os ай Axv-(y—:)* _ (x+y)? 

NEU 4х Бү, Сү 
Ехатрје 17. Бай: the same height two particles are projected 
with the same velocity, one vertically upwards and the other 
vertically downwards. They reach the ground t, and ta seconds 
after projection. Prove that if a particle is let fall from rest 
from the same height, then it will reach the ground Мита 
с of the two particles be projected from height h above 
the ground and magnitude of each velocity of projection be и. 
ТЕ the downward direction is taken as the positive direction, then 
the velocity of projection of the first particle is —и and that of 


the second 18 +u. 
Since they reach the ground in tı and #2 seconds respectively, 


h . 
бо, ћ= —uty theta? or, уг —ucàgn o) 


h А 
and h—utatÀgta^ ~. usd i uri 
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© h ht. ) 
Adding equations (1) and (ii) we get d d. cM (ta +te) 


or, A ( la „у-н (а-ға) 
1 ta 


or, А (atte) a, (acts) or, 8-4. | 

їз | 

Now, if а particle is let £all from rest from the height h, takes . | 
time t to reach the ground, then h=ig12 2 


ог 28tata=4et? or, НЫ Or, t= Ут 


Example 18. From а place А above the surface of the earth 
is projected vertically upwards. 


а particle it 15 h below A, is dou 


height h above A. Show that the Sreatest height attained by the 
particle above A is 5p, 2 


Particle at c is 2v in | 
Magnitude, | 
_ letus take the vertically upword direction аз the positive 
irection, 4 ; 
В Sothe velocities at Band C are v and 
—2› respectively and 
һ Ше did. e) 
and (— 2у)2 = „2 +2(— в)(—) 
А $ =u? +2gh 
| =v? +2gh+2gh [From (i) и? =? +2¢h 1 
Р —vY*-F4gh. or, 4y3 2 y +26 
h а. Agh, 
ог, 3»?*—4gh. ог, у Е 
с A 4gh 10gh 
> H = ===" Ф2рћ= ===. 
Fig. 55 S0 ut=y?4+2¢h 3 +28 3 


So the Sreatest height of 


the particle above A is 
u? _10gh 
2 - 
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Exercise 5B 


1. The greatest height attained by a particle projected 
vertically upwards-is 5886 cm ; find at what time after projection 
the particle will be at a height of 3270cm. Explain the double 
answer. [H.S. 1973] 

2. From the bottom of a cliff 78'4 metres high a stone is 
thrown vertically upwards with a velocity which is just sufficient 
to carry it to the top. After two seconds another stone is 
dropped from the top. Where do they meet (Take 
g=980 cms/sec? ). | Madhyamik °76 | 

3. Astoneis thrown vertically upwards with a velocity of 
60ft/sec. After what time will its velocity be 20ft./sec- and at 
what height will it be then ? FCUM 

4. A particle falls from rest and in the last second of its fall 


passes through 224 ft. Find the height from which it fell апа 


the time of its fall. 

5. Two particles are projected upwards, one with a velocity 
of 64 ft./sce. and the other with a velocity of 32 ft./sec. Find the 
distance between their highest points [ С.О. ] 

6. The height of the lowest storey of a skyscraper is 50. 
A stone dropped from the top of һе, building was observed to 


cross the lowest storey in a quarter of a second. Find the height 


of the sky scraper. 
7. A body falling from 


rest under gravity passes a certain 
ocity of 120 ft/sec. where wasit 2 secs. previously 
2 secs. later ? | В.О.Н. 1 
one falling freely under gravity from rest 
distance of 10 metres from each other at 
d. From what height above the higher 


point with а vel 
and where will it be 

8. A piece of st 
passes two points at а 
an interval of 2 secon 


i article dropped ? 4 
ийне Шр jected vertically upwards at the 


articles are pro. ! 
“тариад анд places at heights hy, ha, hs above the ground 


with velocities wa 939 28 respectively. The particles reach the 


ground at the same time. oT mia 
hy—ha_ һа ha shes 1, 
y тт 72778 71 Ya е 
10 А tone 13 projected vertically upwards from a place at 
e 5 


height h above the ground with a velocity that a particle dropped 
е1 аро 
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i h the 
from rest acquires after falling a height 2 Prove that 


à 
stone will reach the ground after (1+ 4/3) ү = seconds. 


itational 

11. A particle falling freely from rest under о. 
attraction describes 49 metres in a particular secon 7 
total distance traversed by the particle upto that second. 


12. A ball thrown up is caught by the thrower 7 secs. after- 
wards. With what speed was it thrown ? у -— 

19. A bomb is let fall from an aeroplane ascending vertic Үр 
upwards with uniform velocity reaches the ground in 5 seconds. 


At what height was the aeroplane, when the bomb reached. the 
ground ? 


14. A body is let £ 
а height 117°6 


15. A particle falls freely from the top of a tower. During 
the last second of its moti 


t ‹ on, it falls fth of the whole height: 
hat is the height of the tower ? 
16. A pa 


{ Tticle is projected vertically upwards with a vee 
01 u ft. per Sec. and after ¢ seconds another particle is projected. 
Upwards from the Same point with the same initial velocity. Prove 


i i : tu ; 
that the Particles will meet after а lapse of time = ==) secs 


2 22,9 1 
from the Starting of the first at a height ET. ІН. S. 1960 1 


17. A stone falling freely from the top of a tower takes t secs. 
to describe th 


И 15 
e last hft. Show that the total time of fall 
h 
PA Secs. 
й : па 
18. Тод Points А and B are in the same vertical line а d 
Ais above В. „А. body is projected vertically upwards ге 
With 4 velocity just sufficient to carry it to А. At the У а 
another body is dropped from rest under gravity from А. locities | 
that the two bodies will meet with equal and opposite velo 
and at th 


: а Ч 5 та аге 
е time of meeting the distances described by the 
in the ratio 3: 1; 
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19. A rocket ascending vertically from the ground explodes. 
when it reaches the greatest height. The initial velocity of the 
rocket was А/ 2ву ft. per sec. and the interval between the sound. 
of explosion reaching the place of starting of the rocket and. 


vernm ub 
a place at a distance x ft. Кога it is PIS of a second. Prove that 


the velocity of sound is n (4/x?-+% — ») ft. / sec. 

20. A particle dropped from a height hafter falling $h 
passes another particle thrown vertically upwards at the same 
time when the first was dropped. Find the greatest height of 
the later particle. 

21. Astoneis dropped into a well and the sound of its 
striking the water is heard. in 275 seconds. Ifthe stone strikes 
the water with a velocity of 80 ft./sec., find the velocity of sound. 

22. A body is thrown up ina lift with a velocity и relative 
to the lift and returns to the lift in time t. Show that the Шз 


2 2и- ; ; 
upward acceleration is “ 5 t£. ГВ. U. 651 


1 from a balloon rising vertically 
at pet rcp us ас ground in 17 LAU Find 
the height from which the stone was released from the balloon. 

24, A piece of stone was released from a PaHoon ascending 
vertically upwards with an acceleration 11 ес у when the 

i f the balloon was 352 ft. How long will the piece of 
pata ding? When will it reach the ground? What 
eae height of the piece of stone? (Here initial 
was the 


5 is 0). ? 
xU j fe ate from rest from the top of a tower 294 
2 h ston 


z т describing 76'4 metres meets another 
meters high. The ston? E upwards at the instant when the 


particle projectes Find the greatest height of the 2nd particle. 
first was dropPec- nding upwards with a velocity 5 ft /second. 
Ын um sudden. Find the velocity of the screw 
a screw droppe of the lift and screw after 13 seconds. 
and the distanc? le is projected vertically upwards with a velocity 
27. А partic ds another particle is projected vertically 
u. After ® e eU place with velocity v and the two patticles 
к greatest height of the first. Prove that 


2(v —w) (u—ng)=n*g2?. 
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2 
28. A man in a lift, ascending with an acceleration ны. 
throws a ball vertically upwards with a velocity of 36 ft. per Es 
relative to the lift. After what time will the man again 
due Em ап aeroplane ascending vertically upwards 4 Ж 
acceleration f а body is dropped and after 4 more сал и. 
particle is let fall from the aeroplane. Show that 6 seconds 


ticles 
the first was released, the distance between the two par 
vill be 16684), 


; . deep 
* Astone is let fall freely from rest into a well h ft. 
and the sound of the 


: ri 
stone striking the bottom of the well is hea 
after t secs, If the veloci 


vertically downwards’ reach the 

18 seconds Tespectively. Prove that the 

г Projected from the height 321114 above the ground. 
570 Particles are projected vertically upwards from "T 

Places on ¢ © Surface оғ the earth with the same velocity. 

% and h be the Steatest heights of the particle, then show 


tion 
£1 Where Zi and Ва are the values of accelera 


ity in the two places, imes less 
Particle acquires а velocity у more and takes t tim 


6 Оп the surface of the earth than at another 30 ums 
freely through the same height. Prove that the олешен 


at one plac, 


ыр 
Of the numerical values of g in the two places is = 


— гс” 


ANSWERS 


Exercise 1 


1. 11 sq. cm/second. 2. will decrease at t 
3. 12bcu.ft/min. 6. (3,6). 7. 25 Reps. rm 
8.. 736 cm/min. 9. £sq. cm./sec. x 
11. 112554. metre/unit time. 12. 82$ ft./sec 
- 13. 06 metre/sec. 14. 3 miles per hour. 
15. 12 за. inches/second. 16. 6 Sq. cm./second. 
17. 4$ km./hour. 18. 13 metre/second. 19 13 ft./mi 
20. 1207 sq. ft/sec. 22. 4% unit/second ; 81. XC ET y 
25. velocity=Ae~?! cos (5t-+«) whereA— 4/99 mes “1 
When the velocity will be zero, then t=} 8-4) ка 
27. decreasing if x3 Or, х<1, increasing if 1225 3 
29. (а) -2<х<4 (5) 0<х<1 ог, x2, 
38. Қа) is a decreasing function of x when х<1, 
39. -4<х<0, x21; 8-3 «хє, 
40. (i) 1261; 3x? dx (и) 3:000 3001 ; 477? dr. 


х x (etx) ~ x2 


(1) -2sinx (+ Ах) біп Y $ —sin x dx. 

42. (i) -3 cos] xsin ах, (И) '4343 = (1) 2227 д 
45, (i) 91 (и) 2502 46 (i) 967 (и) 3044 

. (i) 2'313 (ii) 1'004343. 48. 2°606344 

(i) 193. (ii) 1848. (iii). 17034. 

2513 ва. cm. 52. '02kg/cm?. 53. 8 metre (nearly). 

‘00217 (nearly). 58. 4°4 sq. сш. and 2%, - 

60. (i) 2% decrease; (ii) 1% increase. 

61. 1'4% increase. 
Е Exercise 2 

1 (0 х+2у=5 (и) Зх+4у=32 

(iii) xty=3. (iv) х—4у+24=0 (v) y--Ex, 

(vi) 10724-4) =16, 4/7--49-16, IIx 45-160, 


A7x+4y+16=0. 
(vii) 2x+3y=12 (viii) 3х-2у-4. 
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-1/3 -1/8 В 8. zo d 
42 Xii Уі БЕ; t— y cos $—a SIN 2 
(ix) PE d PE =1. (х) xsiná-» 


(xi) ахх Му Е x19) byy1 —1. 

(xii y—»1-a(cot xi)(x —*1) 

2. () х+у-3=0 (ii) х+у&3=0. 

Gii) 4х-7»-41, 4х+7у=1. (іу) 4x—2y—1. 

(v) 3x-4y-6=0. (vi) хсов%-у sin ta cos 2t. 
m-1 = >: 

Ші ER Y de 

3. 20у-х--7--0, у+20х=140. Е 

5. х+2уЕ10=0; 6. 5x-12+17=0, 5х-12у- 152-0. 

8. (5, 10); (15, 0). 9. т=-%с=-5. 

10. x+2y+4=0. 1L (-11. 12. + 

13. 3х--4у:515--0. 14. 3x+4y+25=0. 

25. 0) 3x+4y+25=0 (ii) 5x-:12y 265. 

16. 4x+3y+19=0, 4x+3y—31=0. 


17. x+2y+11=0, x42y-9-0. 

V2+1 4241 sb 
215553 m 19. сега Лит. 
0) у=тх}а\/ү+т% (ii) х+ту-Еа /I fm =0 
Gii) x- у= --4/2а. 
x9 +93 — Ax— 6y — 11—0, у=х+3, у-х-1 
· 64х+16у+7=0. 27. 9%+6y+8=0; (8, —®). 


28. 12. 29. (ата, -2ат) 30. (-38,3) 


2y21 V2 
па Ке A. : (= 5; 
| E 2 33. +1; (-1,2), (1,2) 


'34. у ES. 35. . x—3y+2=0; х—Зу=2. 
(71,3, (, -3. 36 х+у=5. 37. () 24у -30х+ (16120 
(i) x+2y42 J2—0, 38. (-% -9. 39. (-2,1). 
40. y—4/3x4-2 J3. 41. (2. 42. у-2х-12. 

—2a 
43. у-2х-9; (3,—3) 44. (2,1). 46. (5. ЈЕ 


Уз 
47. у= /3(x--1); (1, 20/3). 48. (6, —4 43). 
49. х—3Зу+18=0, 9x4-3y4-2—0. 90°. 
51. 2х+7+1=0; (3, —2); 2›—х—8=0; (8, 8). 
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'53. (За, 2 За). 65. (i) (el Рт —n)3 = (124. 2)(g3 
.. -> m "m 2 
48) d+fm—n=0. 66. p=0 оу 24 69 MT 3 
70. a=5, b=4. 71. 4313 +22 ки уз 
53 2 —ђа а 5 
== _@ = ) 73. у. 
74. al*-2alm-—m?n. 78. (а) (1) с? =а37,3 + а 
(i) c*—a*m*—5b* (b) (i) a7]? — За =„а 
(а) a3] -b*52—g53, 81, 2x+3y+36=0. 
83. у= Ех ap, 
84. (1) 20 at every point of intersection. 
к К За 173,1/3 
(8) бап 1 | 
$5. tan! (4%), 
86. кап": s tani (L and tan"! ( 3/16 ) 
. 2213 4 947s } > 9/4 Ч 
95. 1% 100. (55). 103. »#+2у=0; 2х+у=0. 
2.36 ). 


105. 4x—5y+25=0, (-4, ); х-49-13-0, (36 588 
109. x^-by'—2a*. 110. y*—4ax-(x--a)? tan? «. 


113. x+y? ша, 
115. (22 +у2-а2— 08) = 4 cot? ө (533 +а3у2 — азђа), 


116. (х%+у% )%=а%х®%+Ь%у%. 120. х3+у3=43, 


122. (38,2), 2 5 | 
124. Length of tangent= = га sin > ; length of normal 


2 
72. T 


=2a sin $ tan $5 length of subtangeht=q sin 5 


H 0 
length of subnormal=2a sin? uy fanc 


Exercise 3 


1. @ Мах value 31 at x= -3; Min. value —1 at x— 1, 
G) Max. value —2 at х= –1; Min. value 2 at x=1, 
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1 
Gii) Max. value ( -$ V3 ) at х=2+ Уз 
1 
Min. value (8У3) at х-2- УҘ 
(iv) Max. value 5 at х=1. 
(v) Max. value 0 at x—1 ; Min. value -44 atx-—-]1 
2. Max. value 7 at/x—2 ; At x—1 and 3, Min. value 6, 6. 


5. 425; % 7. (i) Мах value 2; Min. value 0. 
(1) Max. value Тапа —1; Min. value 5 and 4. 


8. (i Max. value 43, Min. value 3. 


1 
Ра 
а я. 
(11) when ачу 5- then Мах. value. NS xl 


(p+q) 
Ados do T ыш 
10. Max. value aot р at Dm and 3,272 ас 
RET ма УЗ 2т 
х--4 Min value 2 ас х= у 


11. No. Мах. ог Min. value. , 

12, (i) No. max. or min. value. (ii) Min. value. 13. 243- 
15. At x—$,Min value 0; at x—sin^* X Max. value $. ` 

16. Мах. at x—27; Min. at x=. 


E 14 

17. Мах. value 1; at Min. value (2) 

18. ағ х=е Мах. value i ; at х=. Min. value (=+) 

20. а=—28 b—12. 21. greatest value 136 ; smallest value — 8 
23. Land 11 (sum of square of 1 and two times of 11 is least)- 
24. 


1 
Max. value — Xaby c ; Min. value, 2 (ab)? c. 
] 2 2 
25, 1, 26, @ +6)". 
c? 


32. least velocity12 units/second at t=2. 


за length УзА width SA 


2 J65 
2 4 


5 least length of fence 
(each in foot » 


36. x=2k, 37. 18 38, 40km. /hour. 40. Re. 1600. 
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Exercise 4 


1. $sq. units 2. $ за. units 3. 80 sq. units 
4. lsq.unit. 5. (а) &sq. unit. (b) 8 sq. units. 


а 
9. (a) 8 Jah®!2 sq. units (b) FL units 10. 3 sq. units. 


у 2 
12. (Ar--$)sq.units. 13. E) Нр zn 54. units. 


14. A&sq.units. 15. (а) 12 sq. units. 16. b: Sq. units. 
717. (i) 154. unit, (ii) 159. unit, (iii) 2 Sq. units. 

18. (i) 234. units, (ii 2sq.units, (10) 4 Sq. units, 
19. ?$sq.units. 20. 32 sq. units. 21. $ sq. units. 
22. Әт sq. units. 23, 38 sq. units. 


Exercise 5A 


3.. After 2 seconds ; 6 units/sec? ; 24 units/sec ; 18 units/sec?. 

4. The particle moves with uniform acceleration if 0-122. 
If t2, the particle moves with uniform velocity 6 units/sec. 

8. ais the displacement of the particle at time t—0 ; bis the 
velocity of the particle at time t—0 ; c is $ ofthe acceleration of 
the particle at time t=0; d is $th of the rate of change of 
acceleration of the particle at time t=0. 

9. Oand — 5 units 10. Зах cos х. 11. 10 hours; 10 miles. 

14. (i) f=3 cm. / sec? ; s=136 cm. 

(1) v»-504/10 сш. / second; %--10(1/10--2) second. 

15. 292 metres. 17. Мо. 18. 206 miles. 

19. 3 more seconds. 21. '0008 seconds ; 1020 ft. (nearly). 


31. The particles will meet 8 seconds after start; the maxi- 
mum distance between the particles will be 48 ft.at time 
4 seconds after start. 36. Ata distance 225 ft. after 15 seconds. 


Exercise 5B 


l. After зүз and юу 3 seconds. 


2. 3920 сш./зесолд. 3. After seconds ata height 50 £t: 
App. Cal.—14 
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4. 9001; 42 seconds. 5.. 48 ft. 6. 6503 ft. 

7. Ata height 176%. above the fixed point two seconds before 
passing it. Ata height 304 ft. below the fixed point 2 seconds 
after passing it. 

8. 122'5 ft. ( nearly) ^ 11. 148 25 metres. 

12. 112 ft./second. 13. 400 ft. 


14. Ata height 392 ft. above the ground lsecond after the 
Projection of tlie second particle. 


15. 144%. 20. 85. 21. 1200 ft. / вес: 22. 1200 ft /sec. 


23. 4080 ft. 24. 2% seconds; After 8'2 seconds ( nearly ) ; 
473 ft. 25. 1225 metres. 


26: 43 ft / second downwards ; 36ft. 28, 2 seconds. 


— 


Objective and Short Answer Type Questions 


[Below is a list of objective and short answer type questions 
оп the topics discussed in this volume. This list is not complete. 
In the different Examples and Exercises these types of questions 
have been discussed. Students are advised to go through these 
examples and exercises. This list may be called a sample set. ] 

1. (i) Show that if the sum of the digits ofa number of 
3 digits be divisible by 3, then the number is divisible by 3. 

(ii) Show that the sum or product of three consecutive 
natural numbers is divisible by 3. 

(iii) Show that the square of an odd integer can be written 
in the form 8m+1 where m is a natural number or 0. 

2. The decimal expression of a number is non-terminating 
and recurring. Determine whether the number is rational or 


irrational ? 
3. Which of the following numbers are. rational and which 


are irrational ? 
Ь V2+1, 7-2, ёо 4 34- 2-1. 
4. хү3--уу5-0 and x and у are rational Show that 
х=у=0. 
5. “The sum of two irrational numbers is always irrational” 
—Comment with reasons or examples on the validity of the 


statement. 

6... If c#0 ђе a real number, then show that 

1®-К-9 | =2, where fa) Ld : 
[Joint Entrance 1983 | 

7. G) ТЕАТ) = (а) +f), show that f(0) 0. 

(i I£f(x-»-f. Ку) and f(2)40, then show that f(0)—.1. 

8. If f(x) be an odd function, show that f(0)- 0. 

9, (i) Show that the product of r consecutive natural numbers 
is divisible by Lr. 

(ji) Show that if the sum of p positive integers be even, then 


the number of odd integers among them cannot be odd. 
[СЕ I. I. T. 1985] 
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iti wink 
10. Determine the domain of definition of the follo 
functions. 


0) Кд-4/6-х: [ Joint Entrance 1984] 
1 FC = 3 

00 Қ0-4/4-л4; (ii) fü) 9: 

(iv) соз 3 4/x—]. | 44 
ll. Find the domain of definition of the following fung 

cos x 208 
а, b, c, d are four unequal real numbers and Ко)” 


tatemen' 
fo e^ So f(x) is a constant function." Is the s 
Correct ? 


ctio? 
13. Find the domain of definition and range of the Er 
f(x) =sin log, (924525 у к E 


(i) => Gi) === (i) 


14. (i) Iff(3)—3 (a* Ға") $ а>0 |, show that 

Қу) + y) 2f(») f(y). tro 
"üi) Tf f(x) =108,* and 4(x) =log,*, show that ИФФ 
15. Ofthe following и which are correct 2 


If у= fü) EX — then РҮ? 
(А) х=); (В) Қ1)-3; © кка У increases with n т o 1984) 
isa rational function n Kis [LI 


16 1ЕКд- =log 1 


5: Show that f(a) -f(b)— f ies) 


$ 

ха easo? 

17. Are the two ac... xand Č the same? Giver 1979 
for the po Jn 


t 

э tateme” 

18. • уа Шеп, Lt а®= Қа)” Is the 5 
valid? Su 


19, 


PPOrt your answer = reason or example. рой 
» Sup 

"If Ка) does not exist, „ ЈА д ҚО) шау exis. 

the statement with an PS ми 


лі” 
tateme 
20. Comment on the validity of the following 5 
with reasons 

() М а-а Lt „а L ГР 205 

: х-а wa х-а Хәй х-а 

2. 2 

(у L6 xU 14 


2 2 
= x? — а?) 
xa ж-а xa ( 


“хээ х-а 


OBJECTIVE AND SHORT ANSWER TYPE QUESTIONS 213 


Lt = 1, ша 
21. х>1 ber xt J еп 24 Ма] 
Lt — 5 E: 
But as „>; М x3 — 1 does not exist, so pu {х-Е/ Хх Ц does not 


exist. Is the above statemene corred 7 
L Хаж 
22, авс, /3—x=0. Is the result correct ? Give reasons 


in support of your answer. 
23. Are the two results, 
7 Lt L 1 
() ок) sar. =1 (ii) ЕЛ lotio Ut) din ry correct ? 
Give reasons in support of your answer. 
24. Evaluate the following limits : 
o0 Lt sin2x ал Lt log 0435 
(1) ec bar (ii) 236 [Joint Entrance, 1984 1 
na Lt 485-225 у Lt. e*l 
(iii) xa х“ – а“ (iv) x0 x 
25. (i) If the function f(x) is continuous at х=а then 
f(a) exists. 


(i) If fa f(x) exists, then f(x) is continuous at xa. 


Gii) If f(a) is defined, then f(x) is continuous at х=а 


(iv) If the function f(x) is continuous at х=а then h L fati) 


=>К4). 5 
(v) If iu ) 18 continuous at x=a, then еты Ңх) = f(a). 


аа Ка), then the function f(x) is continuous 


(vi) ЦЭР 
at х=а. 

Comment on the validity of the above six statements. 

26. “The function 1222] is continuous everywhere", 
Show that the above lu. is not true. 

27. di T 9-2 a £9 then f(x) and g(x) are identical", 


Js the "E үлэ 4” “Зайран, your answer with reasons. 
28. = Е: ud when [x]#0. 
=0 in [x] = 0. 
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where [=] is the greatest integer less than or, equal to х. 


%. = А . 15 
50 Кх)=(А) 1 (B) 0 (C) - 1 (D) None of these. Which 1 
x ; 

the correct answer ? 


29. f(x)=x when x21 
=2—х when 0<х<1 
=x? when х<0 
State whether f(x) is continuous at х=0 and x=1 or not Ё 
30. State whether the following functions are continuo 
the specified points or not: 


(i) кд=% = >» atx=0 


(i) f(x)=5, at x25 
d "n 

ee жр уа Da 
31. 


. р . 1 1 Da 
"If a function is continuous at x=a, then it is айе ей 
tiable at x=a.” Is the above statement correct? Support Y° 
answer with reasons or examples. 


M 
e 
32. Isthe converse of the above statement (Ex.31) И“ 
Answer with reasons. 


> Ка) isan even function. Show that Ре 0. ane 
feni (x)=0 for all values of x. Show that f(x) is a const". 


d 
35. dx VG I. О. Will f(x) be equal to 097 
Give reasons for your answer. ІН. S. 198) 


m 
36. Are the results (i) i (e")—x.e*7* (ii) 2 (sin У 
“сов x? correct 7 З 
37. Determine (i H) e Hi) 
ne (i) de -) (ii) au (753 
НЕ а | d (сов * 
(iii) ale .) (iv) -L (cos x?) (v) ЗЕН 
у d 
(vi) Чу (log x5). 
38, TG) ул) 
which of the following are correct ? 


(A) f(x) is continuous but not differentiable at x— 0. 
(B) f(x) is differentiable at x=0. 
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(C) f(x)is not differentiable at х= 0. 
(D) -Мопе of these. Тот. 1985] 
39. Show that if f/x) =log, (log,*) then Реде 

[І.І T. 1985] 
40. The function f(x) is differentiable at х=а and the 


function g(x) is not differentiable at the point. Is it possible 
F(a) 


‚ that the function х) +402), 103)8(4) or Foy are differentiable at 


x=a? 
: А -— 43у 
41. (i) y=sin x. Find the value of да +». 


2 
(ii) If y=cye*+cae *» show that Ptt y=0. 
d? 
(iii) If y=4 cos 5x, prove that da —25y. [H.S. 781 
then f"(x) exists at x—a. 


42. (i) If f(x) is continuous at «=a, 
then f(x) will 


(ii) If f'(x) possesses а finite value at х=а, 


possess a finite value at x—a. 
Gii) ТЕ f'(x) possesses а finite value at x=a, then the 


function f(x) is continuous at х= а. 
(iv) Continuity of the function f'(x) at х=а is necessary for 
the existence of a finite value of f(x) at ха. 
Which of the above statements are correct ? 
43. Isthere any function, which is equal to its own derivative 


or integral ? 
44. (i) c=Se* cos x dx and s=Je* sin x dx. Show that : 
c4-s—e* sin x. 
(8) Evaluate је" Еј de 
ii) Evalu T RU р 
45, State the values of the following integrals : 
: dx Б ах оны х? 
(i) f ud (ii) f VE (iii) fe хах. 
ve af ix, х2ӣх ы pati 
(iv) (Баз (ғ) jos (vi) fe 5 xi dx. 
46. Isthe following statement correct ? 


1 1 
“TE f f(x) а= f (x) dx, then f(x)=4(x)”. Examine by а 
0 қ 1 


о 
suitable example. 


US 
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Oandcis a 
*dx = — = Sid where а> 
47. Does the formula f^ dx= logs и pee, 
tant hold when а=1 2 
Pies If f'(x)=log x and f(1)= —5, then Teen 
Кә) = (а) x log x+1 (b) x log x—1 (c 
(d) (log x—1)—5. (e) None of these. 


Which is the correct answer ? 
т 


T 
49. f sec 0 (sec g—tan 0) 49 


2 
-0) 24.2 (ii) 2—42 (iii) 2-c-$V2 - (iv) 2- iv 


? 
r 
(v) А of des Which is the correct answe 


fi ЕЕ 1 
=) 


s Gi) 4(tan-*2—5) шу $ кап" 1 /2 


(iv) 2 кап /2—т 


i is the 
(v) None of these. Which is 
correct answer ? 


51 скер 1 : f dx „= -Ј =, 
ЯГ” rig Ў СЕ а : 
is по 
Soi Integration o£ БЕС — са and = үа separately 
Necessary”, Comment On the above statement, ЭГ 
52. State Whether the following statements ar 
9r not; 


@ f Л 80) ах (ii) СЭ -/ Ка) 4 


” the 
E. Гош Ка — x) dx, then f(x) = Ка х)” is 


ement COrrect ? 


54. The value of f | х | dx is 


(01 0) - 


hich 
1 бі) 3 (iv) 0 (v) none of these. W 
is the ine а answer ? 


above stat 


55. у” Іх-1| 4х-() 5 (07 Gii) 12 (iv) 20 
o У 


OBJECTIVE AND SHORT ANSWER TYPE QUESTIONS 217 
(у) None of these. Which is correct ? 


56. Show that fro dx is an indefinite integral. 


57. If f(x) be an odd function, show that f f(x) dx=0. 


58. If f(x) bean even function, show that 


f $9 2] "feo de. 


59. Comment with reasons on the validity of the following 
statements : 
(i) Ae*** contains two arbitrary constants of integration. 


So у= Ае“ +" is the general solution of a second order differential 


equation. 
(ii) Every differential equa 
general solution. 


tion possesses one and only one 


2 2 
60. “Тһе equation ay за d» |7-0. is а differential 
ах? ах 
equation of the second order and second degree". Comment on 
«ће validity of the statement. 
ау a dy \?. . D 1 
61. da^ (ах is a differential equation of the 
x 

(i) first order and second degree. 
(ii) second order and second degree. 
(iii) second order and first degree. 
is the correct answer 1 


—which d : 
62. Solve the differential equation ae ЭН under the condi- 


tion that y=0 when х=0. 


63. Eliminate : а T 
(i) The arbitrary constant ‘m’ of the equation у=е . 
Gi) The arbitrary constants ‘m and с of the equation 
у==тх+с. 
64, “Though the equation ax+by+c=0 (b40) contains three 
y eliminating the three constants one shall 


arbitrary constants, b 
get a differential equation of the second order”—Support the 


statement with reasons. 
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65. "The general solution of the differential equatior 
2 в atement 
43-6 9. +o9=0 із y—c3e?*-Fcae?* Is the above st 
x 


correct ? 


66. Prove that the rate of change of the ordinate of a "V 
of the curve y=ae** with respect to the abscissa is proportion 
to the ordinate. = 

67. Find the average rate of change of y=x? between х=1 
and 2 and also rate of change at x—1. -—- 

68. Show that the rate of change of the area of a circu 13 
figure with respect to the radius is equalto the length of t 
circumference of the circle. 

69. Show that 1og19:91 —2:304 ( given 2 19810 — 2:303 ) 

70. logio!9't— (1) 1:1 (ii) 104343 (iii) 1004343 

(iv) None of these. Which is the correct answer ? 

| [ Given : 10850=0'4343 1 

71. The function f(x) x? —642 —36x--7 is increasing in the 

interval (i) -2<х<6. (ii) 4-2 or, 16. (iii) None of these 
ich is the Correct answer ? 


^ 72. When x—1'997, then the approximate value of x*+4x? + A 
is (i) 32658 (ii) 32'856 (iii) 32568 (iv) None of these 
Which is the correct answer ? 2 

7S. If #==2:00012, the approximate value of хэ фаха E 2x ) 
is (0) 30 (ii) 30:0036 (iii) 36003 (v) none of these. Which 19 
the correct answer 2 


74. Displacement 
Acceleration 8t that ti 


Жазаға; 
(10:43 (іу) none of these. Which is the correct answer ? 


75. Is it Possible to draw a tangent to a circle from its 
centre 2 СН. 5.779) 

76. (i) "From the focus of a parabola, (ii) the centre of » 
ellipse ог а hyperbola, tangents cannot be drawn to the corre 
Ponding curve", Support the statement with reasons. тэ 

77. The slope of the tangent to the curve y=x'+x at t 


. 1 44 
Point (0,0) is (i) 0 Gi) 1 (iii) © (іу) none of these. Which 
the correct answer ? 


21,2 t. 
5 at time % is given by 5=% n 
me with proper units is (i) 45 (ii 
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78. At which point of the curve у=х+ 4, 4) is 0? Which 
29 


is its geometrical significance ? 
79. At which point of the parabola y—2?, the tangent to the 
curve is parallel to the straight line y—4x—5? [C.U. ; B.Sc. 1982] 
80. The length of the subnormal to a curve is constant and is 
equalto 2a. The curve passes through the origin. Show that 
its equation is у? —4ax. 
81. The length of the subtangent to a curve is constant (2a). 
If the curve passes through the point (0, 1), show that the 


= 
equation of the curve 15 yes. 

82. The tangent to а curve ata point of it is perpendicular 
to the straight line joining the point with the origin. Show 
that the curve isa circle. 

83. yex*-8 has 

(i) а maximum at х=2 
of these. Which is the correct answer ? 

84. The maximum value of f(x)= 2x9 — 21x? +36x—20 occurs 
at (i) х=1 (1) х=3 (18) x=6 (iv) none of these. Which is 
correct answer ? 

85. “If a function possesses à maximum at а point, then 
ence of the derivative of the function at the point is not 
— Support the statement with an example. 
following statements correct ? 


fla) >f). 


; Gi) a minimum at x=2; (iii) none 


exist 

necessary" 
86. Arethe 
(у f'GO»0 for all x and а>. 
(ii) f(2«0; so re )«fr Q. 


s. f з к—1)(к-24х=0. 
о 
f the curve bounded by the curve у= mom 
(x вы and the ordinates х=0 andx=2is 0.” Comment 
on the validity of the statement. 
88. Correct or modify the following statement with reason. 


“The maximum value of а function is always greater than 
» 


its minimum value - 
89. Correct or justify giving reasons : 

(i) A stone is let fall from the roof of a building. ЈЕ reaches 
de ground in 2 seconds. The height of the building is not less 
than 20 metres. [ H.S. 1980 | 
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(ii) А particle is Projected vertically upwards from q^ 
surface of the earth with a given velocity. Its time of asia 
equal to its time of fall to the surface of the earth. [ H. S. 198 0 

(iii) Тһе equation of motion of a particle moving along : 
straight line is given by x=16t+ 5t? ; show that the particle ra 
with uniform acceleration. ЇН. 5. 2 

(iv) Fora particle moving with uniform acceleratiom = 
Covering a distance s in time. t, the velocities at half time "er 
half distance are equal. [ H. S. 1987 ; 1989 


ANSWERS WITH HINTS 


l (i) Let the number be 100x--10y4-z and x+y+z be 
-divisible by 3. í 
Gi) Letthe three consecutive integers be x— 1, хапа x4- 1. 
(iii) See Dig. Calculus Example 1 ex, 5: 
2. rational 3. 


4; XY 34-y/ 5— 0, 


3x! 5)? 24/18.) no, 
Now 323 4-552 is rational and 24/ Тбху is irrational. 

x Зх 5,29 SO х=0, у-0. 
5. Not valid, (o *V3)-- 6— ¥3)=7 is rational. 
6. Let с>0, " fige Lel c _, 1 

с (9 
К-де ecc -1 
ОК о р 11-(-1)| = | 2] => 


when с<0, Қо- -14-Х5-0 1, 
7. (i) Let y= Ч, a 


0. +0) = f) 4- f(0) 

от, =) +) ~ 50. 
(0 Let x=2, уш flx+9)=f(2+0)=#(2) 

f(2)— f(2) . (о) - f(0-1. 

Hints : f(0)— - f(0). 
8:9. His. m | (m+r—1) 

' [т is a natural number ] 
Їт-т-1 


arr) 
In-1Lr 


="*7-2с 
re 
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(ii) Let of the given p positive integers x be even andy Бе: 
odd. The sum of the xeven integers is an even integer. lf 
y be odd, then the sum of the у odd integers 15 odd and so 
thesum ofthe p positive integers will be odd. So у cannot 
be odd. = 
. 10. G) х<6 (for otherwise 6-х is negative and Мб— x is 
imaginary. 

(1) -2<х<2; (iii) x23 ог, х<-3. 

(у) 1<х<2 [ For, if x«1, /x—1 is imaginary and if х>2, 
Vx-1>1.] 

1. (i) All real numbers other than 2. 

Gi) All real numbers other than Oor —1. 

Gii) АШ real numbers other than (2п+1) 5 [n=0, +1, =2,:..] 

(i) -3<х<3 and x2. 

12. Incorrect. Let Қатай; а=2 jb--2; c=1;d=-1. 


13. tf log, УТ be defined, MÁ- 4^ >0 and #71. 
1-х 1555 


—2«x«2 and x1. Again x—1is included in -2« «2. 


So the required domain of definition і5-2<х<2. 
V4=# | шү, So, if y=sin log, У4тай 
1-х T= 


Again | sin log, 


then the range of y is ly | «1. 
14. () fats) К-У) (qat?) (a*7? a7 5*7) 
=g (a keat ka Ва 4») 
= (ал (а +a?) жа“ (а жа?) 
= (ar a) (а7 кау) 3. $ (ata). (а а») 


=2 f(x) . fly). 


D) are correct. 
15. (A) and (D) ов» зар 25 т»: ы) 
16. Каюта +108 1) 7196 


1-a-btab 1+аЬ— (a--D) 


оаа рар % 1+ab+ (a+b) 


а+ђ 
1- 1+ab 
=log таз. 3 
тіре 
Sec Differential Calculus Ex. 18, Examples 2. 


17. 
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18. Not valid. See Diff. Cal. Chapter Four "Continuity". 
19. Take Ёс? 2-1 as an example. 
20. See Diff. Cal. 5 377, Ex. 4 and Ех. 8. 


В Lt — A 
! 21: Тће statement is not valid. For 251 ix /x3-1 


Lt а Lt 
cost x+ x1 Vx3-]1. 
22. Not true. 


23. (1) Incorrect ; correct answer 157, 
(0) Incorrect; Correct answer [0810". 
24. (i) 2. (ii) 3, (iii) £a (іу) 2. 


25. (i) Valid. (ii) Not always true and so not valid. (iii) Not 


always true and so not valid. (iv) Valid. (v) Valid. (vi) Not 
always true and so not valid. 


26. Discontinuous at х==2, 


3 Diff. Cal. 


Similar to Ex. 16 (8) Examples 


; е 
27. Incorrect ; хэд *7=4 and ыл (6—х)=4 But x2 and 
6— x are two different functions, 


2 8 
28. (D) Here „040 =0; zip f(x)=sin 1540, 
H шок at х=0; Continuous at xm], 

- 30. ( 


and (iii) discontinuous 
Ot true, 32. True. 


ЗІҢ деко 2 46 Ко) = y 


cT o, FLUXIT p f'(0)— 70). 
e 


34 Р(4)--0 Means dx 0 when y=f(x). So the gradient of 
Ё the tangent to the curve 


3 : t every point (x,y) is 0 ie. 
the curve isa Straight li у=) a ; 
| fa Constant). line parallel to the x-axis, So y-f(x)-c. 


5 (ii) continuous. 


ог, 


| d 
| 35. ду јаке d ра) But x? +522, 
36. Both false. 433 
"n8 s 00 252 a Y aa a (v) — совеса 
(vi) 5. 
x 


„> 
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Lt 
38. (с) „ о) does not exist; foras х<0, then үх is 


dmaginary. 
939. f(x) =log, (log, *)=log, ове“ Лов,“ eren 
oi 7 
pre 5 Балта x ООН Ting (ов) 
(log, *)? x(log, *)? 
iy bale. log(e*)__1—log. Еа al 
Ре- ellog, *)2 ета е. Ре 


40. In some cases. For example, if и“ and g(x) - 
E ae 


"None of f(x) and g(x) is differentiable at x=a. But f(x)—g(x)=1 


45 differentiable at х=а. 
41. = 0. Gii) y=4 cos 5х; у= —20 sin 5x ; 
— 100 cos 5х= — 25.4 cos 5х= —25y. 
incorrect; (iii) correct; (iv) correct. 


42. а incorrect; (ii) 
43. е". 
44. (i) 
d) == 
45. a - 1+ Gi) 24xtc (iii) De 


See Integral Calculus Examples 3 Ex. 5(b). 
See Integral Calculus Examples 3. Ex. 5(a) (i). 


(іу) . - 1. jog lain) +e (у) x-tan"iuc (vi) e uem 


46. ни correct ; Take f(x)=1 and $(x)— 2x. 


47. Notcorrect; 85 106,1--0. 
48. (0. 49. (ii) 50. (iv). 51. See Integral Calculus Note 


of $ 277. 
52. (i) Incorrect 3 Gi) Correct. See 8575 Property (2) of 
definite integrals. s : Ё 
b Л 
53, Incorrect ; f sinxdx— =) sin (£- x)dx 
о о 6 


But sin x+sin (%- х). 


1 о 1 
54. (i) Correct ; hints: / ЕЗ а= f (—94«+ | x dx. 
-1 o 


=I 
4 


8 
55, (i) Correct; hints: Letx-1lez 3 ] «-1ах- f 12142. 
E о 


-1 


224 APPLICATION OF CALCULUS 
56. Let f Ё Кх=х)ах=Фф(х)+ с. 


Јода вече о од which is indefinit 
o a 


57. See Integral Calculus $ 55 cor (ii). 

58. See Integral Calculus 8 5'5 cor (1). 

59. (i) Not true; Ae^**— A.e*.e*— Ве*. (ii) True | 
60. Incorrect. Second order and first degree. 61. (iii). 


а gf xe 
62. 22 ог, уйу= 2x dx or, |уду=2јах ог, 2 2 
2 
when x—0,theny-0 ... 0-0 .. ®-=2х ог, 2742. 
63 i) E = 2 ЕС 43у 
. (fi) узе (ii) dxà =0. 


64. Неге the arbitrary constants а, b, c are not independent" 
dy 

66. — = «х 
йк аде 4, у, 


33-1? 9-1 


67. Average rate of = 
8 e of change 3-1 5 


rate of change at x— 1 15 


dy 1 - 
z] M 2х Ја=а==2. 


70. Gi). 71. Gi). 72. (i) 73. Gi). 74. Gii 


= ()- No; :76 Та по case. 77. (ii). 222 goint 
(1, 2) * x=], The tangents to the curve y=x+2- at е 
»2) and (—1, —2) are parallel to the x-axis. 572 
nim 


at 2 GA 83. zlii). 84. (0)... 85. Lx] =0 is mi 
86. ‘Non „(ане of | x | at x=0 does not exist. 
ài DW" is always true. 87. Nottrue. ` аше 
, е statement is not always true. The maximum 


125 
of pem is less than its minimum value. 


89. () Incorrect; will be less than 20 metres. 
(i) Correct, (iii) Correct, (iv) Not correct. 
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